


INTERNATIONAL MATHEMATICAL SERIES

Series Editor: Tamara Rozhkovskaya
Novosibirsk, Russia

www.springer.com/series/6117

Rozhkovskaya who also prepares the Camera Ready Manuscript. This volume is 
distributed by “Tamara Rozhkovskaya Publisher” (tamara@mathbooks.ru) in 

For other titles published in this series, go to

“Tamara Rozhkovskaya Publisher.” Each volume presents contributions from the 
Volume Editors and Authors exclusively invited by the Series Editor Tamara 

This series was founded in 2002 and is a joint publication of Springer and 

Russia and by Springer over all the world. 



AROUND THE RESEARCH
OF VLADIMIR MAZ’YA

Editor: Ari Laptev
Imperial College London, UK
Royal Institute of Technology, Sweden

I

Function Spaces

SPRINGER
TAMARA ROZHKOVSKAYA PUBLISHER



© Springer Science+Business Media, LLC 2010  

forbidden. 

they are subject to proprietary rights. 

Springer New York Dordrecht Heidelberg London 

All rights reserved. This work may not be translated or copied in whole or in part without the 
written permission of the publisher (Springer Science+Business Media LLC, 233 Spring Street, 

analysis. Use in connection with any form of information storage and retrieval, electronic adaptation, 
computer software, or by similar or dissimilar methodology now known or hereafter developed is 

they are not identified as such, is not to be taken as an expression of opinion as to whether or not

Printed on acid-free paper 

e-ISSN 1574-8944ISSN 1571-5485 

Springer is part of Springer Science+Business Media (www.springer.com) 

ISBN 978-1-4419-1340-1 e-ISBN 978-1-4419-1341-8 

DOI 10.1007/978-1-4419-1341-8 

New York, NY 10013, USA), except for brief excerpts in connection with reviews or scholarly 

The use in this publication of trade names, trademarks, service marks, and similar terms, even if 

ISBN 978-5-9018-7341-0 (Tamara Rozhkovskaya Publisher) 

Editor
Ari Laptev
Department of Mathematics

180 Queen’s GateHuxley Building, 
London SW7 2AZ

Imperial College London

a.laptev@imperial.ac.uk
United Kingdom

Library of Congress Control Number: 2009941304



Vladimir Maz’ya was born on Decem-
ber 31, 1937, in Leningrad (present day,
St. Petersburg) in the former USSR. His
first mathematical article was published in
Doklady Akad. Nauk SSSR when he was a
fourth-year student of the Leningrad State
University. From 1961 till 1986 V. Maz’ya
held a senior research fellow position at
the Research Institute of Mathematics
and Mechanics of LSU, and then, dur-
ing 4 years, he headed the Laboratory
of Mathematical Models in Mechanics at
the Institute of Engineering Studies of the
Academy of Sciences of the USSR. Since
1990, V. Maz’ya lives in Sweden. At present,
Vladimir Maz’ya is a Professor Emeritus at
Linköping University and Professor at Liv-
erpool University. He was elected a Member
of Royal Swedish Academy of Sciences in 2002.

Sergey L. Sobolev (left) and
Vladimir G. Maz’ya (right).

Novosibirsk, 1978

The list of publications of V. Maz’ya contains 20 books and more than 450
research articles covering diverse areas in Analysis and containing numerous
fundamental results and fruitful techniques. Research activities of Vladimir
Maz’ya have strongly influenced the development of many branches in Anal-
ysis and Partial Differential Equations, which are clearly highlighted by the
contributions to this collection of 3 volumes, where the world-recognized spe-
cialists present recent advantages in the following areas:

I. Function Spaces. Various aspects of the theory of Sobolev spaces, isoperi-
metric and capacitary inequalities, Hardy, Sobolev, and Poincaré inequalities
in different contexts, sharp constants, extension operators, traces, weighted
Sobolev spaces, Orlicz–Sobolev spaces, Besov spaces, etc.

Laurent Schwartz (left) and
Vladimir Maz’ya (right). Paris, 1992

II. Partial Differential Equa-
tions. Asymptotic analysis, multi-
scale asymptotic expansions, homog-
enization, boundary value problems
in domains with singularities, bound-
ary integral equations, mathematical
theory of water waves, Wiener regu-
larity of boundary points, etc.

III. Analysis and Applications.
Various problems including the
oblique derivative problem, spec-
tral properties of the Schrödinger
operator, ill-posed problems, etc.
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Universitat Autònoma de Barcelona
Bellaterra, 08193 Barcelona
SPAIN
jmartin@mat.uab.cat

Eric Mbakop Vol. I
Worcester Polytechnic Institute
100 Institute Road
Worcester, MA 01609
USA
steve055@WPI.EDU

Nicolas Meunier Vol. II
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FRANCE
sylvie.monniaux@univ.u-3mrs.fr

Vitaly Moroz Vol. II
Swansea University
Singleton Park
Swansea SA2 8PP
UK
v.moroz@swansea.ac.uk

Umberto Mosco Vol. I
Worcester Polytechnic Institute
100 Institute Road
Worcester, MA 01609
USA
mosco@WPI.EDU

Oleg Motygin Vol. II
Institute for Problems
in Mechanical Engineering
Russian Academy of Sciences
V.O., Bol’shoy pr. 61
199178 St. Petersburg
RUSSIA
o.v.motygin@gmail.com



Authors xiii

Nikolai Nadirashvili Vol. II
Centre de Mathématiques
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Function Spaces

Contributions of Vladimir Maz’ya

One of the crucial contributions of V. Maz’ya to the theory of function spaces
concerns the general understanding of relations between properties of em-
bedding maps of function spaces and geometrical conditions on the domains,
where the functions are defined. In 1960, V. Maz’ya discovered the equivalence
of embedding and compactness theorems for Sobolev spaces and properties
of isoperimetric and isocapacitory functions introduced by him. In particu-
lar, he found the best constant in the Gagliardo–Nirenberg inequality (this
result was obtained independently by H. Federer and W. Fleming in 1960).
V. Maz’ya studied sharp Sobolev type inequalities and discovered what is
called now the Hardy–Maz’ya–Sobolev inequalities. The approach of Maz’ya
did not use specific properties of the Euclidean space, which was remarked
by him already in the 1960’s. Recently Maz’ya’s results were extended to
Dirichlet forms and Markov operators on measure spaces.
— V. Maz’ya introduced the notions of p-capacity (1960) and polyharmonic
capacity (1963). In 1970, together with V. Khavin, he initiated the so-called
nonlinear potential theory based on Lp-norms.
— Using capacity approach, V. Maz’ya found necessary and sufficient con-
ditions for fundamental spectral properties of elliptic operators. In 1962, he
obtained two-sided estimates for the first Laplace eigenvalue stronger than
the celebrated Cheeger inequality of 1970.
— Various contributions of V. Maz’ya to the development of the theory of

function spaces concern, in particular, some aspects of Orlicz–Sobolev spaces
(the characterization of Sobolev type inequalities involving Orlicz norms),
spaces of functions with bounded variation, weighted Sobolev spaces with
applications to boundary value problems in domains with conical points,
Sobolev spaces in singularly perturbed domains, etc.
— Recently V. Maz’ya has shown how to generalize his capacitary inequal-
ities to functions defined on topological spaces, which yields, in particular,
sharp forms of the classical Sobolev and Moser inequalities.

Main Topics
In this volume, the following topics are discussed:

• Hardy inequalities in nonconvex domains. Hardy–Sobolev inequalities for
symmetric functions in a ball. /Avkhadiev–Laptev/

• Weak Poincaré type inequalities, isoperimetric and capacitary inequalities
of Sobolev type and their applications, Mazya’s capacitary analogue of the
coarea inequality in setting of metric probability spaces.

/Bobkov–Zegarlinski/



xvi Main Topics

• Orlicz–Sobolev spaces, optimal Sobolev embeddings and related inequali-
ties in Orlicz spaces, classical and approximate differentiability properties
of Orlicz–Sobolev functions, trace inequalities on the boundary /Cianchi/

• Weighted Sobolev spaces with nonhomogeneous norms on cones and opti-
mal characterization of the structure of such spaces by Mellin transforma-
tion in noncritical and in critical cases /Costabel–Dauge–Nicaise/

• Hardy–Sobolev–Maz’ya inequalities. Necessary and sufficient conditions.
/Filippas–Tertikas–Tidblom/

• Hardy inequality for fractional Sobolev spaces on half-spaces. Sharp con-
stant. /Frank–Seiringer/

• Geometry of hypersurfaces in Carnot groups. The limit behavior of a fam-
ily of left-invariant Riemannian metrics on a Carnot group with step two.

/Garofalo–Selby/
• Sobolev homeomorphisms and the invertibility of bounded composition

operators of Sobolev spaces. /Gol’dshtein–Ukhlov/
• Lp versions of extended Dirichlet spaces in the context of generalized Bessel

potential spaces, and related variational capacities. /Jacob–Schilling/
• Multidimensional Hardy inequalities. Necessary and sufficient conditions.

/Kinnunen–Korte/
• Geometric properties of planar domains admitting extension for functions

with bounded variation. Necessary condition for a bounded, simply con-
nected domain to be a W 1,1-extension domain.

/Koskela–Miranda Jr.–Shanmugalingam/
• A new description of Besov spaces B−s,q(Σ) with negative exponents by

means of an integrability condition on the Poisson potential of its elements.
/Marcus–Véron/

• Isoperimetric Hardy type and Poincaré inequalities on metric spaces. Man-
ifolds where Hardy type operators characterize Poincaré inequalities.

/Mart́ın–M. Milman/
• Sobolev and Poincaré inequalities on domains with fluctuating geometry,

in particular, fractal domains displaying random self-similarity.
/Mbakop–Mosco/

• Classical inequalities, including Maz’ya’s isocapacitary inequalities, with
their functional and isoperimetric counterparts in a measure-metric space
setting. A converse to the Maz’ya inequality for capacities. /E. Milman/

• Pseudo-Poincaré inequalities and applications to Sobolev inequalities in
different contexts, including setting on Riemannian manifolds.

/Saloff-Coste/
• The p-Faber-Krahn inequality. Improvement and characterization by means

of Maz’ya’s capacity method, the Euclidean volume, the Sobolev type in-
equality and Moser–Trudinger’s inequality. /Xiao/
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3 Gauged Poincaré Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . 307
4 Gauged Capacitary Inequalities . . . . . . . . . . . . . . . . . . . . . . . . . 314
5 Fluctuating Domains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 317
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 319

A Converse to the Maz’ya Inequality for Capacities under
Curvature Lower Bound . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 321
Emanuel Milman

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 321
2 Definitions and Preliminaries . . . . . . . . . . . . . . . . . . . . . . . . . . . 324

2.1 Isoperimetric inequalities . . . . . . . . . . . . . . . . . . . . . . . . 324



Contents xxi

2.2 Functional inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . 325
2.3 Known connections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 327

3 Capacities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 328
3.1 1-Capacity and isoperimetric profiles . . . . . . . . . . . . . 328
3.2 q-Capacitary and weak Orlicz–Sobolev inequalities . 329
3.3 q-Capacitary and strong Orlicz–Sobolev inequalities 331
3.4 Passing between q-capacitary inequalities . . . . . . . . . 333
3.5 Combining everything . . . . . . . . . . . . . . . . . . . . . . . . . . 335

4 The Converse Statement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 336
4.1 Case q > 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 339
4.2 Case 1 < q 6 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 342

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 347
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Hardy Inequalities for Nonconvex
Domains

Farit Avkhadiev and Ari Laptev

Abstract We obtain a series of Hardy type inequalities for domains involving
both distance to the boundary and distance to the origin. In particular, we
obtain the Hardy–Sobolev inequality for the class of symmetric functions in
a ball and prove that for d > 3 the Hardy inequality involving the distance
to the boundary holds with the constant 1/4 in a large family of domains not
necessarily convex. We also present an example showing that for any positive
fixed constant there is an ellipsoid layer such that the Hardy inequality with
the distance to the boundary fails.

1 Introduction

The classical Hardy inequality states that if d > 3 then for any function u
such that ∇u ∈ L2(Rd)

(d− 2
2

)2
∫

Rd

|u(x)|2
|x]2

dx 6
∫

Rd

|∇u(x)|2 dx. (1.1)

The constant ((d − 2)/2)2 in (1.1) is sharp, but is not achieved. The Hardy
inequality for convex domains in Rd is usually formulated in terms of the
distance to the boundary. Let Ω ⊂ Rd be a convex domain, and let δ(x) =
dist (x, ∂Ω) be the distance from x ∈ Ω to ∂Ω. The following Hardy inequality
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2 F. Avkhadiev and A. Laptev

is well known (cf. [5, 6]):
∫

Ω

|∇u|2 dx > 1
4

∫

Ω

|u(x)|2
δ2(x)

dx, u ∈ H1
0 (Ω). (1.2)

In this case, the equality is not achieved either, which gives room for im-
provements of the last inequality. As was shown by Bresis and Marcus [4],

∫

Ω

|∇u|2 dx > 1
4

∫

Ω

|u(x)|2
δ2(x)

dx + λ(Ω)
∫

Ω

|u(x)|2 dx, u ∈ H1
0 (Ω),

where λ(Ω) > 1
4diam2(Ω)

. M. Hoffmann-Ostenhof, Th. Hoffmann-Ostenhof

and Laptev [11] estimated λ(Ω) via the Lebesgue measure of Ω:

λ(Ω) > 3
4

(
vd

|Ω|

)2/d

,

where vd denotes the volume of unit ball.
Avkhadiev [1, 2] and Filippas, Maz’ya, and Tertikas [7] proved that

λ(Ω) > 3D−2
int (Ω),

where Dint(Ω) = 2 sup {δ(x) : x ∈ Ω} denotes the interior diameter of Ω.
Recently, Avkhadiev and Wirths [3] proved that

[λ(Ω) > 4λ0D
−2
int (Ω),

where λ0 = 0.940 . . . is the first positive root of the equation J0(λ) +
2λJ

′
0(λ) = 0 for the Bessel function; moreover this constant is sharp in all

dimensions.
Filippas, Moschini, and Tertikas [8] established some results on sharp

Hardy inequalities in the case of nonconvex domains. Note that Theorem
3.2 in [8] is generalized by our result presented in this paper: Theorem 2.4
below implies that the sharp Hardy inequality holds in Ω \Bρ, where Ω is a
convex domain and Bρ = {x : |x| 6 ρ} ⊂ Ω satisfying the condition (2.4).

In Section 2.3, for a given positive constant we present two ellipsoids E1,
E2, E2 ⊂ E1 such that the Hardy inequality in Ω = E1 \E2 is not valid with
this constant.

2 Main Results

The first result deals with a Hardy inequality in nonconvex domains.

Theorem 2.1. Let Ω ⊂ Rd, d > 1, be a bounded domain, and let Bρ = {x :
|x| 6 ρ} ⊂ Ω. For x ∈ Ω \ Bρ denote δρ(x) = dist (x, ∂Bρ) = |x| − ρ and
δΩ = dist (x, ∂Ω). Then for any u ∈ H1

0 (Ω \Bρ)
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∫

Ω\Bρ

|∇u(x)|2 dx > 1
4

∫

Ω\Bρ

( (d− 1)(d− 3)
|x|2 +

1
δ2
ρ(x)

+
1

δ2
Ω(x)

− 2
∆δΩ(x)
δΩ(x)

− 2
x · ∇δΩ(x)
|x|δρ(x)δΩ(x)

+ 2(d− 1)
x · ∇δΩ(x)
|x|2δΩ(x)

)
|u(x)|2 dx.

From Theorem 2.1 we obtain several consequence of independent interest.
The following assertion follows from Theorem 2.1 because

−∆δR(x)
δR(x)

=
d− 1
|x|δR(x)

, x · ∇δR(x) = −|x|.

Corollary 2.1. Let Ω = BR = {x : |x| < R}, R > ρ, and let δR = δΩ =
dist (x, ∂BR) = R− |x|. Then for any u ∈ H1

0 (Ω \Bρ)
∫

BR\Bρ

|∇u(x)|2 dx

> 1
4

∫

BR\Bρ

( (d− 1)(d− 3)
|x|2 +

1
δ2
ρ(x)

+
1

δ2
R(x)

+
2

δρ(x)δR(x)

)
|u(x)|2 dx.

Remark 2.1. In particular, as R → ∞, Corollary 2.1 provides us with the
Hardy inequality for the exterior of the ball Bρ:

∫

BR\Bρ

|∇u(x)|2 dx > 1
4

∫

BR\Bρ

( (d− 1)(d− 3)
|x|2 +

1
δ2
ρ(x)

)
|u(x)|2 dx.

Letting ρ → 0 and using (d − 1)(d − 3) + 1 = (d − 2)2, we obtain the
following assertion.

Corollary 2.2.
∫

BR

|∇u(x)|2 dx > 1
4

∫

BR

( (d− 2)2

|x|2 +
1

δ2
R(x)

+
2

|x|δR(x)

)
|u(x)|2 dx,

where u ∈ H1
0 (BR) if d > 2 and u ∈ H1

0 (BR \ {0}) if d = 1.

Remark 2.2. The last inequality without the term 2/(|x|δR(x)) follows from
Theorem 3.2 in [8]. Note that both constants at the first two terms on the
right-hand side of this inequality are sharp.

Now, assuming −∆δΩ(x) + (d− 2) x · ∇δΩ(x)/|x|2 > 0 and setting ρ = 0,
we recover Theorem 3.2 in [8].

Corollary 2.3. Let Ω ⊂ Rd be a bounded domain. Assume that −∆δΩ(x) +
(d− 2)x · ∇δΩ(x)/|x|2 > 0. Then for any u ∈ H1

0 (Ω \ {0})
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∫

Ω\Bρ

|∇u(x)|2 dx > 1
4

∫

Ω\Bρ

( (d− 2)2

|x|2 +
1

δ2
Ω(x)

)
|u(x)|2 dx.

As was noted by Frank and Seiringer [9, Lemma 4.3], for any nonnegative
symmetric decreasing function u in Rd

‖u‖22∗,2 = v
−2/d
d

∫

Rd

u2(x)
|x|2 dx, (2.1)

where ‖u‖2∗,2 is the Lorentz norm and 2∗ = 2d/(d− 2). Taking into account
this fact, we obtain the following assertion.

Theorem 2.2. Suppose that BR = {x ∈ Rd : |x| < R}, d > 3, and δR(x) =
R− |x| is the distance from x to ∂BR. Then for any nonnegative symmetric
decreasing function u ∈ H1

0 (BR) the following Hardy–Sobolev inequalities
hold:

∫

BR

|∇u(x)|2 dx > 1
4

∫

BR

u2(x)
δ2
R(x)

dx + v
2/d
d

( (d− 2)
2

)2

‖u‖22∗,2 (2.2)

and ∫

BR

|∇u(x)|2 dx > 1
4

[ ∫

BR

u2(x)
δ2
R(x)

dx + d(d− 2) v
2/d
d ‖u‖22∗

]
,

where the constants are independent of the radius of the ball.

In the case d > 3, there is a large family of domains with the constant 1/4
in the Hardy inequality involving the distance to the boundary. To show this
fact, we first consider spherical ring domains. More precisely, we generalize
the basic inequality for convex domains by considering BR \Bρ, where BR :=
{x ∈ Rd | |x| < R}, Bρ := {x ∈ Rd | |x| 6 ρ}, 0 6 ρ < R 6 +∞.

Theorem 2.3. Let BR \Bρ ⊂ Rd, d > 2. Then for any u ∈ H1
0 (BR \Bρ)

∫

BR\Bρ

|∇u|2 dx > 1
4

∫

BR\Bρ

(
1
δ2

+
(d− 1)(d− 3)

|x|2
)
|u|2 dx + σ(u), (2.3)

where δ = dist (x, ∂(BR\Bρ)) and σ(f) is the integral over the middle surface

Σm = {x ∈ BR \Bρ | |x| = m := (ρ + R)/2}

defined by

σ(f) =
2md−1

R− ρ

∫

Σm

|u|2 dω > 0, (ω = x/|x|).

Consider a convex open domain Ω in Rd, d > 3, such that Bρ ⊂ Ω and

(d− 2) dist (x, ∂(Ω \Bρ) 6 ρ. (2.4)
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For instance, if d = 3 and Ω = BR, then the condition (2.4) is equivalent to
the inequality 3ρ > R.

Theorem 2.4. Let d > 3, and let Ω be a convex open set in Rd satisfying
the condition (2.4). Then

∫

Ω\Bρ

|∇u|2 dx > 1
4

∫

Ω\Bρ

|u|2
δ2

dx ∀u ∈ H1
0 (Ω \Bρ), (2.5)

where δ = dist (x, ∂(Ω \Bρ)).

3 Proof of the Main Results

Proof of Theorems 2.1 and 2.2. We begin by proving a simple consequence
of the Cauchy–Schwarz inequality and integration by parts. Different versions
of this assertion can be found, for example, in [11, 12].

Lemma 3.1. Let Ω ⊂ Rd, and let F(x) be a vector field of x ∈ Ω. If F(x)
and divF(x) are finite for x ∈ supp u, then

1
4

∫

Ω

(
2 divF(x)− |F(x)|2

)
|u(x)|2 dx 6

∫

Ω

|∇u|2 dx, u ∈ C∞0 (Ω). (3.1)

Proof. Indeed,

( ∫

Ω

divF(x)|u(x)|2 dx
)2

=
( ∫

Ω

F(x) · ∇(|u(x)|2) dx
)2

6 4
∫

Ω

|∇u|2 dx

∫

Ω

|F(x)|2|u(x)|2 dx.

It remains to note that

1
4

∫

Ω

(
2divF(x)− |F(x)|2

)
|u(x)|2 dx

6 1
4

( ∫
Ω

divF(x)|u(x)|2 dx
)2

∫
Ω
|F(x)|2|u(x)|2 dx

6
∫

Ω

|∇u|2 dx.

ut
We need the following simple geometrical lemma for bounded convex do-

mains.

Lemma 3.2. Let Ω ⊂ Rd be a convex bounded domain with C1 boundary.
Then the value of the interior radius Rint = sup {δΩ(x) : x ∈ Ω} is achieved
at some point x0 ∈ Ω and for any x ∈ Ω
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∇δΩ(x) · (x− x0) 6 0. (3.2)

Proof. The function δΩ : Ω → R+ defined on the compact set Ω is continu-
ous. Thus, Rint is attained at some point x0 ∈ Ω.

Introduce Ωr, 0 < r < Rint, such that

Ωr = {x ∈ Ω : δΩ(x) > r}.

The domains Ωr are convex, and x0 ∈ Ωr for 0 < r 6 Rint. Hence for any
x ∈ ∂Ωr the vector −∇δΩ(x) is the outward unit normal to ∂Ωr at the point
x. Then −∇δΩ(x) · (x− x0) > 0, which completes the proof. ut

Remark 3.1. Lemma 3.2 remains valid for an arbitrary bounded convex do-
main. In this case, at points where ∇δΩ(x) is not uniquely defined, one should
consider in (3.2) a normal to any of the supporting hyperplanes to Ωr at
x ∈ ∂Ωr.

The following result concerning the Laplacian of the distance function for
a convex domain is well known.

Lemma 3.3. Let Ω ⊂ Rd, d > 2, be a convex domain, and let δΩ be the
distance function to its boundary. Then −∆δΩ(x) is a positive measure.

Proof. Let y0 ∈ Ω. Assume that ∇δΩ(y0) exists. Consider orthonormal coor-
dinates {y1, y2, . . . , yd−1} in the hyperplane defined by y0 ∈ Ω and −∇δΩ(y).
In these coordinates, ∂Ω can be represented by a concave function of class
Lip1. Note that ∂yd

δΩ(y0) = 0, where yd is the coordinate along∇δΩ(y). Since
∆ is invariant under rotations and parallel shifts, we have ∆δΩ(y0) 6 0. ut

Let

F(x) =
(d− 1)x
|x|2 − ∇δρ(x)

δρ(x)
− ∇δΩ(x)

δΩ(x)
.

Since |∇δρ(x)| = |∇δΩ(x)| = 1, we obtain

divF(x) =
(d− 1)(d− 2)

|x|2 +
1

δ2
ρ(x)

+
1

δ2
Ω(x)

− (d− 1)
|x|δρ(x)

− ∆δΩ(x)
δΩ(x)

. (3.3)

Since ∇δρ(x) = x/|x|, we have

|F(x)|2 =
(d− 1)2

|x|2 +
1

δ2
ρ(x)

+
1

δ2
Ω(x)

− 2
(d− 1)
|x|δρ(x)

− 2
(d− 1)x · ∇δΩ(x)

|x|2δΩ(x)
+ 2

x · ∇δΩ(x)
|x|δρ(x)δΩ(x)

. (3.4)

Substituting (3.3) and (3.4) into the left-hand side of (3.1), we obtain the
assertion of Theorem 2.1.
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Combining (2.1) with Corollary 2.2, we obtain the first statement of The-
orem 2.2.

In order to prove the second inequality in Theorem 2.2, it suffices to use
(2.2) and note that (cf. [9])

‖u‖22∗ 6 d− 2
d

‖u‖22∗,2.

Theorems 2.1 and 2.2 are proved. ut
Proof of Theorem 2.3. Without loss of generality, we can assume that 0 <
ρ < R < ∞. Consider the function

ψ := r−α
√

δ, r = |x| ∈ (ρ,m) ∪ (m,R),

where α is a real parameter. It is clear that δ is equal to r − ρ in (ρ,m) and
to R− r in (m,R) respectively. A direct computation shows that

lim
r→m−

d log ψ

dr
− lim

r→m+

d log ψ

dr
=

2
R− ρ

(3.5)

and

−∆ψ

ψ
=

1
4δ2

+
n− 1− 2α

2δr
sgn(r −m) +

α(n− 2− α)
r2

, (3.6)

where r = |x| ∈ (ρ,m) ∪ (m, R).
Let f ∈ C∞0 (BR \Bρ). It is obvious that

0 6
∫

BR\Bρ

(
∇f − f

ψ
∇ψ

)2

dx

=
∫

BR\Bρ

(
|∇f |2 − (∇f2,∇ log ψ) +

f2

ψ2
|∇ψ|2

)
dx.

To transform the middle term, we apply the Green formula to the domains
Ω− = {x ∈ BR \Bρ | |x| < m} and Ω+ = {x ∈ BR \Bρ | |x| > m} separately.
Summing up the results and using (3.5), we find

∫

BR\Bρ

(
(∇f2,∇ log ψ) + f2∆ψ)

)
dx =

2md−1

R− ρ

∫

Σm

|f |2 dω > 0.

Using these formulas and the identity

∆ log ψ + (∇ log ψ)2 = (∆ψ)/ψ,

we obtain
∫

BR\Bρ

|∇f |2 dx >
∫

BR\Bρ

(
−∆ψ

ψ

)
|f |2 dx +

2md−1

R− ρ

∫

Σm

|f |2 dω. (3.7)
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Using (3.6) with α = (d − 1)/2 and (3.7), we obtain (2.3), which completes
the proof of Theorem 2.3. ut
Proof of Theorem 2.4. To prove (2.5) for a given function f ∈ C∞0 (Ω \ Bρ),
it suffices to prove (2.5) for any convex d-dimensional polytope containing Bρ

and the support of f . This is a simple consequence of a result by Hadwiger
[10] on approximations of convex domains by polytopes (cf. also [1, 2] for
applications of this idea to Hardy type inequalities).

Without loss of generality, we can assume that Ω is a convex d-dimensional
polytope. Introduce the subdomans

Ω− = {x ∈ Ω \Bρ | |x| − ρ < dist (x, ∂Ω)}

and
Ω+ = {x ∈ Ω \Bρ | |x| − ρ > dist (x, ∂Ω)}.

We also introduce the so-called “middle” surface Σm by the formula

Σm = {x ∈ Ω \Bρ | |x| − ρ = dist (x, ∂Ω)}.

Let f ∈ C∞0 (Ω \ Bρ). Using ψ = r−(d−1)/2
√
|x| − ρ in the same way as in

the proof of Theorem 2.3, we find
∫

Ω−
|∇f |2 dx > 1

4

∫

Ω−

(
1
δ2

+
(d− 1)(d− 3)

|x|2
)
|f |2 dx +

∫

Σm

ϕ(x)|f |2 dS,

(3.8)
where

ϕ(x) =
∂ log ψ

∂ν
=

(
1
2δ
− d− 1

2|x|
)

∂|x|
∂ν

(3.9)

and ν is the exterior normal to the boundary of Ω−. Taking into account
that δ = |x| − ρ and ∂|x|/∂ν > 0 on Σm and using (2.4), we have ϕ(x) > 0
on Σm. Hence

∫

Ω−
|∇f |2 dx > 1

4

∫

Ω−

(
1
δ2

+
(d− 1)(d− 3)

|x|2
)
|f |2 dx. (3.10)

In order to prove Theorem 2.4, it remains to show that
∫

Ω+

|∇f |2 dx > 1
4

∫

Ω+

|f |2
δ2

dx. (3.11)

Let Sj ⊂ ∂Ω be a face of the polytope. Then

Ω+ = ∪jΩj ,

where Ωj = {(x′, t) ∈ Ω+ : x′ ∈ Sj , 0 < t < lj(x′)} and t = lj(x′) is
the equation for equidistant points. By the standard one-dimensional Hardy
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inequality, we obtain

∫ lj(x
′)

0

∣∣∣∂f(x′, t)
∂t

∣∣∣
2

dt > 1
4

∫ lj(x
′)

0

|f(x′, t)|2
t2

dt.

Therefore,

∫

Ωj

|∇f |2 dx >
∫

Sj

∫ lj(x
′)

0

∣∣∣∂f(x′, t)
∂t

∣∣∣
2

dtdx′

> 1
4

∫

Sj

∫ lj(x
′)

0

|f(x′, t)|2
t2

dtdx′ =
1
4

∫

Ωj

|f |2
δ2

dx.

Summing up these inequalities, we obtain (3.11). ut

4 Remarks

1. If the condition (2.4) is not satisfied, then (3.8) and (3.9) imply the in-
equality
∫

Ω\Bρ

|∇u|2 dx +
d− 1

2

∫

Σm

|u|2
|x| dS > 1

4

∫

Ω\Bρ

|u|2
δ2

dx ∀u ∈ H1
0 (Ω \Bρ)

for any convex open set Ω containing the closed ball Bρ provided that d > 3.

2. The following statement is a consequence of Theorem 2.1 and is com-
plementary to Theorem 2.4.

Corollary 4.1. Let Ω be a bounded convex domain. Assume that the origin is
chosen in such a way that max {δΩ(x) : x ∈ Ω} is achieved at 0. Suppose that
Bρ ⊂ Ω ⊂ {x : (d− 2)|x| < (d− 1)ρ}, d > 2. Then for any u ∈ H1

0 (Ω \Bρ)
∫

Ω\Bρ

|∇u(x)|2 dx > 1
4

∫

Ω\Bρ

( (d− 1)(d− 3)
|x|2 +

1
δ2
ρ(x)

+
1

δ2
Ω(x)

)
|u(x)|2 dx.

Proof. By Lemma 3.3, for convex domains we have ∆δΩ(x) 6 0. By Lemma
3.2, x · ∇δΩ 6 0. If (d− 2)|x| < (d− 1)ρ, then

2
δρ(x)δΩ(x)

> 2(d− 1)
|x|δΩ(x)

,

which implies the required assertion. ut

3. In particular, in the case d = 2, for any convex domain satisfying as-
sumptions of Corollary 4.1
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∫

Ω\Bρ

|∇u(x)|2 dx > 1
4

∫

Ω\Bρ

( 1
(|x| − ρ)2

− 1
|x|2 +

1
δ2
Ω(x)

)
|u(x)|2 dx.

Hence we obtain (1.2) as ρ → 0.

4. Note that for d = 2 and Ω = Ω2 := BR \ Bρ ⊂ R2 Theorem 2.4 is not
true. As is shown in [1], the best constant λ(Ω2) in the Hardy inequality

∫

Ω2

|∇u|2 dx > λ(Ω2)
∫

Ω2

|u(x)|2
δ2(x)

dx, u ∈ H1
0 (Ω2), (4.1)

satisfies the inequalities

2
π

log
R

ρ
6 1

λ(Ω2)
6 log

R

ρ
+ k0, (4.2)

where k0 = (Γ (1/4))4/(2π2) = 8.75 . . .. Clearly, λ(Ω2) → 0 as R/ρ →∞.

5. Theorem 2.4 fails if Bρ is replaced with an arbitrary convex compact
subset of Ω. We show that for any d > 3 and ε > 0 there exist d-dimensional
ellipsoids E1, E2, E2 ⊂ E1 and a function fe ∈ C1

0 (Ωe) such that
∫

Ωe

|∇fe(x)|2 dx 6 ε

∫

Ωe

|fe(x)|2
δ2(x)

dx, (4.3)

where Ωe = E1 \ E2 and δ(x) is the distance from x ∈ Ωe to ∂Ωe.
Indeed, using (4.1) and (4.2) for a given ε > 0 we choose R/ρ > exp (πε)

such that λ(Ω2) < ε/2. Then for Ω2 := BR\Bρ ⊂ R2 there exists f2 ∈ C1
0 (Ω2)

such that
∫

Ω2

|∇f2(x′)|2 dx′ <
ε

2

∫

Ω2

|f2(x′)|2
δ2(x′)

dx′, x′ = (x1, x2). (4.4)

Let s > 0. Define gs ∈ C1
0 (R) by the formula

gs(t) =





1, |t| 6 s,

0, |t| > 1 + s,

(1− (|t| − s)2)2, s < |t| 6 1 + s.

(4.5)

Define Ωd ⊂ Rd as the product Ω2 × Rd−2, and set

fe(x) := f2(x1, x2)Πd
j=3 gs(xj).

It is obvious that
∫

Ωd

|∇fe(x)|2 dx = (2s)d−2

∫

Ω2

|∇f2(x′)|2 dx′ + A.



Hardy Inequalities for Nonconvex Domains 11

Since dist (x, ∂Ωd) = dist ((x1, x2), ∂Ω2) =: δ(x′), we have
∫

Ωd

|fe(x)|2
dist2(x, ∂Ωd)

dx = (2s)d−2

∫

Ω2

|f2(x′)|2
δ2(x′)

dx′ + B,

where A and B are constants independent on s. By these equations and (4.4),
for d > 3 and sufficiently large s we have

∫

Ωd

|∇fe(x)|2 dx < ε

∫

Ωd

|fe(x)|2
dist2(x, ∂Ωd)

dx.

Taking the ellipsoids Ej , j = 1, 2, defined by

x2
1 + x2

2

a2
j

+
x2

3 + .. + x2
d

b2
< 1, a1 = R, a2 =

1
2
(ρ + min

x′∈supp f2
|x′|)

with sufficiently large b, we obtain (4.3).
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sharp constants for convex domains. Z. Angew. Math. Mech. 87, 632–642
(2007)

4. Brezis, H., Marcus, M.: Hardy’s inequalities revisited. Ann. Scuola Norm. Sup.
Pisa Cl. Sci. (4) 25, no. 1-2, 217–237 (1997/98)

5. Davies, E.B.: Spectral Theory and Differential Operators. Cambridge Univ.
Press, Cambridge (1995)

6. Davies, E.B.: A review of Hardy inequalities. In: The Maz’ya Anniversary
Collection 2. Oper. Theory Adv. Appl. 110, 55–67 (1999)

7. Filippas, S., Maz’ya, V., Tertikas, A.: Sharp Hardy–Sobolev inequalities. C.
R., Math., Acad. Sci. Paris 339, no. 7, 483–486 (2004)

8. Filippas, S., Moschini, L., Tertikas, A.: Sharp two-sided heat kernel estimates
for critical Schrödinger operators on bounded domains. Commun. Math. Phys.
273, 237–281 (2007)

9. Frank, R.L., Seiringer, R.: Non-linear ground state representations and sharp
Hardy inequalities. arXiv:0803.0503v1 [math.AP] 4 Mar. 2008



12 F. Avkhadiev and A. Laptev

10. Hadwiger, H.: Vorlesungen über Inhalt, Oberfläsche und Isoperimetrie.
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Distributions with Slow Tails and
Ergodicity of Markov Semigroups in
Infinite Dimensions

Sergey Bobkov and Boguslaw Zegarlinski

Abstract We discuss some geometric and analytic properties of probabil-
ity distributions that are related to the concept of weak Poincaré type in-
equalities. We deal with isoperimetric and capacitary inequalities of Sobolev
type and applications to finite-dimensional convex measures with weights and
infinite-dimensional Gibbs measures. As one of the basic tools, V. G. Mazya’s
capacitary analogue of the co-area inequality is adapted to the setting of met-
ric probability spaces.

1 Weak Forms of Poincaré Type Inequalities

In this paper, we discuss some geometric and analytic properties of proba-
bility distributions, such as embeddings, concentration, and convergence of
the associated semigroups, that are related to the concept of weak Poincaré
type inequalities. Such inequalities may have different forms and appear in
different contexts and settings. We mainly restrict ourselves to the setting
of an arbitrary metric probability space, say, (M,d, µ) (keeping in mind the
Euclidean space Rn as a basic space and source for various examples). We
will be focusing on the following definition.

Definition. We say that (M, d, µ) satisfies a weak Poincaré type inequality
with rate function C(p), 1 6 p < 2, if for any bounded, locally Lipschitz
function f on M with µ-mean zero
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‖f‖p 6 C(p) ‖∇f‖2 ∀ p ∈ [1, 2). (1.1)

More precisely, (1.1) involves a parameter family of Poincaré type in-
equalities that are controlled by a certain parameter function. Here, we use

the standard notation ‖f‖p =
( ∫

|f |p dµ
)1/p

for the Lp-norm, as well as

‖∇f‖2 =
( ∫

|∇f |2 dµ
)1/2

. Note that it is a rather convenient way to un-

derstand the modulus of the gradient in general as the function

|∇f(x)| = lim sup
y→x

|f(x)− f(y)|
d(x, y)

, x ∈ M

(with the convention that |∇f(x)| = 0 if x is an isolated point in M). By
saying that f is “locally Lipschitz” we mean that f has a finite Lipschitz
seminorm on every ball in M , so that |∇f(x)| is everywhere finite. Once
(1.1) holds for all bounded locally Lipschitz f , it continues to hold for all
unbounded locally Lipschitz functions with µ-mean zero, as long as the right-
hand side of (1.1) is finite. (The latter implies the finiteness of ‖f‖p for all
p < 2.)

As a more general scheme, one could start from a probability space (M,µ),
equipped with some (local or discrete) Dirichlet form E(f, f), and to consider
the inequalities

‖f‖p 6 C(p)
√
E(f, f), 1 6 p < 2, (1.2)

within the domain D of the Dirichlet form. Within the metric probability
space framework, we thus put E(f, f) = ‖∇f‖22. But one may also study
(1.2) in the setting of a finite graph or, more generally, of Markov kernels, or
the setting of Gibbs measures.

The main idea behind (1.1)–(1.2) is to involve in analysis more probability
distributions and to quantify their possible analytic and other properties by
means of the rate function. Indeed, if C(p) may be chosen to be a constant,
we arrive at the usual form of the Poincaré type inequality

λ1 Varµ(f) 6 E(f, f), (1.3)

where

Varµ(f) =
∫

f2 dµ−
(∫

f dµ

)2

stands for the variance of f under µ. This inequality itself poses a rather
strict constraint on the measure µ. For example, under (1.3) in the setting
of a metric probability space (M, d, µ), any Lipschitz function f on M must
have a finite exponential moment. This property, discovered by Herbst [22]
and later by Gromov and Milman [20] and by Borovkov and Utev [13], may
be stated as a deviation inequality
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µ{|f | > t} 6 C e−c
√

λ1 t, t > 0, (1.4)

with some positive absolute constants C and c, where for normalization rea-

sons it is supposed that ‖f‖Lip 6 1 and
∫

f dµ = 0. (The best constant in the

exponent is known to be c = 2 and it is attained for the one-sided exponential
distribution on the real line M = R, cf. [7].) With a proper understanding
of the Lipschitz property, discrete and more general analogues of (1.4) also
hold under (1.3) (cf., for example, [2, 1, 24, 25]).

Another classical line of applications of the usual Poincaré type inequality
deals with the Markov semigroup Pt of linear operators associated to µ on Rn

(or other Riemannian manifold). This semigroup has a generator L, which
may be introduced via the equality

E(f, g) = −
∫

f Lg dµ, f, g ∈ D,

so that Pt = etL in the operator sense. Under (1.3) and mild technical assump-
tions, every Pt represents a contraction on L2(µ), i.e., Pt may be extended
from D as a linear continuous operator acting on the whole space L2(µ) with
the operator norm ‖Pt‖ 6 1. Moreover, for any f ∈ L2(µ),

Varµ(Ptf) 6 Varµ(f) e−λ1t, t > 0, (1.5)

which expresses the L2(µ) exponential ergodicity property of the Markov
semigroup.

The exponential bounds such as (1.4)–(1.5) do not hold any longer without
the hypothesis on the presence of the usual Poincaré type inequality. However,
one may hope to get weaker conclusions under weaker assumptions, such as
the weak Poincaré type inequality (1.1). In the latter case, the rate of growth
of C(p) as p → 2 turns out to be responsible for the strength of deviations
of Lipschitz functions and for the rate of convergence of Ptf to a constant
function, as well.

As a result, in the general situation more freedom in choosing suitable rate
function C(p) will allow us to involve more interesting probability spaces,
especially those without finite exponential moments. In this connection it
should be noted that another kind of inequalities, which serve this aim, is
described by the weak forms of Poincaré type inequalities, that involve an
oscillation term Osc (f) = ess sup f − ess inf f with respect to µ. Namely,
one considers

Varµ(f) 6 β(s) E(f, f) + s Osc (f)2. (1.6)

These inequalities are supposed to hold for all s > 0 with some function β,
so that the case of the constant function β(s) = 1/λ1 also returns us to the
usual Poincaré inequalities.

The inequalities with a free parameter have a long history in analysis,
including, for example, [32, 17, 16, 18, 27, 21, 5, 6] and many others. The
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weak Poincaré type inequalities (1.6) have recently been studied by Röckner
and Wang [35, 37], as an approach to the problem on the slow rates in the
convergence of the associated Markov semigroups in Rn. This work was mo-
tivated by Liggett [27], who considered similar multiplicative forms of (1.6).
In the setting of Riemannian manifolds, Barthe, Cattiaux, and Roberto [4]
studied the weak Poincaré type inequalities from the point of view of con-
centration and connected them with the family of capacitary inequalities, a
classical object in the theory of Sobolev spaces. Such inequalities go back to
the pioneering works of V. G. Maz’ya in the 60s and 70s; let us only mention
[28], his book [29], and a nice exposition given by A. Grigoryan in [19]. See
also [15], where entropic versions of (1.6) are treated. On the other hand,
although weak Poincaré type inequalities (1.1) should certainly be of inde-
pendent alternative interest, they seemed to attract much less attention. And
for several reasons one may wonder how to fill this gap.

We explore, how the weak forms of Poincaré type inequalities (1.1)/(1.3)
and (1.5) are related to each other (Section 8). Note that for probability
measures on the real line, all the forms may be reduced to Hardy type in-
equalities with weights and this way they may be characterized explicitly in
terms of the density of a measure (cf. [31, 29]). One obvious advantage of
(1.1) over (1.6) is that one may freely apply (1.1) to unbounded functions,
while (1.6) is more delicate in this respect. In fact, the relation (1.1), taken
as a potential “nice” hypothesis, gives rise to a larger family of Poincaré
type inequalities between the norms of f and |∇f | in Lebesgue spaces. This
property, which we briefly discuss in Section 2, is usually interpreted as kind
of embedding theorems. It is illustrated in Section 3 in the problem of large
deviations of Lipschitz functionals. Sections 4 and 5 are technical, with aim
to create tools to estimate the rate function for classes of measures on the
Euclidean space under certain convexity conditions (cf. Sections 6 and 7). In
Section 10, we discuss consequences of our weak Poincaré inequalities for the
Lp decay to equilibrium of Markov semigroups in Rn. But before, in Section
9, we introduce the notation and recall classical arguments, that are used in
the presence of the usual Poincaré inequalities.

Later we extend the corresponding idea to infinite dimensional situation
in Section 11, where, in particular, we prove a stretched exponential decay
for a product case. As we demonstrate there, it is the infinite dimensional
case in which our more general than (1.6) inequalities play an important
role in estimates of the decay rates. Finally, in the last section, we prove a
weak Poincaré inequality for Gibbs measures with slowly decaying tails in
the region of strong mixing. Using this result, we obtain an estimate for the
decay to equilibrium in L2 for all Lipschitz cylinder functions with the same
stretched exponential rate.
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2 Lp-Embeddings under Weak Poincaré

Let us start with an abstract metric probability space (M,d, µ) satisfying the
weak Poincaré type inequality

‖f −Ef‖p 6 C(p) ‖∇f‖2, 1 6 p < 2, (2.1)

with a (finite) rate function C(p). For definiteness, we may put C(p) = C(1)
for 0 < p < 1, although in some places we will consider (2.1) for all p ∈ (0, 2)
with rate function defined in 0 < p < 1 in a different way. Here and in the

sequel, we use the standard notation Ef = Eµf =
∫

f dµ for the expectation

of f under the measure µ.
Let W q(µ) denote the space of all locally Lipschitz functions g on M ,

equipped with the norm

‖f‖W q = ‖∇f‖q + ‖f‖1.

Clearly, the norm is getting stronger with the growing parameter q. From
(2.1) it follows that ‖f‖p 6 (1 + C(p)) ‖f‖W 2 , which means that all Lp(µ),
1 6 p < 2, are embedded in W 2(µ). Therefore, one may wonder whether this
property may be sharpened by replacing W 2(µ) with other spaces W q(µ).
The answer is affirmative and is given by the following assertion.

Theorem 2.1. Given 1 6 p < q 6 +∞, q > 2, for any locally Lipschitz f
on M

‖f −Ef‖p 6 C(p, q) ‖∇f‖q, (2.2)

with constants C(p, q) = 12 C(r)
r p, where 1

r = 1
2 + 1

p − 1
q .

Thus, Lp(µ) may be embedded in W q(µ), whenever 1 6 p < q 6 +∞ and
q > 2.

In particular, 1
r = 1 − 1

q for p = 2, so r represents the dual exponent

q∗ = q
q−1 and C(2, q) = 24 C(q∗)

q∗ 6 24 C(q∗). Hence we obtain a dual variant
of (2.1).

Corollary 2.2. Under (2.1), for any bounded, locally Lipschitz function f
on M

‖f −Ef‖2 6 24 C(q∗) ‖∇f‖q, q > 2. (2.3)

Now, let us turn to the proofs, which actually contain standard arguments.
In the sequel, we will use the following elementary:
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Lemma 2.3. For any measurable function f on a probability space (M, µ)
with a median m and for any p > 1

‖f −m‖p 6 3 inf
c∈R

‖f − c‖p .

Proof. One may assume that the norm ‖f‖p is finite and non-zero. Note
that, in general, the median is not determined uniquely. Nevertheless, by the
monotonicity of this multi-valued functional, for any median m = m(f) of
f there is a median m(|f |) of |f | such that |m(f)| 6 m(|f |). On the other
hand, by the Chebyshev inequality,

µ{|f | > t} 6
‖f‖p

p

tp
<

1
2

,

as long as t > 21/p ‖f‖p, so m(|f |) 6 21/p ‖f‖p for any median of |f |. The
two bounds yield

‖f −m(f)‖p 6 ‖f‖p + |m(f)| 6 (1 + 21/p) ‖f‖p 6 3 ‖f‖p.

Applying this to f − c and noting that m(f) − c is one of the medians of
f − c, we arrive at the desired conclusion. ut

Lemma 2.3 allows us to freely interchange medians and expectations in
the weak Poincaré type inequality. This can be stated as follows.

Lemma 2.4. Under the hypothesis (2.1), for any locally Lipschitz function
f on M with median m(f)

‖f −m(f)‖p 6 C ′(p) ‖∇f‖2, 1 6 p < 2, (2.4)

where C ′(p) = 3C(p). In turn, (2.4) implies (2.1) with C(p) = 2C′(p).

Indeed, by Lemma 2.3, ‖f−m(f)‖p 6 3 ‖f−Ef‖p, and thus (2.1) implies
(2.4). On the other hand, assuming that m(f) = 0 and starting from (2.4),
we get

‖f −Ef‖p 6 ‖f‖p + |Ef | 6 2 ‖f‖p = 2 ‖f −m(f)‖p 6 2C ′(p) ‖∇f‖2.

Lemma 2.5. Assume that the metric probability space (M,d, µ) satisfies

‖f‖p 6 A(p) ‖∇f‖2, 0 < p < 2, (2.5)

in the class of all locally Lipschitz functions f on M with median m(f) = 0.
Then in the same class,
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‖f‖p 6 2A(p, q) ‖∇f‖q, 0 < p < q 6 +∞, q > 2, (2.6)

with constants A(p, q) = A(r)
r p, where 1

r = 1
2 + 1

p − 1
q .

Clearly, A(p, 2) = A(p), so that (2.6) generalizes (2.5) within a factor of 2.
If (2.5) is only given for the range 1 6 p < 2, one may just put A(p) = A(1)
for 0 < p < 1.

Note that, due to the assumption p < q, we always have 0 < r < 2. The
assumption q > 2 guarantees that r 6 p.

Proof of Lemma 2.5. We may assume that 2 < q < +∞ and ‖f‖q < +∞.
First, let f > 0 and m(f) = 0. Hence µ{f = 0} > 1

2 . By the hypothesis (2.5),
for any r ∈ (0, 2)

Efr 6 A(r)r (E |∇f |2)r/2.

Apply this inequality to the function fp/r, which is nonnegative and has
median zero, as well as f . Then, using the Hölder inequality with exponents
α, β > 1 such that 1

α + 1
β = 1, we get

Efp = E (fp/r)r 6 A(r)r
(p

r

)r (
E f2( p

r−1) |∇f |2
)r/2

6 A(r)r
(p

r

)r (
E f2α ( p

r−1)
)r/2α (

E |∇f |2β
)r/2β

. (2.7)

Now let 1
r = 1

2 + 1
p − 1

q and choose α so that 2α (p
r − 1) = p, i.e., 1

2α = 1
r − 1

p .
Since q > 2, we have r < p, so α > 0. Moreover, α > 1 ⇔ 1

r < 1
2 + 1

p which
is fulfilled. Also, put 1

2β = 1
q , so that β = q

2 > 1. Then (2.7) turns into

Efp 6 A(r)r
(p

r

)r

(E fp)r/2α (E |∇f |q)r/2β ,

which is equivalent to
‖f‖p 6 A(p, q) ‖∇f‖q. (2.8)

In the general case, we split f = f+ − f− with f+ = max{f, 0} and
f− = max{−f, 0}. Without loss of generality, let |∇f(x)| = 0, when f(x) = 0
(otherwise, we may work with functions of the form T (f) with smooth T ,
approximating the identity function and satisfying T ′(0) = 0). Then both
f+ and f− are nonnegative, have median at zero, and |∇f+| = |∇f | 1{f>0},
|∇f−| = |∇f | 1{f<0}. Hence, by the previous step (2.8) applied to these
functions,

∫

{f>0}
|f |p dµ 6 A(p, q)p

( ∫

{f>0}
|∇f |q dµ

)p/q

,
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∫

{f<0}
|f |p dµ 6 A(p, q)p

( ∫

{f<0}
|∇f |q dµ

)p/q

.

Finally, adding these inequalities and using an elementary bound as + bs 6
2(a + b)s (a, b > 0, 0 6 s 6 1), we arrive at the desired estimate (2.6). ut
Proof of Theorem 2.1. By Lemmas 2.4 and 2.5, for any locally Lipschitz f
on M with median m(f), whenever 1 6 p < q 6 +∞ and q > 2, we have

‖f −m(f)‖p 6 6p C(r)
r

‖∇f‖q.

Another application of Lemma 2.4 doubles the constant on the right-hand
side. ut

3 Growth of Moments and Large Deviations

As another immediate consequence of Theorem 2.1, we consider the case
q = +∞. Then 1

r = p+2
2p , and we obtain the following assertion.

Corollary 3.1. Under the weak Poincaré type inequality (2.1), any Lips-
chitz function f on M has finite Lp-norms and, if ‖f‖Lip 6 1 and Ef = 0,

‖f‖p 6 6(p + 2) C

(
2p

p + 2

)
, p > 1. (3.1)

In the case of the usual Poincaré type inequality,

λ1 Varµ(f) 6
∫
|∇f |2 dµ,

we have C(p) = 1√
λ1

, and the inequality (3.1) gives

‖f‖p 6 6(p + 2)√
λ1

, p > 1.

Up to a universal constant c > 0, the latter may also be stated as a large
deviation bound µ{√λ1 |f | > t} 6 2 e−ct (t > 0) or, equivalently, as

‖f‖ψ1 6 1
c
√

λ1

(3.2)

in terms of the Orlicz norm generated by the Young function ψ1(t) = e|t|−1.
Thus, Theorem 2.1 may be viewed as a generalization of the Gromov–

Milman theorem [20] on the concentration in the presence of the Poincaré type
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inequality. Let us give one more specific example by imposing the condition

C(p) 6 a

(2− p)γ
, 1 6 p < 2, (3.3)

with some parameters a, γ > 0. In particular, if γ = 0, we return to the usual
Poincaré type inequality.

Corollary 3.2. Let (M, d, µ) satisfy the weak Poincaré type inequality
(2.1) with a rate function admitting the polynomial growth (3.3). For any
function f on M with ‖f‖Lip 6 1 and Ef = 0

µ{|f | > t} 6 2γ+1 exp
{
− c1(γ + 1)

(
c2t

a

)1/(γ+1) }
, t > 0, (3.4)

where c1 and c2 are positive numerical constants.

Proof. According to Corollary 3.1, for any p > 1

‖f‖p 6 6 (p + 2)
a

(2− 2p
p+2 )γ

= 6a · 4−γ(p + 2)γ+1 6 18 a · (3/4)γpγ+1,

where we used p + 2 6 3p at the last step. Hence, in the range p > 1, we
have got the bound E |f |p 6 (Cp)p(γ+1) with a constant given by Cγ+1 =
18 · (3/4)γ a. This bound may a little be weakened as

E |f |p 6 2γ+1(Cp)p(γ+1) (3.5)

to serve also the values 0 < p < 1. Indeed, then we may use ‖f‖p 6 ‖f‖1 6
Cγ+1, so E |f |p 6 Cp(γ+1). Hence (3.5) would follow from 1 6 2pp, which is
true since, on the positive half-axis, the function 2pp is minimized at p = 1

e

and has the minimum value 2e−1/e > 1.
Thus, (3.5) holds in the range p > 0. Now, by the Chebyshev inequality,

for any t > 0

µ{|f | > t} 6 E |f |p
tp

6 2γ+1 (Cp)p(γ+1)

tp
= 2γ+1 (Dq)q,

where q = p (γ + 1) and D = C
(γ+1) t1/(γ+1) . The quantity (Dq)q is minimized,

when q = 1/(De), and the minimum is

e−1/(De) = exp
{
− (γ + 1) t1/(γ+1)

Ce

}
= exp

{
− 4 (γ + 1) t1/(γ+1)

3e (24 a)1/(γ+1)

}
.

Thus, we arrive at (3.4) with c1 = 4/(3e) and c2 = 1/24. ut
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In analogue with the usual Poincaré type inequality and similarly (3.2),
the deviation inequality (3.4) of Corollary 3.2 may be restated equivalently
in terms of the Orlicz norm generated by the Young function

ψ1/(γ+1)(t) = exp{|t|1/(γ+1)} − 1.

Indeed, arguing in one direction, we consider ξ = |f |1/(γ+1) as a random
variable on (Rn, µ) and write (3.4) as

µ{ξ > t} 6 Ae−Bt, t > 0,

with parameters A = 2γ+1, B = c1(γ+1) ( c2
a )1/(γ+1). Then for any r ∈ (0, B)

E erξ − 1 = r

∫ +∞

0

ertµ{ξ > t} dt 6 Ar

∫ +∞

0

e−(B−r)t dt =
Ar

B − r
= 1

if r = r0 = B
A+1 . Hence E exp{r0|f |1/(γ+1)} 6 2, which means that

‖f‖ψ1/(γ+1) 6 1
rγ+1
0

=
(A + 1)γ+1

Bγ+1
=

a

c2

(2γ+1 + 1)γ+1

(c1(γ + 1))γ+1
.

Thus, under (3.3), up to some constant cγ depending on γ only, we get

‖f‖ψ1/(γ+1) 6 cγa.

4 Relations for Lp-Like Pseudonorms

To give some examples of metric probability spaces satisfying weak Poincaré
type inequalities, we need certain relations for Lp-like pseudonorms, which
we discuss in this section. For a measurable function f on the probability
space (M, µ) and q, r > 0 we introduce the following standard notation. Put

‖f‖q =
( ∫

|f |q dµ
)1/q

and

‖f‖r,1 =
∫ +∞

0

µ{|f | > t}1/r dt, ‖f‖r,∞ = sup
t>0

[
t µ{|f | > t}1/r

]
.

As for how these quantities are related, there is the following elementary (and
apparently well-known) statement: If 0 < q < r, then

‖f‖r,1 > ‖f‖r,∞ >
(

r − q

r

)1/q

‖f‖q.
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In particular,

‖f‖r,1 >
(

r − q

r

)1/q

‖f‖q. (4.1)

However, the constant on the right-hand side is not optimal and may be
improved, when q and r approach 1.

Lemma 4.1. If 0 < q < r 6 1, then

‖f‖r,1 >
(

r − q

r

)1/q−1

‖f‖q. (4.2)

To see the difference between (4.1) and (4.2), we note that ‖f‖r,1 = ‖f‖1
for the value r = 1 and, letting q → 1−, we obtain equality in (4.2), but not
in (4.1).

Proof. Introduce the distribution function F (t) = µ{|f | 6 t} and put u(t) =
1− F (t). Since u 6 1, for any t > 0

‖f‖q
q =

∫ +∞

0

sq dF (s) =
∫ t

0

u(s) dsq +
∫ +∞

t

u(s) dsq 6 tq + q

∫ +∞

t

sq−1 u(s) ds.

Let 0 < r < 1. By the Hölder inequality with exponents p = 1
r and p∗ = p

p−1 ,
we have

∫ +∞

t

sq−1 u(s) ds 6 ‖sq−1‖Lp∗ (t,+∞) ‖u(s)‖Lp(t,+∞)

=
( ∫ +∞

t

sp∗(q−1) ds

)1/p∗( ∫ +∞

t

u(s)p ds

)1/p

.

The last integral may be bounded from above just by ‖f‖r,1 =
∫ +∞

0

u(s)p ds.

Note that p∗(q − 1) < −1; moreover,

p∗(q − 1) + 1 = −1− pq

p− 1
= −r − q

1− r
,

p∗(q − 1) + 1
p∗

= −1− pq

p− 1
p− 1

p
= −(r − q).

Hence the pre-last integral is convergent and

( ∫ +∞

t

sp∗(q−1) ds

)1/p∗

=
t

p∗(q−1)+1
p∗

(−p∗(q − 1)− 1)1/p∗ =
(

1− r

r − q

)1−r

t−(r−q)

since 1
p∗ = p−1

p = 1− r. Thus,
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‖f‖q
q 6 tq + q

(
1− r

r − q

)1−r

t−(r−q) ‖f‖r
r,1.

It remains to optimize over all t > 0 on the right-hand side. Changing the
variable tq = s, we write

‖f‖q
q 6 ϕ(s) ≡ s +

C

α
s−α,

where α = r
q − 1 and

C = q

(
1− r

r − q

)1−r (
r

q
− 1

)
‖f‖r

r,1 = (1− r)1−r(r − q)r ‖f‖r
r,1.

Since α > 0, the function ϕ is minimized at s0 = C1/(α+1) and, at this point,

ϕ(s0) = C1/(α+1) +
C

α
C−α/(α+1) =

(
1 +

1
α

)
C1/(α+1).

Note that α + 1 = r
q and α+1

α = r
r−q , so

C1/(α+1) =
[
(1− r)1−r(r − q)r ‖f‖r

r,1

]q/r
= (1− r)q( 1

r−1) (r − q)q ‖f‖q
r,1

and
ϕ(s0) =

r

r − q
(1− r)q( 1

r−1) (r − q)q ‖f‖q
r,1.

Therefore,

‖f‖q 6 ϕ(s0)1/q =
(

r

r − q

)1
q−1

r(1− r)
1
r−1 ‖f‖r,1.

It remains to note that r(1− r)
1
r−1 6 1, whenever 0 < r < 1. ut

5 Isoperimetric and Capacitary Conditions

Here, we focus on general necessary and sufficient conditions for weak
Poincaré type inequalities to hold on a metric probability space (M,d, µ).
Sufficient conditions are usually expressed in terms of the isoperimetric func-
tion of the measure µ, so it is natural to explore the role of isoperimetric
inequalities. By an isoperimetric inequality one means any relation

µ+(A) > I(µ(A)), A ⊂ M, (5.1)

connecting the outer Minkowski content or µ-perimeter
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µ+(A) = lim inf
ε→0+

µ(Aε)− µ(A)
ε

= lim inf
ε→0+

µ{x ∈ M \A : ∃a ∈ A, d(x, a) < ε}
ε

with µ-size in the class of all Borel sets A in M with measure 0 < µ(A) < 1.
(Here Aε denotes an open ε-neighborhood of A.)

The function I, appearing in (5.1), may be an arbitrary nonnegative func-
tion, defined on the unit interval (0,1). If this function is optimal, it is often
referred to as the isoperimetric function or the isoperimetric profile of the
measure µ.

To any nonnegative function I on (0, 1
2 ] we associate a nondecreasing func-

tion CI(r) given by

1
CI(r)

= inf
0<t6 1

2

[
I(t) t−1/r

]
, 0 < r < 1. (5.2)

One of our aims is to derive the following assertion.

Theorem 5.1. In the presence of the isoperimetric inequality (5.1), the
space (M, d, µ) satisfies the weak Poincaré type inequality

‖f −Ef‖p 6 C(p) ‖∇f‖2, 0 < p < 2,

with rate function

C(p) = 8 inf
2p

2+p <r<1

[
CI(r)

(
r

r − 2p
2+p

)2−p
2p

]
. (5.3)

We first consider one important particular case.

Lemma 5.2. Given c > 0 and 0 < r 6 1, we assume that (M, d, µ)
satisfies

µ+(A) > c µ(A)1/r (5.4)

for all Borel sets A ⊂ M with 0 < µ(A) 6 1
2 . Then for any locally Lipschitz

function f > 0 on M with median zero and for all q ∈ (0, r)

‖f‖q 6 1
c

(
r

r − q

)1/q−1 ∫
|∇f | dµ. (5.5)

For the proof, we recall the well-known co-area formula which remains to
hold in the form of an inequality for arbitrary metric probability spaces (cf.
[10]). Namely, for any function f on M having a finite Lipschitz seminorm
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∫
|∇f | dµ >

∫ +∞

−∞
µ+{f > t} dt.

Note that the function t → µ+{f > t} is always Borel measurable for
continuous f , so the second integral makes sense. Hence, by Lemma 4.1,
if ‖f‖Lip < +∞,

∫
|∇f | dµ > c

∫ +∞

0

µ{f > t}1/r dt = c ‖f‖r,1 > c

(
r − q

r

)1/q−1

‖f‖q.

A simple truncation argument extends this inequality to all locally Lipschitz
f > 0.

Proof of Theorem 5.1. By the definition (5.2), whenever 0 < r < 1, the space
(M, d, µ) satisfies the isoperimetric inequality (5.4) with c = 1/CI(r), so the
functional inequality (5.5) holds.

Let f > 0 be locally Lipschitz on M with median zero. Given 0 < q < r <
1, apply (5.5) to fp/q with p > 0 to be specified later on. Then

∫
fp dµ =

∫
(fp/q)q dµ 6 1

cq

(
r

r − q

)1−q( ∫
|∇fp/q| dµ

)q

=
1
cq

(
r

r − q

)1−q(
p

q

)q( ∫
f

p
q−1|∇f | dµ

)q

6 1
cq

(
r

r − q

)1−q(
p

q

)q( ∫
f2( p

q−1) dµ

)q/2( ∫
|∇f |2 dµ

)q/2

,

where we used the Cauchy inequality at the last step. Choose p so that
2 (p

q −1) = p, i.e., p = 2q/(2− q) or q = 2p/(2+p). Then the obtained bound
becomes

( ∫
fp dµ

)1−q/2

6 1
cq

(
r

r − q

)1−q( 2
2− q

)q( ∫
|∇f |2 dµ

)q/2

,

and, using 1−q/2
q = 1

p and 2
2−q < 2, we get

( ∫
fp dµ

)1/p

6 2
c

(
r

r − q

)1/q−1 ( ∫
|∇f |2 dµ

)1/2

.

By doubling the expression on the right-hand side like in the proof of
Lemma 2.5, we may remove the condition f > 0 and thus get in the general
locally Lipschitz case

‖f −m(f)‖p 6 4
c

(
r

r − q

)1/q−1

‖∇f‖2
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with q = 2p
2+p , where m(f) is a median of f under µ. Note that q < 1 ⇔ p < 2.

Finally, by Lemma 2.4,

‖f −Eµf‖p 6 8
c

(
r

r − q

)1/q−1

‖∇f‖2.

It remains to take the infimum over all r ∈ (q, 1), and we arrive at the desired
Poincaré type inequality with rate function (5.4). ut

Remark 5.1. In order to get a simple upper bound for the rate function

C(p) = 8 inf
q<r<1

[
CI(r)

(
r

r − q

)1
q−1]

, where q =
2p

2 + p
,

in many interesting cases, one may just take

r =
1 + q

2
=

3p + 2
2(p + 2)

,

for example. In this case,

( r

r − q

) 1
q−1

=
(1 + q

1− q

) 1
q−1

= (1 + s)2/s < e2

for s = 2q/(1− q). Hence we obtain the following assertion.

Corollary 5.3. In the presence of the isoperimetric inequality (5.1) with
the associated function CI(r), the space (M, d, µ) satisfies the weak Poincaré
type inequality

‖f −Ef‖p 6 C(p) ‖∇f‖2, 0 6 p < 2,

with rate function C(p) = 8e2 CI( 3p+2
2(p+2) ).

In particular, if µ satisfies a Cheeger type isoperimetric inequality µ+(A) >
c µ(A) (0 < µ(A) 6 1

2 ), then CI(r) is bounded by 1/c, and Corollary 5.3 yields
the usual Poincaré type inequality

‖f −Ef‖2 6 C

c
‖∇f‖2

with a universal constant C. Thus, Theorem 5.1 includes the Maz’ya–Cheeger
theorem (up to a multiplicative factor).

Consider a more general class of isoperimetric inequalities.
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Corollary 5.4. Assume that the metric probability space (M,d, µ) satis-
fies, for some α > 0 and c > 0, an isoperimetric inequality

µ+(A) > c
t

log1/α( 4
t )

, t = µ(A), 0 < t 6 1
2
.

Then for some universal constant C it satisfies the weak Poincaré type in-
equality with rate function

C(p) =
C

c

(
3

2− p

)1/α

, 1 6 p < 2.

Proof. First we show that, given p > 1, for all t ∈ (0, 1)

t

log1/α( 4
t )

> [αe(p− 1)]1/α

4p−1
tp. (5.6)

Indeed, for any C > 0, replacing t = 4s, we can write

C
t

log1/α( 4
t )

> tp ⇐⇒ sα(p−1) log
1

sα(p−1)
6 α(p− 1)

(
C

4p−1

)α

.

But supu>0 [u log 1
u ] = 1

e , so we are reduced to 1
e 6 α(p − 1) ( C

4p−1 )α, where
the best constant is C = 4p−1

[αe(p−1)]1/α .

Now, using the definition (5.2) with r = 1/p and applying (5.6), we con-
clude that (M, d, µ) satisfies an isoperimetric inequality with the associated
function

CI(r) =
C

c

4
1
r−1

( 1
r − 1)1/α

, where C =
1

(αe)1/α
.

Take r = 1+q
2 = 3p+2

2(p+2) with 1 6 p < 2 as in Corollary 5.3 (q = 2p
2+p ). Since

r > 5
6 , we have 4

1
r−1 6 41/5. Also 1

r−1 = 1+q
1−q = 2−p

2+3p > 2−p
8 and α1/α > e−e.

Therefore,

CI(r) 6 41/5 ee

c

(
8/e

2− p

)1/α

.

It remains to apply Corollary 5.3. ut

Although the isoperimetric inequalities may serve as convenient sufficient
conditions for the week Poincaré type inequalities, in general they are not
necessary. To speak about both necessary and sufficient conditions expressed
in terms of geometric characteristics of a measure µ, one has to involve the
concept of the capacity of sets, which is close to, but different than the concept
of the µ-perimeter.
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Given a metric space (M, d) with a Borel (positive) measure µ and a pair
of sets A ⊂ Ω ⊂ M such that A is closed and Ω is open in M , the relative
µ-capacity of A with respect to Ω is defined as

capµ(A, Ω) = inf
∫
|∇f |2 dµ,

where the infimum is taken over all locally Lipschitz functions f on M ,
such that f > 1 on A and f = 0 outside Ω. The capacity of the set A is
capµ(A) = infΩ capµ(A,Ω). This definition is usually applied, when M is the
Euclidean space Rn equipped with the Lebesgue measure µ (or for Rieman-
nian manifolds, cf. [29, 19]). To make the definition workable in the setting
of a metric probability space (M, d, µ), so that to efficiently relate it to the
energy functional

∫ ∇f |2 dµ, the relative capacity should be restricted to the
cases such as µ(Ω) 6 1/2.

Thus, let (M, d, µ) be a metric probability space and A a closed set in M
of measure µ(A) 6 1/2. Following [4], we define the µ-capacity of A by

capµ(A) = inf
µ(Ω)61/2

capµ(A,Ω) = inf
{ ∫

|∇f |2 dµ : 1A 6 f 6 1Ω

}
, (5.7)

where the first infimum runs over all open sets Ω ⊂ M containing A and
with measure µ(Ω) 6 1/2, and the second one is taken over all such Ω’s and
all locally Lipschitz functions f : M → [0, 1] such that f = 1 on A and f = 0
outside Ω.

Note that, by the regularity of measure, we have µ(Aε) ↓ µ(A) as ε ↓
0. Hence, if µ(A) < 1/2, open sets Ω such that A ⊂ Ω, µ(Ω) 6 1/2 do
exist, so the second infimum is also well defined and the definition makes
sense. If µ(A) = 1/2 and Ω does not exist, let us agree that the capacity is
undefined (actually, this case does not appear when dealing with functional
inequalities).

With this definition the measure capacity inequalities on (M, d, µ) take
the form

capµ(A) > J(µ(A)), (5.8)

where J is a nonnegative function defined on (0, 1
2 ] and A is any closed subset

of M with µ(A) 6 1/2, for which the capacity is defined.
To see, how (5.8) is related to the weak Poincaré type inequality

‖f −Ef‖p 6 C(p) ‖∇f‖2, 1 6 p < 2, (5.9)

we take a pair of sets A ⊂ Ω ⊂ M and a function f as in the definition (5.7).
Then f has median zero under µ and, by Lemma 2.3,

‖f −Ef‖p > 1
3
‖f‖p > 1

3
(µ(A))1/p.
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Therefore, by (5.9),
∫
|∇f |2 dµ > 1

9C(p)2
(µ(A))1/p.

Taking the infimum over all admissible f and the supremum over all p, we
get the following elementary assertion.

Theorem 5.5. Under the Poincaré type inequality (5.9), the measure ca-
pacity inequality (5.8) holds with

J(t) =
1
9

sup
16p<2

[
t1/p

C(p)

]2

, 0 < t 6 1
2
.

In particular, the usual Poincaré type inequality, when C(p) = 1/
√

λ1 is
constant, implies that capµ(A) > cλ1µ(A) with a numerical constant c > 0
(cf. [4]).

To move in the opposite direction from (5.8) to (5.9), we need a capacitary
analogue of the co-area formula or co-area inequality, which was used in the
proof of Lemma 5.2. It has indeed been known since the works by Maz’ya
[28, 29], and below we just adapt his result and the argument of [30] to the
setting of a metric probability space.

Lemma 5.6. For any locally Lipschitz function f > 0 on M with µ-dedian
zero ∫

{f>0}
|∇f |2 dµ > 1

5

∫ +∞

0

capµ{f > t} dt2. (5.10)

Note that the capacity functional A → capµ(A) is nondecreasing, so the
second integrand in (5.10) represents a nonincreasing function in t > 0. For
a proof of (5.10), we consider (locally Lipschitz) functions of the form

g =
1

c1 − c0
max{min{f, c1} − c0, 0}, where c1 > c0 > 0.

We have g = 1 on the closed set A = {f > c1} and g = 0 outside the open
set Ω = {f > c0}. Since µ(Ω) 6 1/2, by the definition of the capacity,

∫
|∇g|2 dµ > capµ(A,Ω) > capµ(A).

On the other hand, since the function (c1−c0) g represents a Lipschitz trans-
form of f , we have (c1 − c0) |∇g(x)| 6 |∇f(x)| for all x ∈ M . In addition, g
is constant on the open sets {f < c0} and {f > c1}, so |∇g| = 0 on these
sets. Therefore,
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∫
|∇g|2 dµ =

∫

{c06f6c1}
|∇g|2 dµ 6 1

(c1 − c0)2

∫

{c06f6c1}
|∇f |2 dµ.

The two estimates yield

(c1 − c0)2 capµ{f > c1} 6
∫

{c06f6c1}
|∇f |2 dµ

or, given a ∈ (0, 1), for any t > 0
∫

{at6f6t}
|∇f |2 dµ > t2(1− a)2 capµ{f > t}.

Now, we divide both sides by t and integrate over (0, +∞). This leads to

∫

{f>0}
|∇f |2 dµ > (1− a)2

log(1/a)

∫ +∞

0

t capµ{f > t} dt.

The coefficient on the right-hand side is greater than 2/5 for almost an opti-
mal choice a = 0.3.

Now, we are prepared to derive from the capacitary inequality (5.8) a
certain weak Poincaré type inequality. This may be done with arguments
similar to the ones used in the proof of Lemma 5.2. To get an estimate of
the rate function, consistent with what we have got in Theorem 5.5, let us
assume that (M,d, µ) satisfies

capµ(A) > sup
06p<2

[
µ(A)1/p

C(p)

]2

, 0 < µ(A) 6 1
2
, (5.11)

with a given positive function C(p) defined in 0 < p < 2. Equivalently, we
could start with the measure capacity inequality (5.8) with a “capacitary”
function J(t) and then (5.11) holds with

CJ (p) = sup
0<t61/2

t1/p

√
J(t)

, 0 < p < 2. (5.12)

Let r = p/2 and q < r < 1. Given a locally Lipschitz function f > 0 on
M , we may combine Lemma 5.6 with Lemma 4.1, to get from (5.11) that

∫

{f>0}
|∇f |2 dµ > c

∫ +∞

0

µ{f > t}1/r dt2 = c

∫ +∞

0

µ{f2 > t}1/r dt

= c ‖f2‖r,1 > c

(
r − q

r

)1/q−1

‖f2‖q,
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where c =
1

5C(p)2
=

1
5C(2r)2

. Equivalently,

‖f‖22q 6 5 C(2r)2
(

r

r − q

) 1−q
q

∫

{f>0}
|∇f |2 dµ. (5.13)

If f is not necessarily nonnegative, but has median zero, one may apply
(5.13) to the functions f+ and f−, and, summing the corresponding inequal-
ities, we will be led again to (5.13) for f . Moreover, by doubling the constant
on the right, the assumption m(f) = 0 may be replaced with Ef = 0. Thus,
in general,

‖f −Ef‖22q 6 10C(2r)2
(

r

r − q

) 1−q
q

∫
|∇f |2 dµ, 0 < q < r < 1.

Finally, replacing 2q with the variable p, we arrive at the following assertion.

Theorem 5.7. Under the hypothesis (5.11), the weak Poincaré type in-
equality

‖f −Ef‖p 6 C ′(p) ‖∇f‖2, 0 < p < 2,

holds with rate function

C ′(p) =
√

10 inf
p
2 <r<1

[
C(2r)

(
r

r − p/2

)1−p/2
p

]
. (5.14)

Alternatively, if we start with the measure capacity inequality (5.8) with
a function J(t), one may associate to it the function CJ defined in (5.12),
and then the rate function of the theorem will take the form

C ′(p) =
√

10 inf
p
2 <r<1

sup
0<t61/2

[
t1/(2r)

√
J(t)

(
r

r − p/2

)1−p/2
p

]
.

In particular, like in Corollary 5.3, choosing in (5.14) the value r = (1+q)/2
with q = p/2 and using the bounds ( r

r−q )
1−q
2q < e and

√
10 e < 9 (just to

simplify the numerical constant), one may take

C ′(p) = 9 C(1 + p/2) = 9 sup
0<t61/2

[
t

1
1+p/2

√
J(t)

]
, 0 < p < 2. (5.15)

Thus, starting with the weak Poincaré type inequality (5.9) with rate
function C(p), we obtain a geometric (capacity) inequality of the form (5.11),
which in turn leads to (5.9), however, with a somewhat worse rate function
C ′(p). Nevertheless, in some interesting cases, these two rate functions are
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in essence equivalent as p → 2. For example, as in Corollary 5.4, if C(p) =
C · (2 − p)−1/α, then C ′(p) = 9 · 21/α C · (2 − p)−1/α, which is of the same
order. It is in this sense one may say that weak Poincaré type inequalities
have an equivalent capacitary description.

6 Convex Measures

Here, we illustrate Theorem 5.1 and especially its Corollary 5.4 on the exam-
ple of probability distributions on the Euclidean space M = Rn possessing
certain convexity properties. The obtained results will be applied to the so-
called convex measures introduced and studied in the works of Borell [11, 12].

A Borel probability measure µ is called κ-concave, where −∞ 6 κ 6 1, if
for all t ∈ (0, 1) it satisfies a Brunn–Minkowski type inequality

µ(tA + (1− t)B) > [ tµ(A)κ + (1− t)µ(B)κ ]1/κ (6.1)

in the class of all nonempty Borel sets A,B ⊂ Rn.
When κ = 0, the right-hand side of (6.1) is understood as µ(A)tµ(B)1−t

and then we arrive at the notion of a log-concave measure, previously con-
sidered by Prékopa [33, 34] and Leindler [26] (cf. also [14]). When κ = −∞,
the right-hand side is understood as min{µ(A), µ(B)}. The inequality (6.1)
is getting stronger, as the parameter κ is increasing, so the case κ = −∞
describes the largest class, whose members are called convex or hyperbolic
probability measures.

Borell gave a complete characterization of such measures. If µ is absolutely
continuous with respect to the Lebesgue measure and is supported on some
open convex set K ⊂ Rn, the necessary and sufficient condition for µ to
satisfy (6.1) is that it has a positive density p on K such that for all t ∈ (0, 1)
and x, y ∈ K

p(tx + (1− t)y) > [ tp(x)κn + (1− t)p(y)κn ]1/κn , (6.2)

where κn = κ
1−nκ (necessarily κ 6 1

n ). Thus, the κ-concavity with κ < 0
means that the density is representable in the form p = V −β for some positive
convex function V on Rn, possibly taking an infinite value, where β > n and
κ = − 1

β−n .
Below we consider κ-concave probability measures with κ < 0. As was

shown in [23] for the convex body case (κ = 1
n ) and then in [8] for the gen-

eral log-concave case (κ = 0), any log-concave probability measure shares the
usual Poincaré type inequality. This property fails when κ < 0 even under
strong integrability hypotheses. Nevertheless, with such additional hypothe-
ses one may reach weak Poincaré type inequalities! More precisely, we will
involve the condition that the distribution function F (r) = µ{|x| 6 r} of the
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Euclidean norm has the tails 1 − F (r) decreasing to zero, as r → +∞, at
worst as e−ctα

. As long as the parameter of the convexity κ is negative, there
is no reason to distinguish between the case corresponding to the exponential
tails with α > 1 (which is typical for log-concave distributions) and the case
of (relatively) heavy or slow tails, when α < 1.

We need some preparations. Denote by Bρ an open Euclidean ball of radius
ρ > 0 with center at the origin.

Lemma 6.1. Any κ-concave probability measure, −∞ < κ 6 1, satisfies
the isoperimetric inequality

2ρµ+(A) > 1− [ t1−κ + (1− t)1−κ ] µ(Bρ)
−κ , (6.3)

where t = µ(A), 0 < t < 1, with arbitrary ρ > 0.

In the log-concave case, the inequality (6.3) should read as

2ρµ+(A) > t log
1
t

+ (1− t) log
1

1− t
+ log µ(Bρ). (6.4)

By the Prékopa–Leindler functional form of the Brunn–Minkowski inequality,
(6.4) was derived in [8]. The arbitrary κ-concave case was considered by
Barthe [3], who applied an extension of the Prékopa–Leindler theorem in
the form of Borell and Brascamp–Lieb. The inequality (6.3) was used in [3]
to study the isoperimetric dimension of κ-concave measures with κ > 0. A
direct proof of (6.3), not appealing to any functional form was given in [9].

To make the exposition self-contained, let us briefly remind the argument,
which is based on the following representation for the µ-perimeter, explicitly
relating it to measure convexity properties. Namely, let a probability measure
µ on Rn be absolutely continuous and have a continuous density p(x) on an
open supporting convex set, say K. It is easy to check that for any sufficiently
“nice” set A, for example, a finite union of closed balls in K or the complement
in Rn to the finite union of such balls

µ+(A) = lim
ε→0+

µ((1− ε)A + εBρ) + µ((1− ε)A + εBρ)− 1
2rε

, (6.5)

where A = Rn \ A. In the case of a κ-concave µ, it remains to apply the
original convexity property (6.1) to the right-hand side of (6.5) to get

µ+(A)> lim
ε→0+

((1−ε)µ(A)κ+εµ(Bρ)κ)1/κ+((1−ε)µ(A)κ+εµ(Bρ)κ)1/κ−1
2rε

,

which is exactly (6.3). Note that, by the Borell characterization, we do not lose
generality by assuming that µ is full-dimensional (i.e., absolutely continuous).

From Lemma 6.1 we can now derive the following assertion.
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Lemma 6.2. Let µ be a κ-concave probability measure on Rn, −∞ <
κ < 0, and let A be a Borel subset of Rn of measure t = µ(A) 6 1

2 . If ρ > 0
satisfies

µ{|x| > ρ} 6 t

2
, (6.6)

then

µ+(A) > c(κ)
ρ

t, where c(κ) =
1− (2/3)−κ

−2κ
. (6.7)

Proof. By Lemma 6.1, since µ(Bρ) > 1− t
2 ,

−2ρκ µ+(A) > 1− [ t1−κ + (1− t)1−κ ]
(

1− t

2

)κ

= 1−
[

t

(
t

1− t/2

)−κ
+ (1− t)

(
1− t

1− t/2

)−κ]
.

Clearly, on the interval 0 6 t 6 1/2, the ratio t
1−t/2 is increasing and so

bounded by 2/3. Also 1−t
1−t/2 6 1, so

−2ρκ µ+(A) > 1−
[

t

(
2
3

)−κ
+ (1− t)

]
= t

[
1−

(
2
3

)−κ]
,

which is the claim (6.7). ut

Note that c(κ) continuously depends on κ and limκ→0 c(κ) = c(0) =
1
2 log 3

2 , while c(κ) ∼ 1
−2κ as κ → −∞. In particular, c(κ) > c

1−κ for κ 6 0.
As a result, we obtain the following assertion.

Theorem 6.3. Let µ be a κ-concave probability measure on Rn, −∞ <
κ < 0, such that ∫

Φ(|x|) dµ(x) 6 D (6.8)

for some increasing continuous function Φ : [0, +∞) → [0, +∞). For any
Borel set A in Rn of measure t = µ(A) 6 1

2

µ+(A) > c

1− κ
t

Φ−1( 2D
t )

, (6.9)

where c is a positive universal constant and Φ−1 is the inverse function.

Indeed, by the Chebyshev inequality and the hypothesis (6.8),

µ{|x| > ρ} 6 D

Φ(ρ)
6 t

2
,
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where the last bound is obviously fulfilled for ρ > Φ−1( 2D
t ). By Lemma 6.2,

we get

µ+(A) > c(κ)
t

Φ−1( 2D
t )

,

and the theorem follows.
As a basic example, we consider the function Φ(x) = exp{(x/λ)α} with

parameters α, λ > 0, which has the inverse Φ−1(y) = λ log1/α y, y > 1. Then
the hypothesis (6.8) with D = 2 is equivalent to saying that the Orlicz norm
generated by the Young function ψα(x) = e|x|

α − 1, x ∈ R, is bounded by λ
for the Euclidean norm, i.e., ‖ |x| ‖ψα

6 λ in the Orlicz space Lψα(Rn, µ).

Corollary 6.4. Let µ be a κ-concave probability measure on Rn, −∞ <
κ < 0, such that, for some α > 0 and λ > 0,

∫
exp

{( |x|
λ

)α}
dµ(x) 6 2. (6.10)

Then for any Borel set A in Rn of measure t = µ(A) 6 1
2 with some universal

constant c > 0
µ+(A) > c

1− κ
t

λ log1/α(4/t)
.

Now, we may recall Corollary 5.4.

Corollary 6.5. Any κ-concave probability measure µ on Rn, −∞ < κ <
0, such that ∫

exp
{( |x|

λ

)α}
dµ(x) 6 2, α, λ > 0,

satisfies the weak Poincaré type inequality with rate function

C(p) = Cλ (1− κ)
(

3
2− p

)1/α

,

where C is a universal constant.

7 Examples. Perturbation

Given a spherically invariant, absolutely continuous probability measure µ
on Rn, we write its density in the form

p(x) =
1
Z

e−V (|x|), x ∈ Rn,
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where V = V (t) is defined and finite for t > 0 and Z is a normalizing factor.
If V is convex and nondecreasing, then µ is log-concave (and conversely). If
not, one may hope that µ will be κ-concave for some κ < 0. Namely, by the
Borell characterization (6.2) with κ < 0, the κ-concavity of µ is equivalent
to the convexity of the function pκn , where κn = κ

1−nκ . In other words, µ is
κ-concave if and only if

1) the function V (t) is nondecreasing in t > 0;
2) the function e−κnV (t) is convex on (0, +∞).

If V is twice continuously differentiable, the second property is equivalent to

2’) V ′′(t)− κnV ′(t)2 > 0 for all t > 0

As a more specific example, we consider densities of the form

p(x) =
1
Z

e−(a+b|x|)α

, x ∈ Rn, (7.1)

with parameters a, b > 0 and α > 0, which corresponds to V (t) = (a + bt)α.
It is clear that property 1) is fulfilled. If α > 1, V is convex and the

measure µ is log-concave. So, assume that 0 < α < 1, in which case V is not
convex. It is easy to verify, the inequality of property 2’) holds for all t > 0
if and only it holds for t = 0, and then it reads as

(α− 1)− ακnaα > 0.

Hence an optimal choice is κn = − 1−α
αaα or, equivalently,

κ = − 1− α

αaα − n(1− α)
provided that αaα − n(1− α) > 0. (7.2)

Conclusion 1. The probability measure µ with density (7.1) is convex
if and only if αaα − n(1 − α) > 0, in which case it is κ-concave with the
convexity parameter κ given by (7.2).

In other words, µ is convex only if the parameter a is sufficiently large. By
Corollary 6.5, if κ > −∞, i.e., if αaα − n(1− α) > 0, the measure µ satisfies
the weak Poincaré type inequality

‖f −Ef‖p 6 C(p) ‖∇f‖2, 1 6 p < 2, (7.3)

with rate function

C(p) = C

(
3

2− p

)1/α

, (7.4)

where C depends on the parameters a, b, α and the dimension n.
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However, it is unlikely that the requirement (7.2), a > a0 > 0, is crucial for
(7.3) to hold with some rate function. To see this, a perturbation argument
may be used to prove the following elementary:

Theorem 7.1. Assume that a metric probability space (M, d, µ) satisfies
the weak Poincaré type inequality (7.3). Let ν be a probability measure on M ,
which is absolutely continuous with respect to µ and has density w = dν

dµ such
that

c1 6 w(x) 6 c2, x ∈ M, (7.5)

for some c1, c2 > 0. Then (M,d, ν) also satisfies (7.3) with rate function
C ′(p) = 2c2√

c1
C(p).

Proof. Indeed, assume that f is bounded and locally Lipschitz on M with

Ef =
∫

f dµ = 0.

Then, by (7.3) and (7.5), for any p ∈ [1, 2)

‖f‖p
Lp(ν) =

∫
|f |p dν 6 c2

∫
|f |p dµ

6 c2 C(p)p

( ∫
|∇f |2 dµ

)p/2

6 c2

c
p/2
1

C(p)p

( ∫
|∇f |2 dν

)p/2

,

so

‖f‖Lp(ν) 6 c
1/p
2

c
1/2
1

C(p) ‖∇f‖L2(ν).

Since c2 > 1, we find

inf
c∈R

‖f − c‖Lp(ν) 6 c2√
c1

C(p) ‖∇f‖L2(ν).

But, in general, ‖f −Ef‖p 6 2 ‖f − c‖p for any c ∈ R. ut

Let us return to the measure µ = µa with density (7.2). Write Va(x) =
(a + b|x|)α and write the normalizing constant as a function of a, Z = Z(a),
although it depends also on the remaining parameters b > 0 and α ∈ (0, 1).
For all a1, a2 > 0 we have

|Va1(x)− Va2(x)| 6 |a1 − a2|α.

Therefore, the density w(x) =
dµa1(x)
dµa2(x)

satisfies c 6 w(x) 6 1/c with
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c =
min{Z(a1), Z(a2)}
max{Z(a1), Z(a2)} e−|a1−a2|α ,

so that the condition (7.4) is fulfilled. Hence, by Theorem 7.1, the weak
Poincaré type inequality (7.3) holds for all measures µa simultaneously with
rate function of the form (7.4), as long as it holds for at least one measure µa.
But, as we have already observed, the latter is true under (7.2) by the con-
vexity property of such measures. Thus, Conclusion 1 may be complemented
with the following one.

Conclusion 2. Probability measures µ having densities (7.1) with arbi-
trary parameters a, b > 0, α ∈ (0, 1) satisfy the weak Poincaré type inequality
(7.3) with rate function C(p) = C · ( 3

2−p )1/α, where C depends on a, b, α,
and n.

8 Weak Poincaré with Oscillation Terms

Let us return to the setting of an abstract metric probability space (M,d, µ).
It is now a good time to look at the relationship between the weak Poincaré
type inequalities

‖f −Ef‖p 6 C(p) ‖∇f‖2, 1 6 p < 2, (8.1)

which is our main object of research, and Poincaré type inequalities

Varµ(f) 6 β(s) ‖∇f‖22 + s Osc (f)2, s > 0, (8.2)

that involve an oscillation term Osc (f) = ess sup f − ess inf f and some
nonnegative function β(s). (Note that we always have Varµ(f) 6 1

4 Osc (f)2,
so for s > 1/4 (8.2) is automatically fulfilled.)

In both cases, f represents an arbitrary locally Lipschitz function with
a possible reasonable constraint that the right-hand sides should be finite.
Hence, from the point of view of direct applications, (8.2) makes sense only
for bounded f , while (8.1) may also be used for many unbounded functions.
Nevertheless, both forms are in a certain sense equivalent, i.e., there is some
relationship between C(p) and β(s). To study this type of connections, we
first note the following elementary inequality of Nash type.

Theorem 8.1. Under the weak Poincaré type inequality (8.1), for all
bounded locally Lipschitz f on M and any p ∈ [1, 2)

Varµ(f) 6 C(p)p Osc (f)2−p ‖∇f‖p
2. (8.3)
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Indeed, since (8.3) is translation invariant, we may assume Ef = 0. Then
it is obvious that ess inf f 6 0 6 ess sup f , so µ-almost everywhere Osc (f) >
‖f‖∞ > |f |. By (8.1),

E|f |2 = E|f |p |f |2−p 6 E|f |p Osc (f)2−p 6 C(p)p(E|∇f |2)p/2 Osc (f)2−p,

where all expectations are with respect to µ.
From Theorem 8.1 we derive an additive form of (8.3).

Theorem 8.2. Under the weak Poincaré type inequality (8.1), (8.2) holds
with

β(s) = inf
16p<2

[
C(p)2 s1− 2

p
]
. (8.4)

Proof. Using the Young inequality xy 6 xα

α + yβ

β , where x, y > 0, α, β > 1,
1
α + 1

β = 1, for any ε > 0 we can estimate the right-hand side of (8.3) by

C(p)p

[
[ 1ε (E |∇f |2)p/2]α

α
+

[ε Osc (f)2−p]β

β

]
.

Choose α = 2
p and β = 2

2−p , to get

Varµ(f) 6 C(p)p

αεα
E |∇f |2 +

C(p)p εβ

β
Osc (f)2. (8.5)

Put

s =
C(p)p εβ

β
, so that ε =

[
βs

C(p)p

]1/β

.

Then the coefficient in front of E |∇f |2 in (8.5) becomes

C(p)p

αεα
=

C(p)p

α

[
βs

C(p)p

]−α/β

= C(p)p(1+ α
β ) 1

αβα/β
s−α/β .

The first exponent on the right is

p(1 +
α

β
) = p(1 +

2
p

2− p

2
) = 2.

For the second term we have

1
αβα/β

=
p

2

(
2− p

2

)(2−p)/p

6 1.

Also α
β = 2

p−1, and (8.5) yields Varµ(f) 6 C(p)2 s1−2/p E |∇f |2+s Osc (f)2.
ut
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Corollary 8.3. If for some a, b > 0 and α > 0, the rate function in the
weak Poincaré type inequality (8.1) admits the bound

C(p) 6 a

(
b

2− p

)1/α

, 1 6 p < 2, (8.6)

then, with some numerical constants β0, β1 > 0, (8.2) holds with

β(s) = β log2/α 1
s
, s > 0, (8.7)

where β = β0a
2 (β1b)2/α.

Proof. We may and do assume that s < 1
4 . Write p = 2−ε, so that 0 < ε 6 1

and 2
p − 1 = ε

2−ε . By Theorem 8.2, the hypothesis (8.6), and the inequality
ε

2−ε 6 ε, for the optimal value of β(s) we have

β(s) 6 C(p)2s1− 2
p 6 a2 b2/α 1

ε2/α

1
s

ε
2−ε

6 a2 b2/α 1
ε2/αsε

for all ε ∈ (0, 1]. To optimize over all such ε, we consider the function ϕ(ε) =
ε2/αsε. Then ϕ(0) = 0, ϕ(1) = s, and ϕ′(ε) = ε2/αsε ( 2

αε − log 1
s ). Hence the

(unique) point of maximum of ϕ on [0, +∞) is ε0 = 2
α log 1

s

and, at this point,

ϕ(ε0) =
(

2
α log 1

s

)2/α

e−2/α =
(

2
αe

)2/α 1

log2/α 1
s

.

Hence, if ε0 6 1, i.e., s 6 e−2/α, then

β(s) 6 a2 b2/α 1
ϕ(ε0)

= a2 b2/α

(
αe

2

)2/α

log2/α 1
s

6 e1/ea2(be)2/α log2/α 1
s

.

Note that, since s < 1/4, the requirement s 6 e−2/α is automatically fulfilled,
as long as α > 1/ log 2. In that case, (8.7) is thus proved with constants
β0 = e1/e and β1 = e.

Now, let α < 1/ log 2 and s > e−2/α. Then ϕ is increasing and is maximized
on [0,1] at ε = 1, which gives β(s) 6 a2 b2/α 1

s . So, we need the bound

1
s

6 A log2/α 1
s

in the interval e−2/α 6 s 6 1/4. Since the function t log 1
t is decreasing in

t > 1/e, the optimal value of A is attained at s = 1/4, so A = 4/ log2/α 4.
Therefore, (8.7) is valid with β0 = 4 e1/e and β1 = e/ log 4. Corollary 8.3 is
proved. ut
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In particular, we have the following assertion.

Corollary 8.4. Any κ-concave probability measure µ on Rn, −∞ < κ <

0, such that
∫

exp{( |x|λ )α} dµ(x) 6 2 (α, λ > 0), satisfies (8.2) with

β(s) = β log2/α 1
s
, s > 0,

where β = β0λ
2(1− κ)2 β

2/α
1 , β0, β1 > 0 are numerical constants.

On the basis of (8.1) one may also consider a more general type of “oscil-
lations,” for example, Poincaré type inequalities of the form

Varµ(f) 6 βq(s) ‖∇f‖22 + s ‖f −Ef‖2q, s > 0, (8.8)

with a fixed finite parameter q > 2. As we will see, this form is natural in
the study of the slow rates of convergence of the associated semigroups Ptf ,
when f is unbounded, but is still in Lq(µ). Note that (8.8) is automatically
fulfilled for s > 1 (since βq is nonnegative), so one may restrict oneself to the
values s < 1. We prove the following assertion.

Theorem 8.5. Under the weak Poincaré type inequality (8.1) with rate
function C(p), (8.8) holds with

βq(s) = inf
16p<2

[
C(p)2 s−

q
q−2

2−p
p

]
. (8.9)

Proof. The argument is very similar to the one used in the proof of Theorem
8.2. Given p ∈ [1, 2) and q > 2, by the Hölder inequality, we have

E |f |2 6 ‖f‖r
p ‖f‖2−r

q ,

where r = p(q−2)
q−p . Therefore, if Ef = 0 (which we assume), by the hypothesis

(8.1),
E |f |2 6 C(p) ‖f‖2−r

q ‖∇f‖r
2. (8.10)

Using the Young inequality with exponents α, β > 1, 1
α + 1

β = 1, for any
ε > 0 we can estimate the right-hand side of (8.10) by

C(p)r

[
[ 1ε ‖∇f‖r

2]
α

α
+

[ε ‖f‖2−r
q ]β

β

]
.

Choose α = 2
r and β = 2

2−r to get
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E |f |2 6 C(p)r

αεα
E |∇f |2 +

C(p)r εβ

β
‖f‖2q. (8.11)

Put

s =
C(p)r εβ

β
, so that ε =

[
βs

C(p)r

]1/β

.

Then the coefficient in front of E |∇f |2 in (8.11) becomes

C(p)r

αεα
=

C(p)r

α

[
βs

C(p)r

]−α/β

= C(p)r(1+ α
β ) 1

αβα/β
s−α/β .

The first exponent on the right is r(1+ α
β ) = r(1+ 2

r
2−r
2 ) = 2. For the second

term we have
1

αβα/β
=

r

2

(
2− r

2

)(2−r)/r

6 1.

Also α
β = 2

r − 1 = q
q−2

2−p
p , and we arrive at

E |f |2 6 C(p)2 s−
q

q−2
2−p

p E |∇f |2 + s ‖f‖2q,

which is the claim. ut

Now, we can strengthen Corollaries 8.3 and 8.4.

Corollary 8.6. If the rate function in the weak Poincaré type inequality
(8.1) admits the bound (8.6), then (8.8) holds with

βq(s) = β log
2
α

2
s
, s > 0, (8.12)

where β = 2a2 (4b q
q−2 )2/α.

Proof. As in the proof of Corollary 8.3, we assume that s < 1 and write
p = 2 − ε, so that 0 < ε 6 1 and 2

p − 1 = ε
2−ε . Put Q = q

q−2 . By Theorem
8.5 and the inequality ε

2−ε 6 ε, for the optimal value of βq(s) we have

βq(s) 6 C(p)2 sQ(1− 2
p ) 6 a2 b2/α 1

ε2/α

1
sQ ε

2−ε
6 a2 b2/α 1

ε2/αsQε

for all ε ∈ (0, 1]. To optimize over all such ε, we consider the function ϕ(ε) =
ε2/αsQε. We have ϕ(0) = 0 and ϕ(1) = sQ. As we know, the (unique) point
of maximum of ϕ on [0, +∞) is ε0 = 2

Qα log 1
s

and, at this point,

ϕ(ε0) =
(

2
Qα log 1

s

)2/α

e−2/α =
(

2
Qαe

)2/α 1

log2/α 1
s

.
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Hence, if ε0 6 1, i.e., s 6 e−2/Qα, then

βq(s) 6 a2 b2/α

ϕ(ε0)
= a2 b2/α

(
Qαe

2

)2/α

log2/α 1
s

6 2a2 (Qbe)2/α log2/α 1
s

,

where we used (α
2 )2/α 6 e1/e < 2. Thus, for this range of s, (8.12) is proved.

Now, we assume that s > e−2/Qα. Then ϕ is increasing and is maximized
on [0,1] at ε = 1, which gives βq(s) 6 a2 b2/αs−Q. So, we need a bound of
the form

s−Q 6 A log2/α(2/s)

or, equivalently,
A−1/Q 6 s log2/Qα(2/s)

in the interval e−2/Qα 6 s 6 1. The function s logc(2/s) with parameter
c > 0 is increasing in 0 < s 6 2e−c and decreasing in s > 2e−c, so we only
need to consider the endpoints of that interval. For the point s = 1 we get

A = 1/ log2/α 2,

while for s = e−2/Qα we get

A =
e2/α

log2/α(2 e2/Qα)
6

(
e

log 2

)2/α

< 42/α.

The corollary is proved. ut

Remark 8.1. As a result, one may also generalize Corollary 8.4. Namely,
any κ-concave probability measure µ on Rn with κ < 0 and

∫
exp

{( |x|
λ

)α}
dµ(x) 6 2, α, λ > 0,

satisfies the weak Poincaré type inequality (8.8) with

βq(s) = β log2/α 2
s
, q > 2,

where β depends on λ, α, κ, and q.

Remark 8.2. It is also possible to derive a weak Poincaré type inequality
(8.1) from (8.2) or (8.8) with some rate functions C(p) explicitly in terms of
β(s) or βq(s). This may be done by virtue of the measure capacity inequalities

capµ(A) > J(µ(A)),

which we discussed in Section 5. As was shown in [4], the latter is fulfilled
with J(t) = t/(4β(t/4)) in the presence of (8.2). Hence, applying Theorem



Distributions with Slow Tails 45

5.7 in a somewhat weaker form (5.15), we conclude that (8.1) holds with

C(p)2 = 81 sup
0<t61/2

[
t

4
2+p

J(t)

]
= 81 sup

0<t61/2

[
4

4
2+p t

2−p
2+p β(t/4)

]
.

Hence we arrive at the following assertion.

Theorem 8.7. In the presence of (8.2), the weak Poincaré type inequality
(8.1) holds with rate function given by

C(p)2 = C2 sup
0<s61/8

[
s

2−p
2+p β(s)

]
,

where C is a universal constant.

9 Convergence of Markov Semigroups

Let µ be an absolutely continuous Borel probability measure on Rn. We
assume that the measure is regular enough in the following sense: There exists
a family of operators (Pt)t>0, acting on some space D of bounded smooth
functions f on Rn with bounded partial derivatives, dense in all Lp(µ), p > 1,
such that

1) Ptf ∈ D for all f ∈ D,
2) P0 is the identity operator, i.e., P0f = f for all f ∈ D,
3) Pt forms a semigroup, i.e., Pt(Psf) = Pt+sf for all t, s > 0,
4) for any f ∈ D, in the space L∞(µ), we have ‖Ptf−f‖∞ → 0 as t → 0+,
5) for any f ∈ D, in the space L1(µ), the limit Lf = limt→0+

Ptf−f
t exists,

6) for all f, g ∈ D
∫
〈∇f,∇g〉 dµ = −

∫
f Lg dµ. (9.1)

Equality in 5) expresses the property that L represents the generator of
the semigroup Pt. This is usually denoted by Pt = etL, where the exponential
function is understood in the operator sense. Owing to 1) and 3), it may be
generalized as the property that for any f ∈ D and t > 0, in the space L1(µ),

L(Ptf) = lim
ε→0+

Pt+εf − Ptf

ε
. (9.2)

In other words, the L1-valued map t → Ptf is differentiable from the right
and has the right derivative L(Ptf). The equalities (9.1) and (9.2) may be
used to prove, in particular, the following assertion.
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Lemma 9.1. Given a twice continuously differentiable function u on the

real line, for any f ∈ D the function t →
∫

u(Ptf) dµ is differentiable from

the right and has the right derivative

d

dt

∫
u(Ptf) dµ = −

∫
u′′(Ptf) |∇Ptf |2 dµ. (9.3)

To illustrate classical applications, we assume that a measure µ satisfies a
Poincaré type inequality

λ1 Varµ(f) 6
∫
|∇f |2 dµ (9.4)

for some λ1 > 0 in the class of all smooth f on Rn.

For u(x) = x the equality (9.3) implies that the function ϕ(t) =
∫

Ptf dµ,

where f ∈ D, has the right derivative zero at every point t > 0. Since

this function is also continuous, it must be equal to a constant, i.e.,
∫

f dµ.

Taking u(x) = x2 and assuming that
∫

f dµ = 0, from (9.3) and (9.4) we

have
d

dt

∫
|Ptf |2 dµ = −2

∫
|∇Ptf |2 dµ 6 −2λ1

∫
|Ptf |2 dµ.

Thus, the function ϕ(t) =
∫
|Ptf |2 dµ is continuous and has the right deriva-

tive satisfying ϕ′(t) 6 −2λ1ϕ(t). It is a simple calculus exercise to de-
rive from this differential inequality the bound on the rate of convergence,
ϕ(t) 6 ϕ(0)e−2λ1t. Therefore,

∫
|Ptf |2 dµ 6 e−2λ1t

∫
|f |2 dµ, t > 0. (9.5)

In particular, we obtain a contraction property ‖Ptf‖2 6 ‖f‖2 for all f ∈ D,
which allows us to extend Pt to all L2(µ) as a linear contraction. Moreover,
by continuity, (9.5) extends to all f ∈ L2(µ) with µ-mean zero, and we also
have ∫

Ptf dµ =
∫

f dµ.

Our next natural step is to generalize (9.5) to Lp-spaces.

Theorem 9.2. For all f ∈ Lp(µ), p > 1, and t > 0
∫∫

|Ptf(x)−Ptf(y)|p dµ(x)dµ(y) 6 e−
4(p−1)

p λ1t

∫∫
|f(x)−f(y)|p dµ(x)dµ(y).

(9.6)
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Proof. As in the previous example of the quadratic function, for any twice
continuously differentiable, convex function u on the real line and any f ∈ D,
by (9.3) and (9.4), we have

d

dt

∫
u(Ptf) dµ = −

∫
u′′(Ptf) |∇Ptf |2 dµ

= −
∫
|∇v(Ptf)|2 dµ 6 −λ1 Varµ[v(Ptf)], (9.7)

where the derivative is understood as the derivative from the right and v
is a differentiable function satisfying v′2 = u′′. In particular, we may take
u(z) = |z|p with p > 2, so that u′′(z) = p(p− 1)|z|p−2 and

v(z) = 2
√

p− 1
p

sign(z) |z|p/2,

to get
d

dt

∫
|Ptf |p dµ 6 −4λ1

p− 1
p

∫
|Ptf |p dµ (9.8)

provided that ∫
sign(Ptf) |Ptf |p/2 dµ = 0.

The last equality holds, for example, when Ptf has a distribution under µ,
symmetric about zero. Moreover, a slight modification of u(z) = |z|p near
zero allows us to replace the constraint p > 2 in (9.7) and (9.8) by the weaker
condition p > 1 (cf. details at the end of the proof).

Now, on M = Rn × Rn, we consider the product measure µ ⊗ µ. By
the subadditivity property of the variance functional, it also satisfies the
Poincaré type inequality (9.4) with the same constant λ1. In addition, with
this measure one may associate the semigroup P t, t > 0, acting on a certain
space D of bounded smooth functions on Rn × Rn with bounded partial
derivatives containing functions of the form

f(x, y) = f(x)− f(y), x, y ∈ Rn, f ∈ D.

It easy to see that for such functions

(P tf)(x, y) = Ptf(x)− Ptf(y), (Lf)(x, y) = Lf(x)− Lf(y),

where L is the generator of P t. Apply (9.8) to the product space (Rn ×
Rn, µ⊗ µ). Since P tf has a symmetric distribution under µ⊗ µ about zero,
the function

ϕ(t) =
∫ ∫

|Ptf(x)− Ptf(y)|p dµ(x)dµ(y)
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is continuous and has the right derivative at every point t > 0 satisfying the
differential inequality

ϕ′(t) 6 −C ϕ(t) (9.9)

with C = 4λ1
p−1

p . Then ϕ(t) 6 ϕ(0)e−Ct, which is the claim.

Thus, when p > 2, every Pt represents a continuous linear operator on
D with respect to the Lp-norm, so it may be extended to the whole Lp(µ);
moreover, the inequality (9.6) remains valid for all functions f in Lp(µ).

Now, let us see what modifications may be made in the case 1 < p < 2.
Given a fixed natural number N , define a convex, twice continuously differ-
entiable, even function uN through its second derivative

u′′N (z) = p(p− 1) min{|z|p−2, N}, z ∈ R,

and by requiring that uN (0) = u′N (0) = 0. Also, define an odd function vN

through its first derivative

v′N (z) = sign(z)
√

u′′N (z) = sign(z)
√

p(p− 1) min
{
|z| p

2−1,
√

N
}

, z 6= 0,

or, equivalently,

vN (z) =
√

p(p− 1)
∫ z

0

min{|y| p
2−1,

√
N} dy.

We note that vN is differentiable everywhere, except for z = 0, at which point
the left and right derivatives exist, but do not coincide. On the other hand,
|v′N (z)| is continuous everywhere, including the origin point z = 0, so that,
in the class of all smooth g on Rn, we always have a chain rule

u′′N (g(x))|∇g(x)|2 = |∇vN (g(x))|2, x ∈ Rn,

even if g(x) = 0. Thus, the first part of (9.7) remains valid for uN , i.e.,

d

dt

∫
uN (Ptf) dµ = −

∫
|∇vN (Ptf)|2 dµ.

We also recall that the Poincaré type inequality (9.4) extends to all locally
Lipschitz functions f on Rn. In particular, by the chain rule,

λ1 Varµ(T (g)) 6
∫
|T ′(g)|2 |∇g|2 dµ

if g is smooth on Rn and T on R. For a fixed g this inequality may be written
in dimension one as

λ1 Varν(T ) 6
∫
|T ′|2 dπ
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with respect to the distribution ν of g under µ and the distribution π of g
under the finite measure |∇g|2 dµ. At this step, it is only required that T be
locally Lipschitz on the line, and this is indeed true for T = vN . Therefore,
the second part of (9.7) also holds for vN , and we get

d

dt

∫
uN (Ptf) dµ 6 −λ1

∫
vN (Ptf)2 dµ (9.10)

provided that ∫
vN (Ptf) dµ = 0.

Now, to estimate further the right-hand side of (9.10), we use the integral
description of vN to see that for z > 0

0 6 v(z)− vN (z) =
√

p(p− 1)
∫ z

0

[
y

p
2−1 −min{y p

2−1,
√

N }
]

dy

6
√

p(p− 1)
∫ +∞

0

y
p
2−1 1{y p

2−1>
√

N } dy

= 2
√

p− 1
p

N− p
2(2−p) .

Hence

v(z)2 − vN (z)2 6 2 v(z)(v(z)− vN (z)) 6 8(p− 1)
p

z
p
2 N− p

2(2−p) 6 4√
N

z
p
2 ,

so that

vN (z)2 > v(z)2 − 4√
N

z
p
2 =

4(p− 1)
p

u(z)− 4√
N

z
p
2 ,

and thus, for all z ∈ R,

vN (z)2 > 4(p− 1)
p

uN (z)− 4√
N
|z| p

2 .

Therefore, (9.10) may be continued as

d

dt

∫
uN (Ptf) dµ 6 −4λ1

p− 1
p

∫
uN (Ptf) dµ +

4√
N

∫
|Ptf |

p
2 dµ,

where we assumed that
∫

vN (Ptf) dµ = 0. Since f is bounded, all Ptf are

uniformly bounded (cf. Corollary 9.3 concerning large values of p), so the
above estimate yields
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d

dt

∫
uN (Ptf) dµ 6 −4λ1

p− 1
p

∫
uN (Ptf) dµ +

A√
N

(9.11)

with some constant A independent of t. Applying (9.11) in the product space
to functions of the form f(x) − f(y), as in the case p > 2, we find that the
function

ϕN (t) =
∫ ∫

uN (Ptf(x)− Ptf(y)) dµ(x)dµ(y)

is continuous and has the right derivative satisfying at every point t > 0 the
following modified form of (9.9):

ϕ′N (t) 6 −CϕN (t) + εN ,

where εN = A√
N

and C = 4λ1
p−1

p , as above. In terms of ψN (t) = ϕN (t) eCt

this differential inequality takes a simpler form ψ′N (t) 6 εN eCt, which is
easily solved as

ψN (t) 6 ψN (0) +
εN

C
(eCt − 1).

Equivalently,
ϕN (t) 6 ϕN (0) e−Ct +

εN

C
(1− e−Ct),

so
∫∫

uN (Ptf(x)−Ptf(y)) dµ(x)dµ(y)

6 e−
4(p−1)

p λ1t

∫∫
uN (f(x)−f(y)) dµ(x)dµ(y) +

εN

C
.

It remains to let N → ∞ and use the property that uN → u uniformly on
bounded intervals of the line. Thus, (9.6) holds for all functions f in D and
therefore for all f from the whole space Lp(µ). Theorem 9.2 is proved. ut

Remark 9.1. Let us describe several immediate applications of Theo-
rem 9.2.

1. Thus, every Pt represents a linear contraction in Lp(µ). Note that if∫
f dµ = 0, by the Jensen inequality, the left-hand side of (9.6) majorizes

‖Ptf‖p
p and the integral on the right-hand side is majorized by 2p‖f‖p

p. Hence
we get a hypercontractive inequality

‖Ptf‖p 6 2e
− 4(p−1)

p2 λ1t ‖f‖p.

2. Similarly, one may consider Orlicz norms different from Lp-norms. For
example, using the Taylor expansion for ψ2(z) ≡ ez2 − 1, from (9.6) we get
that for any α > 0
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∫∫
ψ2(α|Ptf(x)−Ptf(y)|) dµ(x)dµ(y) 6e−2λ1t

∫∫
ψ2(α|f(x)−f(y)|) dµ(x)dµ(y).

Hence the operator Pt continuously acts on Lψ2(µ).

3. Letting p → +∞ in (9.6), we conclude that for any bounded measurable
function f on Rn and for any t > 0

Osc (Ptf) 6 Osc (f). (9.12)

In particular, Pt represents a contraction in L∞(µ), while for finite p > 1
these operators are hypercontractive.

4) Since the inequality (9.12) does not involve λ1, it remains valid in the
case λ1 = 0. Such properties may be seen with the help of Lemma 9.1.
Namely, from (9.3) it follows that, if u is additionally convex, then the func-

tion t →
∫

u(Ptf) dµ is nonincreasing, so that

∫
u(Ptf) dµ 6

∫
u(f) dµ. (9.13)

For example, the case u(z) = |z|p, p > 1, yields

‖Ptf‖p 6 ‖f‖p. (9.14)

By the continuity of Pt on Lp, this inequality extends from D to the whole
space Lp(µ). Note that, in Lemma 9.1, it is assumed that u is twice continu-
ously differentiable and this is fulfilled as long as p > 2. However, the range
1 < p 6 2 may be treated with the help of a smooth approximation, such as
in the proof of Theorem 9.2. Moreover, (9.14) remains valid for p = 1. We
also note that, applying (9.14) in product spaces with p = +∞, we arrive
at (9.12).

10 Markov Semigroups and Weak Poincaré

As the next natural step, one may wonder what a weak Poincaré type in-
equality

‖f −Ef‖p 6 C(p) ‖∇f‖2, 1 6 p < 2, (10.1)

is telling us about possible contractivity property of the semigroup (Pt)t>0

associated to the Borel probability measure µ on Rn. As in the previous
section, we assume that properties 1)–6) are fulfilled, so that one may develop
analysis, such as the basic identity (9.3) of Lemma 9.1.

Since (10.1) is weaker than the usual Poincaré type inequality (9.4), it
is natural to expect to get a weak version of Theorem 9.2 on the rate of
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convergence of Ptf to the constant function. In the classical case p = 2, lower
rate of convergence have been studied by many authors. In particular, for this
aim, developing the ideas of Ligget [27], Röckner and Wang [35] proposed to
use a weak Poincaré type inequality with the generalized “oscillation term”

Varµ(f) 6 β(s) ‖∇f‖22 + sΦ(f)2, s > 0, (10.2)

where Φ is a nonnegative functional on D satisfying

Φ(Ptf) 6 Φ(f) for all t > 0. (10.3)

Indeed, by Lemma 9.1, applied to u(z) = z2, we have

d

dt

∫
|Ptf |2 dµ = −2

∫
|∇Ptf |2 dµ.

Hence, by (10.2) and (10.3), if
∫

f dµ = 0, the function ϕ(t) =
∫
|Ptf |2 dµ

has the right derivative satisfying

ϕ′(t) 6 − 2
β(s)

ϕ(t) +
2s

β(s)
Φ(f)2.

This differential inequality is solved as

ϕ(t) 6 ϕ(0) e−2t/β(s) + s (1− e−2t/β(s))Φ(f)2,

so ∫
|Ptf |2 dµ 6 inf

s>0

[
e−2t/β(s)

∫
|f |2 dµ + sΦ(f)2

]
. (10.4)

Thus, we get a more general statement on the rate of convergence than the
classical inequality (9.5), when β(s) = 1/λ1, which is obtained from (10.4) by
letting s → 0. In applications, the right-hand side of (10.4) can be simplified
as ∫

|Ptf |2 dµ 6 ξ(t)
[

1
2

∫
|f |2 dµ + Φ(f)2

]
, (10.5)

where ξ(t) = inf{s > 0 : β(s) log 2
s 6 2t}.

As the most interesting examples, one may apply this scheme to the
functionals Φ(f) = Osc (f), or more generally Φ(f) = ‖f − Ef‖q or just
Φ(f) = ‖f‖q. Then, by the continuity of Pt, the resulting inequalities (10.4)
and (10.5) extend from D to Lq-spaces.

In the presence of (10.1), we look for a corresponding expression for the
bound on the rate of convergence explicitly in terms of the function C(p).
For this aim, we may appeal to Theorem 8.5, which relates (10.1) to (10.2)
in the case Φ(f) = ‖f − Ef‖q, q > 2. Indeed, by (8.9), the inequality (10.2)
holds with
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β(s) = inf
16p<2

[
C(p)2 s

q
q−2 (1−2/p)

]
,

so the right-hand side of (10.3) is bounded from above by

inf
16p<2

inf
s>0

[
exp

{
− 2t

C(p)2
s

q
q−2 (2/p−1)

} ∫
|f |2 dµ + s ‖f −Ef‖2q

]
.

In particular, we have the following assertion.

Theorem 10.1. Assume that for some a, b > 0 and α > 0 the rate function
in the weak Poincaré type inequality (10.1) admits a polynomial bound

C(p) 6 a

(
b

2− p

)1/α

, 1 6 p < 2. (10.6)

Then for any f ∈ Lq(µ), q > 2, such that
∫

f dµ = 0 and for all t > 0

∫
|Ptf |2 dµ 6 3 exp

{−c t
α

α+2
}‖f‖2q, (10.7)

where the constant c > 0 depends on the parameters a, b, α, and q only.

Indeed, by Corollary 8.6, the hypothesis (10.6) implies β(s) 6 β log2/α(2/s),
where β = β0a

2 (β1b
q

q−2 )2/α with some positive absolute constants β0 and
β1. Hence, in order to estimate ξ(t) from above, it remains to solve

β log1+ 2
α (2/s) 6 2t,

and we arrive at
ξ(t) 6 2 exp

{
−

(2t

β

) α
α+2

}
.

Finally, apply (10.5).
Now, recalling Corollary 8.3 and Remark 8.1, we obtain the hypercontrac-

tivity property (10.7) for a large family of convex probability measures.

Corollary 10.2. If a probability measure µ is κ-concave for some κ < 0
and ∫

exp
{( |x|

λ

)α}
dµ(x) 6 2, α, λ > 0,

then it satisfies (10.7) for any f ∈ Lq(µ), q > 2, such that
∫

f dµ = 0.
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Using a perturbation argument, one may obtain other interesting exam-
ples. In particular, they include all probability measures µ on Rn with den-
sities of the form (7.1), i.e.,

dµ(x)
dx

=
1
Z

e−(a+b|x|)α

, x ∈ Rn,

with parameters a > 0, b > 0, and α > 0.
At the next step, we generalize the previous results to Lp-spaces, so that

to control the rate of convergence of Ptf for norms different than L2-norms.
We start with the weak Poincaré type inequality (10.2) for the functional

Φ(f) = ‖f −Ef‖r, i.e., with the family of inequalities

Varµ(f) 6 βr(s) ‖∇f‖22 + s ‖f −Ef‖2r, s > 0, (10.8)

where f is an arbitrary locally Lipschitz function on Rn, r > 2, and βr is a
function of the parameter s.

Theorem 10.3. Under (10.8), given q > p > 1 such that pr
2 = q, for all

f ∈ Lq(µ) and t, s > 0
∫∫

|Ptf(x)− Ptf(y)|p dµ(x)dµ(y)

6 exp
{
− 4(p− 1)

p

t

βr(s)

} ∫∫
|f(x)− f(y)|p dµ(x)dµ(y)

+ s · p

2(p− 1)

( ∫∫
|f(x)− f(y)|q dµ(x)dµ(y)

)p/q

. (10.9)

Proof. The argument represents a slight modification of the proof of Theo-
rem 9.2. By (9.3), given a twice continuously differentiable, convex function
u on the real line and a differentiable function v such that v′2 = u′′, we have

for any f ∈ D such that
∫

f dµ = 0 and for all t, s > 0

d

dt

∫
u(Ptf) dµ = −

∫
u′′(Ptf) |∇Ptf |2 dµ

= −
∫
|∇v(Ptf)|2 dµ

6 − 1
β(s)

Varµ[v(Ptf)] +
s

β(s)
‖v(Ptf)−Eµv(Ptf)‖2r,

where the derivative is understood as the derivative from the right. In par-
ticular, we may take u(z) = |z|p with p > 2, so that u′′(z) = p(p− 1)|z|p−2,

and v(z) = 2
√

p−1
p sign(z) |z|p/2, to get
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d

dt

∫
|Ptf |p dµ 6 −4(p− 1)

p

1
β(s)

∫
|Ptf |p dµ +

s

β(s)
‖ |Ptf |p/2‖2r (10.10)

provided that ∫
sign(Ptf) |Ptf |p/2 dµ = 0.

Note that the latter holds when Ptf has a distribution under µ, which is sym-
metric about zero. A slight modification of u(z) = |z|p near zero, described
in the proof of Theorem 9.2, allows one to replace the constraint p > 2 by
the weaker condition p > 1. Note that, by the contraction property (9.14),

‖ |Ptf |p/2‖2r = ‖Ptf‖p
pr/2 = ‖Ptf‖p

q 6 ‖f‖p
q ,

so (10.10) yields

d

dt

∫
|Ptf |p dµ 6 −4(p− 1)

p

1
βr(s)

∫
|Ptf |p dµ +

s

βr(s)
‖f‖p

q . (10.11)

Now, to guarantee that Ptf has a symmetric distribution, we consider the
product measure µ⊗µ on M = Rn×Rn. With this measure we associate the
semigroup P t, t > 0, acting on a certain space D of bounded smooth functions
on Rn×Rn with bounded partial derivatives, containing all functions of the
form

f(x, y) = f(x)− f(y), x, y ∈ Rn, f ∈ D.

It easy to see that for such functions

(P tf)(x, y) = Ptf(x)− Ptf(y), (Lf)(x, y) = Lf(x)− Lf(y),

where L is the generator of P t.
We are going to apply (10.11) to f on the product space (Rn×Rn, µ⊗µ), so

we need a hypothesis of the form (10.8) with respect to the product measure.
Note that

Varµ⊗µ(f) = 2 Varµ(f), Eµ⊗µ|∇f(x, y)|2 = 2Eµ|∇f |2

and, by the Jensen inequality,

Eµ|f −Eµf |r 6 Eµ⊗µ|f |r.

Hence (10.8) implies

Varµ⊗µ(f) 6 βr(s)‖∇f‖22 + 2s‖f‖2r, s > 0.

As a result, we obtain a slightly weakened form of (10.11), namely,
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d

dt

∫
|P tf |p d µ⊗ µ 6 −4(p− 1)

p

1
βr(s)

∫
|P tf |p dµ⊗ µ +

2s

βr(s)
‖f‖p

q .

(10.12)
Let us note that, by virtue of the subadditivity property of the variance
functional, (10.12) may be extended to the whole space D, however, with a
worse constant in place of 2.

Thus, the function

ϕ(t) =
∫
|P tf |p dµ⊗ µ =

∫ ∫
|Ptf(x)− Ptf(y)|p dµ(x)dµ(y)

is continuous and has the right derivative at every point t > 0 satisfying the
differential inequality

ϕ′(t) 6 −Aϕ(t) + B

with

A =
4(p− 1)
βr(s)p

, B =
2s

βr(s)
‖f‖p

q .

Using the change ϕ(t) = ψ(t)e−At, we obtain

ϕ(t) 6 ϕ(0)e−At +
B

A
(1− e−At) 6 ϕ(0)e−At +

B

A
,

i.e.,
∫ ∫

|Ptf(x)− Ptf(y)|p dµ(x)dµ(y)

6 e−At

∫ ∫
|f(x)− f(y)|p dµ(x)dµ(y) +

B

A
.

But
B

A
=

ps

2(p− 1)
‖f‖p

q ,

so we arrive at the desired inequality (10.9). Finally, by continuity of Pt, this
inequality extends from D to the whole space Lq(µ). ut

At the expense of some constants, depending on p and q, the inequality

(10.9) may be simplified. Namely, if
∫

fdµ = 0, the left-hand side of (10.9)

majorizes ‖Ptf‖p
p, while the integrals on the right-hand side are bounded by

2p‖f‖p and 2q‖f‖q respectively. Hence

‖Ptf‖p
p 6 2p e−

4(p−1)
p

t
βr(s) ‖f‖p

p + s · 2p p

2(p− 1)
‖f‖p

q .

Corollary 10.4. Given q > p > 1, under (10.8) with r = 2q
p , for all

f ∈ Lq(µ) with mean zero and for all t > 0,
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‖Ptf‖p
p 6 2p ‖f‖p

q inf
s>0

[
e−

4(p−1)
p

t
βr(s) +

p

2(p− 1)
s

]
. (10.13)

To further simplify this bound, define the function

ξ(t) = inf
{

s > 0 : βr(s) log
2
s

6 4p

p− 1
t

}

depending also on the parameters p and r. Then the expression in the square
brackets in (10.13) is bounded by

s

2
+

p

2(p− 1)
s 6 p

p− 1
s.

Therefore,
‖Ptf‖p

p 6 p

p− 1
2p ‖f‖p

q ξ(t). (10.14)

Now, let us start with the weak Poincaré type inequality (10.1) with rate
function C(p) satisfying the bound (10.6), as in Theorem 10.1. Then, as we
know from Corollary 8.6, the hypothesis (10.8) holds with

βr(s) = β log
2
α

2
s
,

where

β = 2a2
(
4b

r

r − 2

)2/α

.

Since r = 2q
p , the coefficient is

β = 2a2
(
4b

q

q − p

)2/α

.

We also find that

ξ(t) 6 2 exp
{
−

( 4p

β(p− 1)
t
)α/(α+2)}

.

As a result, we obtain the following generalization of Theorem 10.1.

Theorem 10.5. Assume that the weak Poincaré type inequality (10.1)
holds with rate function C(p) satisfying the bound (10.6) with some parame-
ters a, b > 0 and α > 0. Given q > p > 1, for all f ∈ Lq(µ) with mean zero
and for all t > 0

∫
|Ptf |p dµ 6 p

p− 1
2p+1 exp

{−c t
α

α+2
} ( ∫

|f |q dµ

)p/q

, (10.15)
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where the constant c > 0 depends on a, b, α, p, and q only.

More precisely, we may put

c =
(

4p

p− 1

) α
α+2 ( q−p

q )
2

α+2

(2a2)
2
α (4b)

2
α+2

.

11 L2 Decay to Equilibrium in Infinite Dimensions

11.1 Basic inequalities and decay to equilibrium in the
product case

In this and next sections, we further simplify the notation for the expectation

setting µf ≡ Eµf =
∫

f dµ for the expectation of f under a probability mea-

sure µ. This will prove to be useful when we have to deal with more involved
mathematical expressions.

Consider a probability measure on the real line of the form

ν0(dx) ≡ 1
Z

e−V (x)dx

with V (x) ≡ ς(1 + x2)
α
2 , where 0 < α 6 1 and ς ∈ (0,∞), while Z denotes a

normalization constant. Since |x| 6 (1 + x2)
1
2 6 1 + |x|, by Theorem 7.1 and

Corollary 8.6, we have the following assertion.

Lemma 11.1. For any p ∈ (2,∞) there exists β ∈ (0,∞) such that for
any s ∈ (0, 1)

ν0 |f − ν0f |2 6 β(s)ν0 |∇f |2 + s (ν0 |f − ν0f |p)
2
p (11.1)

with β(s) ≡ β
(
log 2

s

) 2
α for any function f , for which the right hand side is

well defined.

By a simple inductive argument, one gets the following property for cor-
responding product measures.

Proposition 11.2 (product property). Suppose that νi, i ∈ N, satisfy

νi |f − νif |2 6 β(s)νi |∇if |2 + s (νi |f − νif |p)
2
p . (11.2)

Then the product measure µ0 ≡ ⊗i∈Nνi also satisfies
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µ0 |f − µ0f |2 6 β(s)
∑

i∈N
µ0 |∇if |2 + sAp,µ0(f) (11.3)

with
Ap,µ0(f) ≡

∑

i∈N
µ0 (νi |f − νif |p)

2
p . (11.4)

Proof. Note that for fi ≡ νifi−1 ≡ ν6if , i ∈ N, with f0 ≡ f , we have

µ0 |f − µ0f |2 =
∑

i∈N
µ0νi |fi−1 − νifi−1|2 .

Hence, applying (11.2) to each term, we arrive at

µ0 |f − µ0f |2 6
∑

i∈N
µ0

(
β(s)νi |∇ifi−1|2 + s (νi |fi−1 − νifi−1|p)

2
p

)
.

Next, we note that (by using the Minkowski and Schwartz inequalities)

(νi |fi−1 − νifi−1|p)
2
p 6 ν6i−1 (νi |f − νif |p)

2
p

and
νi |∇ifi−1|2 6 ν6i |∇if |2 .

Thus, taking into the account the fact that µ0ν6iF = µ0F (and similarly,
with νi in place of ν6i), we arrive at

µ0 |f − µ0f |2 6 β(s)
∑

i∈N
µ0 |∇if |2 + s

∑

i∈N
µ0 (νi |f − νif |p)

2
p . (11.5)

This ends the proof of the proposition. ut

The Dirichlet form defines the following Markov generator:

L(0) ≡
∑

i∈N
L

(0)
i ,

with L
(0)
i ≡ ∆i − V ′(xi)∇i, where ∆i and ∇i denote the Laplace operator

and derivative with respect to the ith variable respectively. It is well defined
on a dense domain in L2(µ0). As in our situation V is smooth and V ′ is
bounded, the corresponding semigroup P

(0)
t in L2(µ0) extends nicely to a

C0-semigroup onto the space of continuous functions C(Ω), where Ω ≡ RN.
Using Proposition 11.2 and the fact that functional

Ap,µ0(f) ≡
∑

i∈N
µ0 (νi |f − νif |p)

2
p
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is monotone with respect to the semigroup (in the sense of (10.3)), one can
see that Theorems 10.1 and 10.4 hold. In particular, we have

µ0

∣∣∣P (0)
t f − µ0f

∣∣∣
2

6 Ce−ct
α

α+2
Ap,µ0(f)

with some constants C, c ∈ (0,∞) independent of f .
In the rest of the paper, we prove that an inequality of a similar shape

remains true for infinite systems described by nontrivial Gibbs measures.
Although the corresponding functional Ap may no longer be monotone, with
extra work we show that the corresponding semigroups also satisfy stretched
exponential decay estimate. We begin from presenting the necessary elements
of the construction of the semigroups.

11.2 Semigroup for an infinite system with interaction.

Let Ω ≡ RR, with a countable connected graph R furnished with the natural
metric (given by the number of edges in the shortest path connecting two
points) and with at most stretched exponential volume growth.

Let V ≡ ς(1 + x2)
α
2 , with 0 < α 6 1 and ς ∈ (0,∞). Then

||V ′ ||∞, ||V ′′ ||∞ < ∞.

We set Vi(ω) ≡ V (ωi). Let Ui(ω) ≡ Vi(ω) + ui(ω), where ui is a smooth
function. Later on we set

a ≡ sup
i

(
2γii +

∑

j 6=i

γij

)
, (11.6)

γij ≡ ||∇i∇juj ||∞ (11.7)

and assume that a ∈ (0,∞). We note that, by the definition of local inter-
action Vi, we automatically have ||∇2

i Vi||∞ < ∞, so our assumption is only
about uj ’s. For simplicity of exposition, we assume that R = Zd and that
the interaction is of finite range, i.e., for some R ∈ (0,∞) and all vertices i
one has ∇kui = 0 when dist (i, k) > R.

Let PΛ
t be a Markov semigroup associated to the generator

LΛ ≡
∑

i∈R
L

(0)
i −

∑

i∈Λ

∇iui · ∇i,

where
L

(0)
i ≡ ∆i −∇iVi(ω)∇i = ∆i − V ′(ωi)∇i

and the index i indicates that derivatives are taken with respect to ωi, and
Λ ⊂⊂ R (i.e., Λ is a bounded subset of R). The following lemma will play
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later a crucial role in the control of decay to equilibrium. Naturally, it holds
for PΛ

t as well and is essential in defining the infinite volume semigroup as
follows:

Ptf ≡ lim
Λ→R

PΛ
t f

on the space of bounded continuous functions (cf., for example, [21]).

Lemma 11.3 (finite speed of propagation of information estimate). There
exist A,B, C ∈ (0,∞) such that for any smooth cylinder function f and any
i ∈ R

||∇iPtf ||2 6 CeAt−Bd(i,Λf )|||f |||2, (11.8)

where Λf ⊂ R is the smallest set O ⊂ R such that f depends only on
{ωi : i ∈ O} and

|||f |||2 ≡
∑

i∈R
||∇if ||2∞.

The proof is based on the following arguments (note that, under our
smoothness assumptions on the interaction, the pointwise operations are well
justified):

d

dτ
Pτ |∇iPt−τf |2 = Pτ

(
L|∇iPt−τf |2 − 2∇iPt−τf · L∇iPt−τf

)

+ 2Pτ (∇iPt−τf · [L,∇i]Pt−τf)

> 2Pτ

(
∇iPt−τf · [L,∇i]Pt−τf

)

= Pτ

(
− 2∇2

i Ui|∇iPt−τf |2 − 2
∑

j 6=i

∇i∇juj∇iPt−τf∇jPt−τf

)

> −(2||∇2
i Ui||∞ +

∑

j 6=i

||∇i∇juj ||∞) · Pτ |∇jPt−τf |2

−
∑

j 6=i

||∇i∇juj ||∞Pτ |∇jPt−τf |2.

Hence, with the notation introduced in (11.6) before the lemma, we have

‖∇iPtf‖2 6 eat‖∇if‖2 +
∑

j 6=i

γij

∫ t

0

ea(t−τ)‖∇jPτf‖2 dτ.

In particular, if i /∈ Λf , we get

‖∇iPtf‖2 6
∑

j 6=i

γij

∫ t

0

ea(t−τ)‖∇jPτf‖2 dτ.
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By standard arguments (cf. [21] and the references therein), this leads to the
desired estimate of final speed of propagation of information (11.8).

11.3 L2 decay

Our way to study the L2 decay of the semigroup is as follows. Suppose that
µ satisfies µEif = µf for any i ∈ R with the following probability kernels:

Ei(f) ≡ Eω
i (f) ≡ δω




∫
fe−Uidωi

∫
e−Uidωi


 = δω




∫
fe−uidνi

∫
e−uidνi


 , (11.9)

where δω denotes the Dirac mass concentrated at ω and, by definition, νi is
an isomorphic copy of the probability measure ν0. Then Pt is a symmetric
semigroups in L2(µ) with quadratic form of the generator given by

µ|∇f |2 ≡
∑

i∈R
µ|∇if |2.

Let
Ap(f) ≡ Ap,µ(f) ≡

∑

i∈R
µ (νi |f − νif |p)

2
p .

With this notation, we have the following assertion.

Lemma 11.4. Assume that, with a positive function β(s),

µ(f − µf)2 6 β(s) µ|∇f |2 + sAp(f).

Then

µ (Ptf − µf)2 6 inf
s

{
e−

t
β(s) µ (f − µf)2 + s sup

06τ6t
Ap(Pτf)

}
.

The above follows from the following simple arguments (cf., for example,
[35] and the references therein) similar to those in Section 10. For ft ≡ Ptf
we have

d

dt
µ (ft − µf)2 = −2µ|∇ft|2 6 − 2

β(s)
µ (ft − µf)2 +

2s

β(s)
Ap(ft).

Hence
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µ (ft − µf)2 6 e−
2t

β(s) µ (f − µf)2 +
∫ t

0

e−
2(t−τ)

β(s)
2s

β(s)
Ap(fτ )dτ

6 e−
2t

β(s) µ (f − µf)2 + s sup
06τ6t

Ap(fτ ).

To go the route based on Lemma 11.4, we need an estimate for the func-
tional Ap.

Proposition 11.5 (estimate of Ap(fτ )). Suppose that Λ ≡ Λt ⊂⊂ R
satisfies

dist (Λc, Λf ) > 1
4

diam (Λ)

with diam (Λ) = 16A
B t. Then

sup
06τ6t

Ap(fτ ) 6 |Λt| ·G (µ |f − µf |p) 2
p + De−A t · |||f |||2

with some constants D,G ∈ (0,∞) independent of f .

Proof. For any Λ ⊂⊂ R we have

Ap(fτ ) ≡
∑

i∈R
µ (νi |fτ − νifτ |p)

2
p

=
∑

i∈Λ

µ (νi |fτ − νifτ |p)
2
p +

∑

i∈Λc

µ (νi |fτ − νifτ |p)
2
p .

Since for p > 2 we have

µ
(
(νi |fτ − νifτ |p)

2
p

)
6 4µ

(
(νi |fτ − µfτ |p)

2
p

)

6 4e
4
p supi ||ui||∞µ

(
(Ei |fτ − µfτ |p)

2
p

)

6 4e
4
p supi ||ui||∞ (µ |fτ − µfτ |p)

2
p

6 4e
4
p supi ||ui||∞ (µ |f − µf |p) 2

p ,

where we used the triangle and Hölder inequalities and gained a factor
e

4
p supi ||ui||∞ while passing from expectations with the measure νi to the

expectation with the conditional expectation Ei. Thus,

Ap(fτ ) 6 |Λ| ·G (µ |f − µf |p) 2
p +

∑

i∈Λc

µ (νi |ft − νift|p)
2
p

with the constant G ≡ 4e
4
p supi ||ui||∞ . To estimate the sum over i ∈ Λc, we

note that for ω, ω̃ ∈ Ω satisfying ωj = ω̃j for j 6= i
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|fτ (ω)− fτ (ω̃)| =
∣∣∣
∫ ωi

ω̃i

dx ∇ifτ (x • ωR\i)
∣∣∣ 6 |ωi − ω̃i| · ‖∇ifτ‖∞

with configuration

[x • ωR\i]j ≡ δijx + (1− δij)ωj .

Thus, we get

|fτ (ω)− fτ (ω̃)| 6 |ωi − ω̃i| · C 1
2 e

A
2 s−B

2 d(i,Λf )|||f |||

which implies

µ (νi |fτ − νifτ |p)
2
p 6 4CeAτ−Bd(i,Λf ) (ν0|ω0|p)

2
p · |||f |||2.

Since
ν0(dx) =

1
Z

e−ς(1+x2)
α
2 dx,

one can obtain the following estimate (using the Stirling bound):

(ν0|ω0|p)
2
p 6 C ′e

4
α log p

with some constant C ′ ≡ C ′(α, ς) ∈ (0,∞) independent of p ∈ (2,∞). (This
is an important place where we take advantage of oscillations in Lp; would
we have the functional Osc as in (1.6), we would be in trouble.) Hence we
obtain the following bound:

∑

i∈Λc

µ (νi |fτ − νifτ |p)
2
p 6 DeAτ−B

2 d(Λc,Λf ) · |||f |||2

with
D ≡ 4CC ′e

4
α log p

∑

i∈R:dist (i,Λf )>d(Λc,Λf )+1

e−
B
2 d(i,Λf )

with the series being convergent due to our assumption about slower than
exponential volume growth of R. For τ ∈ [0, t], choosing Λ ≡ Λt such that
dist (Λc, Λf ) > 1

4 diam (Λ) with diam (Λ) = 16A
B t, we get

∑

i∈Λc

µ (νi |fτ − νifτ |p)
2
p 6 De−A t · |||f |||2.

Combining all the above, we arrive at the following estimate:

sup
06τ6t

Ap(fτ ) 6 |Λt| ·G (µ |f − µf |p) 2
p + De−A t · |||f |||2.

The proposition is proved. ut
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Given the above estimate for Ap(ft), we conclude with the following result.

Theorem 11.6. Let Λ ≡ Λt be an increasing family of bounded subsets
of R such that dist (Λc, Λf ) > 1

4 diam (Λ), with diam (Λ) = 16A
B t and |Λt| 6

ediam (Λt)
θ

, with some θ ∈ (0, 1) for all sufficiently large Λt. Assume that for
a positive function β(s) = ξ−1 (log(1/s))η defined with some ξ, η ∈ (0,∞)

µ(f − µf)2 6 β(s) µ|∇f |2 + sAp(f)

for each s ∈ (0, 1).
If θ ∈ (0, 1/η), then there exist constant ζ, J ∈ (0,∞), and ε ∈ (0, 1) such

that

µ(ft − µft)2 6 e−ζtε

J
(
µ (f − µf)2 + (µ |f − µf |p) 2

p + |||f |||2
)

.

Remark 11.1. In the case of a regular lattice Zd and finite range interac-
tions, one would have |Λt| ∼ td. Our weaker growth assumption allows one
to include more general graphs, as well as interactions which are not of finite
range.

We note that for our considerations it is relevant only what is the behavior
of β(s) for small s. This determines the long time behavior (while the short
time estimates can be compensated by a choice of constant J). This allows
us to disregard factor 2 (or any similar numerical factor) from within the log
in β(s) as compared to estimates used in the product case.

Proof of Theorem 11.6. By Lemma 11.4 and Proposition 11.5, we have

µ(ft − µft)2

6 inf
s

{
e−

t
β(s) µ (f − µf)2 + s

(
|Λt| ·G (µ |f − µf |p) 2

p + De−A t · |||f |||2
)}

.

Hence, choosing s = e−tσ

with σ ∈ (θ, 1/η), we obtain

µ(ft − µft)2 6 exp{−ξt1−ση}µ (f − µf)2

+ e−tσ(
e(16 A

B t)θ ·G (µ |f − µf |p) 2
p + De−A te

4
α log p · |||f |||2).

Thus, if σ ∈ (θ, 1/η), then there exists a constant J ∈ (0,∞) such that with
ε ≡ min(1− ση, σ − θ) and any ζ ∈ (0,min(1, ξ)) we have

µ(ft − µft)2 6 e−ζtε

J
(
µ (f − µf)2 + (µ |f − µf |p) 2

p + |||f |||2
)

.

The theorem is proved. ut
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12 Weak Poincaré Inequalities for Gibbs Measures

In this section, we prove a weak Poincaré inequality for Gibbs measures with
slowly decaying tails in the region of strong mixing property. Using this result,
we obtain an estimate for the decay to equilibrium in L2 for all Lipschitz
cylinder functions with the same stretched exponential rate.

For Λ ⊂⊂ R we define the following conditional expectations (generalizing
the Ei introduced in (11.9))

dEΛ ≡ δω




∫
fe−uΛdνΛ

∫
e−uΛdνΛ




with some smooth function uΛ and νΛ ≡ ⊗i∈Λνi, so that for Λ0 ⊂ Λ we have

dEΛ|ΣΛ0
≡ ρΛ0dνΛ0

with || log ρΛ0 ||∞ 6 φ|Λ0| with some numerical constant φ ∈ (0,∞). Recall
that, by definition, a Gibbs measure satisfies

µEΛ(f) = µf

for each finite Λ and any integrable function f (cf., for example, [21]).
We begin from the following lemma.

Lemma 12.1 (perturbation lemma). Suppose that νi, i ∈ N, satisfy

νi |f − νif |2 6 β(s)νi |∇if |2 + s (νi |f − νif |p)
2
p

with a function β : (0, s0) → R+, for some s0 > 0. Then the conditional
expectation Ei ≡ 1

Zi
e−uidνi satisfies

Ei |f − Eif |2 6 β̃(s)Ei |∇if |2 + s (νi |f − νif |p)
2
p

with
β̃(s) ≡ eosc (ui)β(se− osc (ui))

for s ∈ (0, s0e
osc ui), where osc (ui) ≡ supui − inf ui.

If f depends on ωΓ , with Γ ∩ Λ ≡ Λ0, then

EΛ |f − EΛf |2 6 β̃Λ(s)EΛ |∇Λf |2 + se2φ|Λ0|
∑

i∈Λ0

EΛ (νi |f − νif |p)
2
p

with β̃Λ(s) ≡ e2φ|Λ0|β(e−2φ|Λ0|s) for s ∈ (0, s0e
2φ|Λ0|).
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Proof. We have

Ei |f − Eif |2 6 Ei |f − νif |2 =
∫
|f − νif |2 1

Zi
e−uidνi

6 1
Zi

e− inf uiνi |f − νif |2 .

Hence, by the assumed inequality for νi, we get

Ei |f − Eif |2 6 1
Zi

e− inf uiβ(s)νi |∇if |2 + s
1
Zi

e− inf ui (νi |f − νif |p)
2
p

6 esup ui−inf uiβ(s)Ei |∇if |2 + sesup ui−inf ui (νi |f − νif |p)
2
p .

Hence
Ei |f − Eif |2 6 β̃(s)Ei |∇if |2 + s (νi |f − νif |p)

2
p

with
β̃(s) ≡ eosc uiβ(se− osc ui)

for s ∈ (0, s0e
osc ui), where osc ui ≡ sup ui − inf ui. Similarly,

EΛ |f − EΛf |2 6 EΛ |f − νΛf |2 =
∫
|f − νΛf |2 1

ZΛ
e−uΛdνΛ

6 1
ZΛ

e− inf uΛνΛ |f − νΛf |2

and therefore (using the product property of Weak Poincaré inequality as in
Proposition 11.2),

EΛ |f − EΛf |2 6 1
ZΛ

e− inf uΛβ(s)νΛ |∇Λf |2

+ s
1

ZΛ
e− inf uΛ

∑

i∈Λ

νΛ (νi |f − νif |p)
2
p

6 eosc (uΛ)β(s)EΛ |∇Λf |2 + seosc (uΛ)
∑

i∈Λ

EΛ (νi |f − νif |p)
2
p

with osc (uΛ) ≡ supuΛ − inf uΛ. In the case where f depends on ωΓ , with
Γ ∩Λ ≡ Λ0, one can stream-line the above arguments as follows. Noting that
dEΛ|ΣΛ0

≡ ρΛ0dνΛ0 with || log ρΛ0 ||∞ 6 φ|Λ0| with some numerical constant
φ ∈ (0,∞), by similar arguments as above, we obtain

EΛ

∣∣f −EΛf
∣∣2 = EΛ|ΣΛ0

∣∣f − EΛ|ΣΛ0
f
∣∣2 6 EΛ|ΣΛ0

∣∣f − νΛ0f
∣∣2

6 e2φ|Λ0|β(s)EΛ

∣∣∇Λf
∣∣2 + se2φ|Λ0|

∑

i∈Λ0

EΛ

(
νi

∣∣f − νif
∣∣p) 2

p .

The lemma is proved. ut
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Later on we consider a given set Λ ⊂⊂ R (for example, a ball of radius
L ∈ N in a suitable metric of the graph) and write Λ + j to denote a similar
set around a point j ∈ R. (If the graph R admits a structure of a linear
space, this will coincide with a translation of Λ by the vector j.)

Lemma 12.2 (product property bis). Suppose that

EΛ |f − EΛf |2 6 β̃Λ(s)EΛ |∇Λf |2 + s
∑

i∈Λ0

EΛ (νi |f − νif |p)
2
p .

Let Γ ≡ ⋃
l∈N Λ + jl with jl such that dist (Λ + jl, Λ + jl′) > 2R, for l 6= l′.

Assume that EΛ satisfy the following local Markov property:

∀f ∈ ΣΛ =⇒ EΛ(f) ∈ ΣΛR
,

where ΛR ≡ {j ∈ R : dist (j, Λ) 6 R} for a given R > 1. Then

EΓ |f − EΓ f |2 6 β̃Λ(s)EΓ |∇Γ f |2 + s
∑

i∈Γ

EΓ (νi |f − νif |p)
2
p .

If f ∈ ΣΘ (i.e., Λf ⊆ Θ) and Λf ∩ Γ ⊂ ⋃
l Λ0 + jl, then the above inequality

holds with β̃(s) ≡ β̃Λ0(s).

Remark 12.1. The local Markov property is true when the interaction is
of finite range R.

Because of the local Markov property, in our setup EΓ acts as a product
measure. Therefore, the proof is similar to the proof of Proposition 11.2
(product property).

Later on we consider a family of Γk ⊂ R, k ∈ N. Let Πn(f) ≡
EΓn . . . EΓ1(f). We note that, as in [38, 39], setting

f0 ≡ f and fn ≡ EΓn
fn−1 = Πn(f),

we have
µ (f − µf)2 =

∑

n∈N
µ EΓn (fn−1 − EΓnfn−1)

2
.

Hence, by Lemma 12.2, we get

EΓn (fn−1 − EΓnfn−1)
2 6 β̃Λ(s)EΓn |∇Γnfn−1|2

+ s
∑

i∈Γn

EΓn (νi |fn−1 − νifn−1|p)
2
p .

Now, we prove the following bound for expectation of terms involving the
pth norms.
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Lemma 12.3.
∑

i∈Γn+1

µ
(
νi

∣∣EΓnF − νiEΓnF
∣∣p) 2

p 6
∑

i∈Γn+1, j

ηijµ
(
νj

∣∣F − νjF
∣∣p) 2

p ,

where ηii ≡ 2e6||ui|| and

ηij ≡ 2
∑

k(i):j∈Λk(i)

[
osc Λk(i)∩ΛF

(
EΛk(i)\ΛF

(Di)
)]2 · e4φ(|Λk(i)∩ΛF |+ 1

2 )|Λk(i) ∩ ΛF |

with

Di ≡
ρΛk(i)(ωΛk(i) • ωi • ωR\Λk(i)∪{i})
ρΛk(i)(ωΛk(i) • ω̃i • ωR\Λk(i)∪{i})

− 1,

where Λk(i) ⊂ Γn, i ∈ Γn+1, is such that i ∈ ∂RΛk(i) ≡ {j ∈ Λc
k(i) :

dist (j, Λk(i)) 6 R}.
Proof. First we note that for i ∈ Γn ∩ Γn+1 the quantity EΓn

F − νiEΓn
F

vanishes. For i ∈ Γn+1 let Λk(i) ⊂ Γn be such that

i ∈ ∂RΛk(i) ≡ {j ∈ Λc
k(i) : dist (j, Λk(i)) 6 R}.

Let Γ̃
(i)
n ≡ Γn \ Λ̃(i) and Λ̃(i) ≡ ∪Λk(i). Note that EΓn

F = E
Γ̃

(i)
n

EΛ̃(i)F and
νiEΓ̃

(i)
n

= E
Γ̃

(i)
n

νi. Hence, using the Minkowski inequality for the Lp(νi) norm
and the Schwartz inequality for E

Γ̃
(i)
n

, we get

(
νi

∣∣E
Γ̃

(i)
n

EΛ̃(i)F − νiEΓ̃
(i)
n

EΛ̃(i)F
∣∣p) 2

p 6 E
Γ̃

(i)
n

(
νi

∣∣EΛ̃(i)F − νiEΛ̃(i)F
∣∣p) 2

p .

On the other hand, we have

(
νi

∣∣EΛ̃(i)F − νiEΛ̃(i)F
∣∣p) 2

p 6 2
(
νi

∣∣EΛ̃(i)(F − νiF )
∣∣p) 2

p

+ 2
(
νi

∣∣[EΛ̃(i) , νi]F
∣∣p) 2

p , (12.1)

where
[EΛ̃(i) , νi]F ≡ EΛ̃(i)νiF − νiEΛ̃(i)F.

The first term on the right-hand side of (12.1) can be bounded as follows:

2
(
νi

∣∣EΛ̃(i)(F − νiF )
∣∣p) 2

p 6 2e4||ui||(νi

∣∣E′
Λ̃(i) |F − νiF

∣∣p) 2
p

6 2e6||ui||EΛ̃(i) (νi|F − νiF |p)
2
p , (12.2)

where E′
Λ̃(i) denotes an expectation with interaction ui removed so it com-

mutes with νi expectation, and we can apply the Minkowski inequality (for
the Lp(νi) norm) and the Schwartz inequality for E′

Λ̃(i) at the end inserting
back the interaction ui.
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The second term on the right-hand side of (12.1) is estimated as follows.
First we note that

2
(
νi

∣∣[EΛ̃(i) , νi]F
∣∣p) 2

p 6 2
∑ (

νi

∣∣[EΛk(i) , νi]F
∣∣p) 2

p . (12.3)

Next, we observe that

[EΛk(i) , νi]F =
∫

νi(dω̃i)
{
EΛk(i)

(
Di(F − EΛk(i)F )

)}
, (12.4)

where

Di ≡
ρΛk(i)(ωΛk(i) • ωi • ωR\Λk(i)∪{i})
ρΛk(i)(ωΛk(i) • ω̃i • ωR\Λk(i)∪{i})

− 1.

If F depends on variables Λk(i) ∩ ΛF , then
∣∣EΛk(i)

(
Di(F − EΛk(i)F )

)∣∣
=

∣∣EΛk(i)

(
EΛk(i)\ΛF

(Di)(F − EΛk(i)F )
)∣∣

6 osc
(
EΛk(i)\ΛF

(Di)
) · EΛk(i)

∣∣F − EΛk(i)F
∣∣ (12.5)

with oscillation over variables indexed by points in Λk(i) \ ΛF . Thus,

(
νi

∣∣[EΛk(i) , νi]F
∣∣p) 2

p

6
[
osc

(
EΛk(i)\ΛF

(Di)
)]2 · νiEΛk(i)

∣∣F − EΛk(i)F
∣∣2. (12.6)

Using (12.3)–(12.6), we arrive at

2
(
νi

∣∣[EΛ̃(i) , νi]F
∣∣p) 2

p

6 2
∑[

osc
(
EΛk(i)\ΛF

(Di)
)]2 · νiEΛk(i)

∣∣F − EΛk(i)F
∣∣2. (12.7)

Next, we note that

EΛk(i)

∣∣F − EΛk(i)F
∣∣2 6 e2φ|Λk(i)∩ΛF |νΛk(i)∩ΛF

∣∣F − νΛk(i)∩ΛF
F

∣∣2.

On the other hand, choosing a lexicographic order {jl ∈ Λ}l=1...|Λ|, we have

νΛ|F − νΛF |2 = νΛ

∣∣∣
∑

l=1...|Λ|−1

νΛl
F − νΛl+1F

∣∣∣
2

6 |Λ|
∑

j∈Λ

νΛνj |F − νjF |2 6 |Λ|
∑

j∈Λ

νΛ (νj |F − νjF |p)
2
p (12.8)

with the convention that νΛ0 ≡ I is the identity operator and Λl+1 = Λl ∪
{jl+1}. Using this together with the previous inequality, we get the following
assertion.
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Lemma 12.4.

EΛk(i)

∣∣F − EΛk(i)F
∣∣2 6 e4φ|Λk(i)∩ΛF ||Λk(i) ∩ ΛF |

∑

j∈Λk(i)

EΛk(i) (νj |F − νjF |p)
2
p .

Combining with (12.7), we arrive at

2
(
νi

∣∣[EΛ̃(i) , νi]F
∣∣p) 2

p 6 2
∑

k(i)

[
osc Λk(i)∩ΛF

(
EΛk(i)\ΛF

(Di)
)]2

· e4φ[|Λk(i)∩ΛF |+ 1
2 |Λk(i) ∩ ΛF |

·
∑

j∈Λ

EiEΛk(i)

(
νj |F − νjF |p

) 2
p . (12.9)

This ends the estimates for the second term on the right-hand side of (12.1).
Using (12.2) and (12.9), we find

(
νi

∣∣E
Γ̃

(i)
n

EΛ̃(i)F − νiEΓ̃
(i)
n

EΛ̃(i)F
∣∣p) 2

p 6 2e6||ui||EΛ̃(i)

(
νi

∣∣F − νiF
∣∣p) 2

p

+ 2
∑

k(i)

[
osc Λk(i)∩ΛF

(
EΛk(i)\ΛF

(Di)
)]2 · e4φ[|Λk(i)∩ΛF |+ 1

2 ]|Λk(i) ∩ ΛF |

·
∑

j∈Λk(i)

E
Γ̃

(i)
n

EiEΛk(i)

(
νj |F − νjF |p

) 2
p .

From this we conclude that
∑

i∈Γn+1

µ
(
νi

∣∣EΓnF − νiEΓnF
∣∣p) 2

p 6
∑

i∈Γn+1

2e6||ui||µ
(
νi

∣∣F − νiF
∣∣p) 2

p

+ 2
∑

i∈Γn+1

∑

k(i)

[
osc Λk(i)∩ΛF

(
EΛk(i)\ΛF

(Di)
)]2

· e4φ[|Λk(i)∩ΛF |+ 1
2 |Λk(i) ∩ ΛF | ·

∑

j∈Λk(i)

µ
(
νj |F − νjF |p

) 2
p .

Lemma 12.3 is proved. ut

Applying iteratively Lemma 12.3, we arrive at the following result.

Proposition 12.5. Suppose that Γn, n ∈ N, is a periodic sequence of
period N such that

⋃
l=1,...,N Γl = R. Then there exists a constant C ∈ (0,∞)

such that for any p ∈ (2,∞) and any 1 6 n 6 N − 1



72 S. Bobkov and B. Zegarlinski

∑

i∈Γn+1

µ (νi|Πnf − νiΠnf |p) 2
p

6
∑

i∈Γn+1

∑

jn∈Γn\Γn+1,...,j1∈Γ1\Γ2

ηijnηjnjn−1 . . . ηj2j1µ (νj |f − νjf |p)
2
p

6 C
∑

i∈R
µ (νj |f − νjf |p)

2
p .

Moreover, for n = N

∑

i∈Γn+1

µ (νi|ΠNF − νiΠNF |p) 2
p 6 λ

∑

j∈R
µ (νj |F − νjF |p)

2
p

with

λ ≡ sup
j∈R

∑

i∈Γn+1

∑

jn∈Γn\Γn+1,...,j1∈Γ1\Γ2

ηijnηjnjn−1 . . . ηj2j . (12.10)

Therefore, for any n ∈ N
∑

i∈R
µ (νi|Πnf − νiΠnf |p) 2

p 6 Cλ[ n
N ]

∑

i∈R
µ (νj |f − νjf |p)

2
p ,

where [n/N ] is the integer part of n/N , with some constant C ∈ (0,∞).

Remark 12.2. Because of our assumption that conditional expectations
satisfy local Markov property, λ is defined by a finite sum and therefore is
finite.

Lemma 12.6. There exists a constant γ0 ∈ (0,∞) such that for any
p ∈ (2,∞) and s ∈ (0, s0)

µ |∇iEΓnF |2 6 γ0µ |∇iF |2+β̃(s)
∑

j

ηijµ|∇jF |2+s
∑

j

ηijµ (νj |F − νjF |p)
2
p

with

ηij ≡
∑

k(i):j∈Λk(i)

γ0

∥∥ osc Λk(i)∩ΛF

(
EΛk(i)\ΛF

(∇iUΛk(i))
)∥∥2

∞

· e4φ|Λk(i)∩ΛF ||Λk(i) ∩ ΛF |

defined for j ∈ Λ̃(i) and zero otherwise.

Proof. For i ∈ Γn+1 let Λk(i) ⊂ Γn be such that

i ∈ ∂RΛk(i) ≡ {j ∈ Λc
k(i) : dist (j, Λk(i)) 6 R}.
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Let Γ̃
(i)
n ≡ Γn \ Λ̃(i), where Λ̃(i) ≡ ∪Λk(i). Note that

EΓn
F = E

Γ̃
(i)
n

EΛ̃(i)F, ∇iEΓ̃
(i)
n

= E
Γ̃

(i)
n
∇i.

Hence
∇iEΓnF = ∇iEΓ̃

(i)
n

EΛ̃(i)F = E
Γ̃

(i)
n
∇iEΛ̃(i)F.

On the other hand, we have

∇iEΛ̃(i)F = EΛ̃(i)∇iF + [∇i, EΛ̃(i) ]F,

where [∇i, EΛ̃(i) ]F ≡ ∇iEΛ̃(i)F − EΛ̃(i)∇iF . We note that

[∇i, EΛ̃(i) ]F =
∑

k(i)

EΛ̃(i)

(
EΛk(i)

(
F ;∇iUΛk(i)

))
,

where

EΛk(i)

(
F ;∇iUΛk(i)

) ≡ EΛk(i)

(
F · ∇iUΛk(i)

)− EΛk(i)(F )EΛk(i)

(∇iUΛk(i)

)
.

If F depends on variables in Λk(i) ∩ ΛF , we have
∣∣EΛk(i)

(
F ;∇iUΛk(i)

)∣∣ =
∣∣EΛk(i)

(
(F − EΛk(i)F ) · EΛk(i)\ΛF

(∇iUΛk(i))
)∣∣

6 osc Λk(i)∩ΛF

(
EΛk(i)\ΛF

(∇iUΛk(i))
) · EΛk(i)

∣∣F − EΛk(i)F
∣∣.

Thus, in this case,
∣∣∇iEΓnF

∣∣ 6 EΓn

∣∣∇iF
∣∣ + E

Γ̃
(i)
n

∣∣[∇i, EΛ̃(i) ]F
∣∣

6 EΓn

∣∣∇iF
∣∣ +

∑

k(i)

EΓn

∣∣(EΛk(i)

(
F ;∇iUΛk(i)

))∣∣

6 EΓn

∣∣∇iF
∣∣ +

∑

k(i)

EΓn osc Λk(i)∩ΛF

(
EΛk(i)\ΛF

(∇iUΛk(i))
)

· EΛk(i)

∣∣F − EΛk(i)F
∣∣.

Therefore, there exists a constant γ0 ∈ (0,∞) depending only on the number
of k(i)’s such that

µ
∣∣∇iEΓnF

∣∣2 6 γ0µ
∣∣∇iF

∣∣2 +
∑

k(i)

γ0

∥∥ osc Λk(i)∩ΛF

(
EΛk(i)\ΛF

(∇iUΛk(i))
)∥∥2

∞

· µ(
EΛk(i)

∣∣F − EΛk(i)F
∣∣2).

Using Lemma 12.1, we obtain
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µ
∣∣∇iEΓnF

∣∣2 6γ0µ
∣∣∇iF

∣∣2 + β̃(s)
∑

j

ηijµ|∇jF |2

+ s
∑

j

ηijµ
(
νj |F − νjF |p

) 2
p ,

where ηij , for i ∈ Zd \ Λ̃(i), dist (i, Λ̃(i)) 6 R, j ∈ Λ̃(i), are defined by

ηij ≡
∑

k(i):j∈Λk(i)

γ0

∥∥ osc Λk(i)∩ΛF

(
EΛk(i)\ΛF

(∇iUΛk(i))
)∥∥2

∞

· e4φ|Λk(i)∩ΛF ||Λk(i) ∩ ΛF |.

The lemma is proved. ut

Proposition 12.7. Suppose that Γn, n ∈ N, is a periodic sequence of
period N such that

⋃
l=1...N Γl = R and so for any i ∈ R there exists 1 6

l(i) 6 N for which ∇iEΓl(i)f = 0. Then for any p ∈ (2,∞) and any 1 6 n 6
N − 1

µ |∇iEΓn
. . . EΓ1F |2 6 X(s)µ |∇iF |2 + sZ(s)

∑

j

µ (νj |F − νjF |p)
2
p

with X(s) ≡ X(1+β̃(s)N−1) and Z(s) ≡ Z(1+β̃(s)N−1) with some constants
X, Z > 0. Moreover, for n > N

µ |∇iΠnf |2 6 sZ(s)λ
n
N

∑

j∈R
µ (νj |f − νjf |p)

2
p .

Proof. For n 6 N , by Lemma 12.6, we have

µ
∣∣∇Γn+1ΠnF

∣∣2 =
∑

i∈Γn+1

µ |∇iΠnF |2

6
∑

i,jn

1{i∈Γn+1\Γn}A
(n+1,n)(s)1{jn∈Γn\Γn−1}µ |∇jn

Πn−1F |2

+ s
∑

i,jn

1{i∈Γn+1\Γn}η
(n+1,n)1{jn∈Γn\Γn−1}µ (νjn |Πn−1F − νjnΠn−1F |p)

2
p ,

where

A(n+1,n)(s)ij ≡
(
aI + η(n+1,n)

)
ij
≡ (

γ0δij + β̃(s)η(n+1,n)
ij

)
,

where 1{jn∈Γn\Γn−1} denotes the characteristic function of the set Γn \ Γn−1

and η
(n+1,n)
ij is provided by Lemma 12.6 (with i ∈ Γn+1 \Γn and j ∈ Γn). By

induction, we arrive at the bound
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µ
∣∣∇Γn+1ΠnF

∣∣2 6
∑

i,j

Θ
(n,1)
ij µ |∇jF |2

+ s
∑

k=1...n

∑

i,j

Υ
(k)
ij µ (νj |Πn−kF − νjΠn−kF |p) 2

p ,

where

Θ(n,m)

≡ 1{i∈Γn+1\Γn}A
(n+1,n)(s)1{jn∈Γn\Γn−1}A

(n,n−1)(s)1{jn−1∈Γn−1\Γn−2}

. . .1{jm+1∈Γm+1\Γm}A
(m+1,m)(s)1{jm∈Γm\Γm−1}

with the convention that Γ0 ≡ ∅, and

Υ (k) ≡ Θ(n,n−k) · η(n+1−k,n−k)1{j∈Γn−k\Γn−k−1}

with the convention that Θ(n,n) ≡ 1{Γn+1\Γn}.
Using Proposition 12.5, we can simplify the above estimate as follows:

µ
∣∣∇Γn+1ΠnF

∣∣2 6
∑

i,j

Θ
(n,1)
ij µ |∇jF |2 + s

∑

i,j

Υ
(n)
ij µ (νj |F − νjF |p)

2
p ,

where

Υ (n) ≡
∑

k=1...n

Υ (k)1{j∈Γn−k\Γn−k−1}η
(n−k,n−k−1) . . .1{j∈Γ2\Γ1}η

(2,1).

We note that there is a constant X ∈ (0,∞) such that for n 6 N − 1

sup
j

∑

i

Θ
(n,1)
ij 6 X(1 + β̃(s)N−1).

If we assume that for each i there is an l 6 N such that ∇iEΓl
= 0, then we

get
µ

∣∣∇ΓN+1ΠNF
∣∣2 6 s

∑

i,j

Υ
(N)
ij µ (νj |F − νjF |p)

2
p

Since
sup

j

∑

i

Υ
(n)
ij 6 C ′(1 + β̃(s)N−1)

with some constant C ′ ∈ (0,∞) independent of n 6 N , we get

µ
∣∣∇ΓN+1ΠNF

∣∣2 6 s C ′(1 + β̃(s)N−1)
∑

j

µ (νj |F − νjF |p)
2
p .

As a consequence for n > N , setting F ≡ Πn−Nf and using Proposition
12.5, we conclude that
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µ
∣∣∇Γn+1Πnf

∣∣2 6 s Z(1 + β̃(s)N−1)λ[ n
N ]

∑

j∈R
µ (νj |f − νjf |p)

2
p ,

where Z ≡ CC ′. ut

Theorem 12.8. Suppose that Γn, n ∈ N, is a periodic sequence of period N
such that

⋃
l=1...N Γl = R and so for any i ∈ R there exists 1 6 l(i) 6 N for

which ∇iEΓl(i)f = 0. Suppose that the parameter λ introduced in Proposition
12.5 satisfies λ ∈ (0, 1). Then for any p ∈ (2,∞)

µ |f − µf |2 6 β(s)µ |∇f |2 + s
∑

i∈R
µ (νi|f − νif |p)

2
p

with

β(s) ≡ β̃(ϑ−1(s))X(ϑ−1(s))N ≡ X(β̃(ϑ−1(s)) + β̃(ϑ−1(s))N )N

for s ∈ (0, ϑ(s0)), where ϑ(s) ≡ sN(C + β̃(s)Z(s))(1 − λ)−1 with Z(s) ≡
Z(1 + β̃(s)N−1), with some constants X, Z,C > 0.

Proof. By Lemma 12.2, we have

µEΓn+1

∣∣Πnf − EΓn+1Πnf
∣∣2 6 β̃(s)µ

∣∣∇Γn+1Πnf
∣∣2

+ s
∑

i∈Γn+1

µ (νi|Πnf − νiΠnf |p) 2
p .

Hence, by Propositions 12.5, 12.7 and Lemma 12.6, for n 6 N − 1 we have

µEΓn+1

∣∣Πnf − EΓn+1Πnf
∣∣2 6 β̃(s)X(s)µ |∇f |2

+ s(C + β̃(s)Z(s))
∑

i∈R
µ (νi|f − νif |p)

2
p ,

while for n > N we have

µEΓn+1

∣∣Πnf − EΓn+1Πnf
∣∣2 6 s(C + β̃(s)Z(s))λ[ n

N ]
∑

i∈R
µ (νi|f − νif |p)

2
p .

Thus, provided that λ ∈ (0, 1), we arrive at

µ |f − µf |2 =
∑

n∈Z+

µEΓn+1

∣∣Πnf − EΓn+1Πnf
∣∣2

6 β̃(s)X(s)Nµ |∇f |2 + sN(C + β̃(s)Z(s))(1− λ)−1
∑

i∈R
µ (νi|f − νif |p)

2
p .

The theorem is proved. ut
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Examples. Suppose that R = Zd, d ∈ N. Then the corresponding cover-
ing Γn, n = 1 . . . 2d, was introduced as a collection of suitable translates a
sufficiently large cube Λ0 for d = 1 in [40] and for general d in [36]. In the
case where the local specification EΛ, Λ ⊂⊂ Zd satisfies the strong mixing
condition (for cubes)

|EΛ(f ; g)| 6 Const |||f ||| · |||g|||e−M dist (Λf ,Λg)

with some constant M ∈ (0,∞) independent of size of the cube, one shows
(cf., for example, [40, 36, 21]) that, starting with a sufficiently large cube Λ0,
one can achieve λ ∈ (0, 1). In our case, the strong mixing condition holds at
least for finite range sufficiently small interactions uΛ.

In our setup, by Corollary 8.6 and Lemma 12.1, β(s) ≡ C0(log(1/s))δ with
some positive C0 and δ ∈ (0,∞) for all sufficiently small s > 0. Hence

β(s) = C(log(1/s))Nδ

with some positive constant C for all sufficiently small s > 0. Thus, the above
considerations (cf. Theorem 12.8) apply and we have the following result.

Theorem 12.9. Let µ be a Gibbs measure on RZd

corresponding to the
reference product measure µ0 ≡ ν⊗Z

d

0 , where the probability measure dν0 ≡
1
Z exp{−V }dx on real line is defined with V ≡ ς(1 + x2)

α
2 , with 0 < α 6 1,

ς ∈ (0,∞), and a local finite range smooth interaction uΛ, Λ ⊂⊂ Zd, which
is sufficiently small or more generally such that the Strong Mixing Condition
holds.

Then µ satisfies the weak Poincaré inequality

µ |f − µf |2 6 β(s)µ|∇f |2 + sAp(f)2

with β(s) ≡ C(log(1/s))Nδ with some positive constant C and N = 2d for all
s ∈ (0, s) for some s > 0. Hence there exists ε ∈ (0, 1) and constants c, H ∈
(0,∞) such that the semigroup Pt ≡ et∇∗∇ (with the generator corresponding
to the Dirichlet form µ|∇f |2) satisfies

µ(Ptf − µf)2 6 e−ctε

H
(
µ (f − µf)2 + (µ |f − µf |p) 2

p + |||f |||2
)

for each cylinder function for which the right hand side is well defined (with
a constant H ∈ (0,∞) dependent on Λf ).

Acknowledgments. Part of this work was done while one of us (B.Z.) was
holding the Chaire de Excellence Pierre de Fermat, at LSP, UPS Toulouse,
sponsored by the ADERMIP. Research of S.B. was supported in part by the
NSF (grant DMS-0706866). Both authors would like to thank all members



78 S. Bobkov and B. Zegarlinski

of LSP, and in particular D. Bakry and M. Ledoux, for discussions and hos-
pitality in Toulouse.

References

1. Aida, S., Stroock, D.: Moment estimates derived from Poincaré and logarith-
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On Some Aspects of the Theory of
Orlicz–Sobolev Spaces

Andrea Cianchi

A Vladimir Maz’ya, con stima e amicizia

Abstract We survey results, obtained by the author and his coauthors over
the last fifteen years, on optimal Sobolev embeddings and related inequali-
ties in Orlicz spaces. Some of the presented results are very recent and are
not published yet. We recall basic properties concerning Orlicz and Orlicz–
Sobolev spaces and then dicsuss embeddings of Sobolev type and embeddings
into spaces of uniformly continuous functions, classical and approximate dif-
ferentiability properties of Orlicz–Sobolev functions and also trace inequali-
ties on the boundary.

1 Introduction

The Orlicz–Sobolev spaces extend the classical Sobolev spaces in that the
role of the Lebesgue spaces in their definition is played by more general Or-
licz spaces. Loosely speaking, this amounts to replacing the power function
tp in the definition of the Sobolev spaces by an arbitrary Young function.
The study of Orlicz–Sobolev spaces is especially motivated by the analysis
of variational problems and of partial differential equations whose nonlin-
earities are non-necessarily of polynomial type. Systematic investigations on
these spaces were initiated some forty years ago by Donaldson [23] (1971),
Donaldson and Trudinger [24] (1971), Maz’ya [33, 34] (1972/1973), Gosser
[28] (1974), Adams[5] (1977) and have been the object of a number of subse-
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quent papers. Some of the main contributions on this topic can be found in
the monographs [41, 42] by Rao and Ren.

Researches have pointed out that some properties of standard Sobolev
spaces are preserved when powers are replaced by arbitrary Young functions,
but others take a different form, and reproduce the usual results only under
additional assumptions on the relevant Young functions. This witnesses a
richer structure of the Orlicz–Sobolev spaces compared to that of the plain
Sobolev spaces.

Interestingly, the theory of Orlicz–Sobolev furnishes a unified framework
on several issues, which, by contrast, require separate formulations in the
theory of classical Sobolev spaces. Under this respect, the former not only
extends, but also provides further insight on the latter. Let us add that,
unlike that of Lebesgue spaces, the class of Orlicz spaces turns out to be
closed under certain operations, such as that of associating an optimal range
in Sobolev and trace embeddings. In the light of these facts, one can be led to
maintain the opinion that Orlicz spaces provide a more appropriate setting
than Lebesgue spaces in dealing with Sobolev functions.

In the present paper, we survey several results, obtained by the author
and his coauthors over the last fifteen years, on optimal Sobolev embeddings
and related inequalities in Orlicz spaces. Let us emphasize that some of them
are very recent and are contained in papers still in preprint form, or even
in preparation. After recalling some basic notions and properties concerning
Orlicz and more general rearrangement invariant spaces in Section 2, we give
the definition of Orlicz–Sobolev space and present embeddings of Sobolev
type in Section 3. Embeddings into spaces of uniformly continuous functions
are the subject of Section 4, whereas Section 5 deals with classical and ap-
proximate differentiability properties of Orlicz–Sobolev functions. The last
section is concerned with trace inequalities on the boundary.

2 Background

We recall here a few definitions and properties of function spaces to be used
in what follows.

Let (R, ν) be a positive, σ-finite and nonatomic measure space, and let f be
a measurable function on R. The decreasing rearrangement f∗ : [0, ν(R)) →
[0,∞] of f is defined as

f∗(s) = sup{t > 0 : ν({x ∈ R : |f(x)| > t}) > s} for s ∈ [0, ν(R)).

In other words, f∗ is the unique nonincreasing right-continuous function on
[0, ν(R)) which is equimeasurable with f .

A Banach function space X(R), in the sense of Luxemburg (cf., for exam-
ple, [8]), is called rearrangement invariant (r.i., for short) if
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‖f‖X(R) = ‖g‖X(R) whenever f∗ = g∗ . (2.1)

If ν(R) < ∞, then

L∞(R) → X(R) → L1(R) (2.2)

for every r.i. space X(R). Here, the arrow ” → ” stands for continuous embed-
ding. Thus, L∞(R) and L1(R) are the smallest and the largest, respectively,
r.i. space on R.

The Orlicz spaces, the Lorentz (–Zygmund) spaces, and their combination,
the Orlicz–Lorentz spaces, are special instances of r.i. spaces. Each one of
these families of spaces provides a generalization of the Lebesgue spaces.

A function A : [0,∞) → [0,∞] is called a Young function if it is convex
(non trivial), left-continuous and vanishes at 0; thus, any such function takes
the form

A(t) =
∫ t

0

a(τ)dτ for t > 0 (2.3)

for some nondecreasing, left-continuous function a : [0,∞) → [0,∞] which
is neither identically equal to 0 nor to ∞. Since limt→∞A(t) = ∞, in what
follows any Young function A will be continued to [0,∞] on setting A(∞) =
∞.

The Orlicz space LA(R) associated with a Young function A is the r.i.
space equipped with the Luxemburg norm defined as

‖f‖LA(R) = inf
{

λ > 0 :
∫

R
A

( |f(x)|
λ

)
dν(x) 6 1

}

for any measurable function f on R. In particular, LA(R) = Lp(R) if A(t) =
tp for some p ∈ [1,∞), and LA(R) = L∞(R) if A(t) = ∞χ(1,∞)(t).

The Young conjugate of A is the Young function Ã defined as

Ã(t) = sup{τt−A(τ) : τ > 0} for t > 0 .

A Young function A is said to dominate another Young function B near
infinity if positive constants c and t0 exist such that

B(t) 6 A(ct) for t > t0 . (2.4)

Two functions A and B are called equivalent near infinity if they dominate
each other near infinity. We write B ¹ A to denote that A dominates B near
infinity, and A ≈ B to denote that A and B are equivalent near infinity.

The function B is said to increase essentially more slowly than A near
infinity if B ¹ A, but A � B. This is equivalent to saying that

lim
r→∞

A−1(r)
B−1(r)

= 0. (2.5)
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Here, A−1 and B−1 are the (generalized) right-continuous inverses of A and
B respectively.

The notion of dominance comes into play in the description of inclusion
relations between Orlicz spaces. Actually, when ν(R) < ∞,

LA(R) → LB(R) if and only if B ¹ A . (2.6)

The Matuzewska-Orlicz upper index I∞(A) at infinity of a finite-valued Young
function A is defined as

I∞(A) = lim
t→∞

log
(
lim sups→∞

A(ts)
A(s)

)

log t
. (2.7)

The Lorentz space Lp,q(R), with p, q ∈ [1,∞], is the collection of all mea-
surable functions f on R making the quantity

‖f‖Lp,q(R) = ‖s 1
p− 1

q f∗(s)‖Lq(0,ν(R)) (2.8)

finite. When ν(R) < ∞, the Lorentz–Zygmund space Lp,q;γ(R), with p, q ∈
[1,∞] and γ ∈ R is defined as the set of measurable functions f for which
the expression

‖f‖Lp,q;γ(R) = ‖s 1
p− 1

q (1 + log(ν(R)/s))γf∗(s)‖Lq(0,ν(R)) (2.9)

is finite. Generalized Lorentz–Zygmund spaces, involving iterated logarith-
mic weight functions, also naturally arise in applications (cf. Examples 3.15
and 6.8).

The class of Lorentz–Zygmund spaces not only extends those of the
Lebesgue spaces (p = q, α = 0) and of the Lorentz spaces (α = 0), but also
overlaps with that of the Orlicz spaces. Actually, the spaces Lp,q;γ(R) repro-
duce (up to equivalent norms) the Orlicz spaces Lp(logL)α(R) (1 < p = q,
γ = α/q) associated with any Young function equivalent to tp(log t)α near
infinity, and the Orlicz spaces expLβ(R) (p = q = ∞, γ = −1/β) associated
with any Young function equivalent to exp(tβ) near infinity.

Note also that Lp,q;γ(R) need not be an r.i. space for certain values of the
parameters p, q and γ. A complete description of the admissible values of these
parameters can be found in [7] (cf. also [37]). However, in the applications
of the present paper, Lp,q;γ(R) will always be an r.i. space, possibly up to
equivalent norms.

Assume that ν(R) < ∞. Let p ∈ (1,∞], q ∈ [1,∞), and let D be a Young
function. If p < ∞, assume that

∫ ∞ D(t)
t1+p

dt < ∞.
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We denote by L(p, q, D)(R) the Orlicz–Lorentz space of all measurable func-
tions f on R for which the quantity

‖f‖L(p,q,D)(R) = ‖s− 1
p f∗(ν(R)s

1
q )‖LD(0,1) (2.10)

is finite. The expression ‖·‖L(p,q,D)(R) is a norm, and L(p, q,D)(R), equipped
with this norm, is an r.i. space (cf. the proof of [14, Proposition 2.1]). Note
that the spaces L(p, q, D)(R) include (up to equivalent norms) the Orlicz
spaces and various instances of Lorentz and Lorentz–Zygmund spaces.

3 Orlicz–Sobolev Embeddings

Let Ω be an open subset of Rn, n > 2. The mth order Orlicz–Sobolev space
Wm,A(Ω) associated with a positive integer m and with a Young function A
is defined as

Wm,A(Ω) = {u ∈LA(Ω) : u is m− times weakly differentiable in Ω

and Dαu ∈ LA(Ω) for every α such that |α| 6 m}.

Here, α is any multi-index having the form α = (α1, . . . , αn) for nonnegative
integers α1, . . . , αn, |α| = α1 + · · · + αn, and Dαu = ∂|α|u

∂x
α1
1 ...∂xαn

n
. The space

Wm,A(Ω) is a Banach space endowed with the norm

‖u‖W m,A(Ω) =
∥∥∥

m∑

k=0

|∇ku|
∥∥∥

LA(Ω)
, (3.1)

where ∇ku stands for the vector of all the derivatives Dαu with |α| = k, and
|∇ku| denotes the Euclidean norm of ∇ku.

The space Wm,A
loc (Ω) is defined accordingly as the collection of functions

u in Ω such that u ∈ Wm,A(Ω′) for every open set Ω′ such that Ω′ ⊂⊂ Ω.
It is clear that the choice A(t) = tp, with p ∈ [1,∞), or A(t) = ∞χ(1,∞)(t),

in Wm,A(Ω) and Wm,Ap
loc (Ω) reproduces the classical Sobolev spaces Wm,p(Ω)

and Wm,p
loc (Ω), with p ∈ [1,∞), or p = ∞, respectively.

In the present section, we are concerned with optimal embeddings of
Wm,A(Ω) into Orlicz spaces and into rearrangement invariant spaces. Here,
we limit ourselves to considering the case when |Ω| < ∞; results for domains
with infinite volume are also available (cf. [11, 14]).
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3.1 Embeddings into Orlicz spaces

We begin with a sharp embedding theorem for Wm,A(Ω) into Orlicz spaces,
and with related Sobolev–Poincaré inequalities. Given a Young function A,
we exhibit another Young function A n

m
, an mth order Sobolev conjugate of

A, having the property that L
A n

m (Ω) is the smallest Orlicz space into which
Wm,A(Ω) is continuously embedded. The function A n

m
is defined as follows.

Let 0 6 m < n, and let A be any Young function satisfying

∫

0

(
t

A(t)

) m
n−m

dt < ∞. (3.2)

Let H : [0,∞) → [0,∞) be the function given by

H(r) =

(∫ r

0

(
t

A(t)

) m
n−m

dt

)n−m
n

for r > 0. (3.3)

Then A n
m

is defined as

A n
m

(t) = A
(
H−1(t)

)
for t > 0, (3.4)

where H−1 denotes the (generalized) left-continuous inverse of H. The use
of the index n

m is due to the fact that A n
m

depends on n and m only through
their quotient.

Let us emphasize that assumption (3.2) is not restrictive. Indeed, by (2.6),
replacing, if necessary, the function A by an equivalent Young function near
infinity fulfilling (3.2) leaves the space Wm,A(Ω) unchanged (up to equivalent
norms), since we are assuming that |Ω| < ∞.

Our statements involve a standard notion of Lipschitz domain, namely
a bounded set with a Lipschitz boundary (cf., for example, [35, Definition
1.1.9/1] for a precise definition).

Theorem 3.1. Let Ω be a Lipschitz domain in Rn. Let 1 6 m < n, let A
be a Young function satisfying (3.2), and let A n

m
be the Sobolev conjugate

defined by (3.4). Then a constant C = C(Ω, m) exists such that

‖u‖
L

A n
m (Ω)

6 C‖u‖W m,A(Ω) (3.5)

for every u ∈ Wm,A(Ω), or, equivalently,

∫

Ω

A n
m

(
|u(y)|

C
( ∫

Ω
A(

∑m
k=0 |∇ku(x)|) dx

)m/n

)
dy
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6
∫

Ω

A
( m∑

k=0

|∇ku(x)|
)

dx (3.6)

for every u ∈ Wm,A(Ω). The space L
A n

m (Ω) is optimal among all Orlicz
spaces, in the sense that if (3.5) holds with A n

m
replaced by another Young

function B, then L
A n

m (Ω) → LB(Ω).

Theorem 3.1 for m = 1 is established in [11] with An replaced by an equiv-
alent Young function, and in [12] in the present form. The case m > 1 can be
found in [15]. Earlier Orlicz–Sobolev embeddings involving a Sobolev conju-
gate of A different from A n

m
, which is not optimal in general, are contained

in [24] and [4]. Sobolev inequalities of special form, involving Orlicz norms
and general measures, have been characterized in terms of isocapacitary in-
equalities by [33].

Remark 3.2. In view of (2.6), the space L
A n

m (Ω) is determined (up to
equivalent norms) just by the asymptotic behavior of A n

m
near infinity.

Remark 3.3. Note that Theorem 3.1 is only stated for 1 6 m < n since if
m > n, then trivially

Wm,A(Ω) → Wm,1(Ω) → L∞(Ω)

(cf., for example, [4, Theorem 5.4]). On the other hand, Theorem 3.1 tells us
that the embedding

Wm,A(Ω) → L∞(Ω) (3.7)

also holds if 1 6 m < n provided that A grows so fast at infinity that

∫ ∞(
t

A(t)

) m
n−m

dt < ∞ . (3.8)

Indeed, if (3.8) is in force, then An/m(t) = ∞ for every t > Hn/m(∞). Hence,
by Remark 3.2, LAn/m(Ω) = L∞(Ω).

The embedding (3.7) for m = 1 was obtained, under a condition equivalent
to (3.8), in [34], and independently rediscovered in [46]. The higher-order case
can be found in [31].

Example 3.4. Assume that

A(t) ≈ tp(log t)α,

where either p > 1 and α ∈ R, or p = 1 and α > 0. From Theorem 3.1 and
Remark 3.3 we deduce that
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Wm,A(Ω) →





L
pn

n−mp (log L)
αn

n−mp (Ω) if 1 6 p < n
m ,

expL
n

n−m−αm (Ω) if p = n
m and α < n−m

m ,

exp exp L
n

n−m (Ω) if p = n
m and α = n−m

m ,

L∞(Ω) if either p = n
m

and α > n−m
m , or p > n

m .

(3.9)

Moreover, all the range spaces are optimal in the class of Orlicz spaces. Here,
exp exp L

n
n−m (Ω) denotes the Orlicz space on Ω associated with the Young

function exp
(
exp

(
t

n
n−m

))− e.
When p 6= n

m , embedding (3.9) agrees with the standard Sobolev embed-
ding if α = 0, and overlaps with results from [24] if α 6= 0. If p = n, α = 0
and m = 1, (3.9) reproduces a result from [39, 47, 48]; the case where m > 1
is contained in [39, 45]. The embedding (3.9) for p = n, α 6 0 and m = 1
recovers [27], and, for p = n and arbitrary α and m, overlaps with [25].

Example 3.5. Assume that

A(t) ≈ tp(log(log t))α,

where p and α are as in Example 3.5. Then, we obtain from Theorem 3.1 and
Remark 3.3 that

Wm,A(Ω) → L
A n

m (Ω),

where

A n
m

(t) ≈
{

t
pn

n−mp (log(log t))
αn

n−mp if 1 6 p < n
m ,

et
n

n−m (log t)
αm

n−m if p = n
m .

If, instead, p > n
m , then

Wm,A(Ω) → L∞(Ω).

Moreover, the range spaces are sharp in the framework of Orlicz spaces on Ω.
Notice that, unlike the case of Example 3.4, the space L

A n
m (Ω) is never

embedded into L∞(Ω) in the limiting case where p = n
m , whatever α is.

The condition (3.8) also characterizes the Young functions A and the in-
tegers n and m for which the Orlicz–Sobolev space Wm,A(Ω) is a Banach
algebra ([16]). Recall that Wm,A(Ω) is an algebra if uv ∈ Wm,A(Ω) whenever
u, v ∈ Wm,A(Ω), and

‖uv‖W m,A(Ω) 6 C‖u‖W m,A(Ω)‖v‖W m,A(Ω) (3.10)

for some constant C and for every u, v ∈ Wm,A(Ω).
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Theorem 3.6. Let Ω be a Lipschitz domain in Rn. Let m be a nonnegative
integer, and let A be a Young function. Then Wm,A(Ω) is a Banach algebra
if and only if either m > n, or 1 6 m < n and (3.8) is in force.

We now present Sobolev–Poincaré type inequalities where the L
A n

m (Ω)
norm of a function in Wm,A(Ω) is estimated in terms of the LA(Ω) norm of
its derivatives of highest order m. Obviously, this is only possible under some
normalization condition on u. We first consider the case where u is assumed
to belong to the subspace Wm,A

0 (Ω) of Wm,A(Ω) of those functions which
vanish on ∂Ω, together will all their derivatives of order less than m, in a
suitable sense. Precisely, we define

Wm,A
0 (Ω) ={u ∈ Wm,A(Ω) : the continuation of u by 0 outside Ω

is an m−times weakly differentiable function
in the whole of Rn}.

Note that, unlike the ordinary Sobolev spaces, taking the closure in Wm,A(Ω)
of smooth compactly supported functions in Ω yields, in general, a subspace
smaller than Wm,A

0 (Ω), even in the case where Ω is a smooth domain. This
is due to the fact that smooth functions are not dense in Wm,A(Ω), unless
A satisfies the so-called ∆2-condition (cf., for example, [4, Chapter 8]).

Theorem 3.7. Let 1 6 m < n, and let A be a Young function satisfying
(3.2). Then there exists a constant C = C(n,m) such that for any open
bounded subset Ω of Rn

‖u‖
L

A n
m (Ω)

6 C‖∇mu‖LA(Ω) (3.11)

for every u ∈ Wm,A
0 (Ω) or, equivalently,

∫

Ω

A n
m

(
|u(y)|

C
( ∫

Ω
A(|∇mu(x)|) dx

)m/n

)
dy 6

∫

Ω

A(|∇mu(x)|) dx (3.12)

for every u ∈ Wm,A
0 (Ω).

The following result provides us with a Sobolev–Poincaré inequality in
Wm,A(Ω). As in the case of standard Sobolev spaces, admissible functions
can be normalized by subtracting a suitable polynomial of degree less than
m. Given a nonnegative integer h, the class of polynomials of degree 6 h is
denoted by Ph.

Theorem 3.8. Let Ω, m and A be as in Theorem 3.1. Then there exists
a constant C = C(Ω, m) such that for every u ∈ Wm,A(Ω) a polynomial
Pm−1 ∈ Pm−1 exists satisfying

‖u− Pm−1‖
L

A n
m (Ω)

6 C‖∇mu‖LA(Ω) , (3.13)
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or, equivalently,

∫

Ω

A n
m

(
|u(y)− Pm−1(y)|

C
( ∫

Ω
A(|∇mu(x)|) dx

)m/n

)
dy 6

∫

Ω

A(|∇mu(x)|) dx . (3.14)

We conclude this subsection with a compactness theorem of Rellich type.

Theorem 3.9. Let Ω, m and A be as in Theorem 3.1. Let B be any Young
function increasing essentially more slowly than A n

m
near infinity. Then the

following embedding is compact:

Wm,A(Ω) → LB(Ω).

Remark 3.10. The embedding

Wm,A(Ω) → LA(Ω) (3.15)

is compact for every Lipschitz domain Ω and for every Young function A.
Indeed, it is easily verified from (3.4) that every finite-valued Young function
A increases essentially more slowly than A n

m
near infinity; thus, in this case,

the compactness of embedding (3.15) follows from Theorem 3.9. If, instead,
A(t) = ∞ for large t, then (3.15) is equivalent to the compact embedding
Wm,∞(Ω) → L∞(Ω).

Proofs of Theorems 3.7–3.9 can be found in [11, 12] for m = 1 and in
[15] for m > 1. A version of Theorem 3.7, for m = 1, in anisotropic Orlicz–
Sobolev spaces whose norm depends on the full gradient ∇u, and not only
on its length |∇u|, is established in [13].

3.2 Embeddings into rearrangement invariant spaces

This subsection deals with an optimal Orlicz–Sobolev embedding into rear-
rangement invariant spaces. The solution to this problem involves an Orlicz–
Lorentz space of the form L(p, q, D), whose norm is defined as in (2.10).

Let m be any positive integer such that m < n, let A be any Young
function satisfying (3.2), and let a be the function related to A as in (2.3).
We call E the Young function given by

E(t) =
∫ t

0

e(τ)dτ for t > 0, (3.16)

where e is the nondecreasing, left-continuous function in [0,∞) obeying
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e−1(s) =
( ∫ ∞

a−1(s)

( ∫ τ

0

(
1

a(t)

) m
n−m

dt

)− n
m dτ

a(τ)
n

n−m

) m
m−n

for s > 0 .

(3.17)
Here, a−1 and e−1 are the (generalized) left-continuous inverses of a and e
respectively.

The optimal r.i. range space for embeddings of Wm,A(Ω) is either L∞(Ω)
or L( n

m , 1, E)(Ω), namely the r.i. space equipped with norm

‖f‖L( n
m ,1,E)(Ω) = ‖s−m

n f∗(|Ω|s)‖LE(0,1). (3.18)

Theorem 3.11. Let Ω, m and A be as in Theorem 3.1.

(i) If ∫ ∞(
t

A(t)

) m
n−m

dt = ∞ , (3.19)

then a constant C = C(Ω, m) exists such that

‖u‖L( n
m ,1,E)(Ω) 6 C‖u‖W m,A(Ω) (3.20)

for every u ∈ Wm,A(Ω), or, equivalently,

∫ 1

0

E
( 1

C
s−

m
n u∗(|Ω|s)

)
ds 6

∫

Ω

A
( m∑

k=0

|∇ku(x)|
)

dx (3.21)

for every u ∈ Wm,A(Ω).

(ii) If ∫ ∞(
t

A(t)

) m
n−m

dt < ∞ , (3.22)

then a constant C = C(Ω, m, A) exists such that

‖u‖L∞(Ω) 6 C‖u‖W m,A(Ω) (3.23)

for every u ∈ Wm,A(Ω).
Both L( n

m , 1, E)(Ω) and L∞(Ω) are optimal among all r. i. spaces in (3.20)
and (3.23) respectively. Indeed, if A fulfills (3.19), and (3.20) holds with
L( n

m , 1, E)(Ω) replaced by another r.i. space X(Ω), then L( n
m , 1, E)(Ω) →

X(Ω); if A fulfills (3.22), and (3.23) holds with L∞(Ω) replaced by another
r.i. space X(Ω), then (trivially) L∞(Ω) → X(Ω).

The case where m = 1 of Theorem 3.11 is contained in [14], whereas the
result for higher-order Orlicz–Sobolev spaces is proved in [15].

Remark 3.12. In analogy with Remark 3.2, note that L( n
m , 1, E)(Ω) de-

pends (up to equivalent norms) only on the behavior of E near infinity.
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Remark 3.13. One can show that the function A always dominates E [14,
Proposition 5.1]. Moreover, A is equivalent to E near infinity if and only
if the Matuzewska–Orlicz index I∞(A) < n/m [14, Proposition 5.2]. Thus,
when I∞(A) < n/m,

‖u‖L( n
m ,1,E)(Ω) = ‖s−m

n u∗(s)‖LA(0,|Ω|) .

Remark 3.14. Sobolev–Poincaré inequalities involving L( n
m , 1, E)(Ω) hold

in the same spirit as those considered in Subsection 3.1 ([15]).

Example 3.15. Let A be as in Example 3.4. Via Theorem 3.11 and Remark
3.13 one can show that

Wm,A(Ω) →





L
pn

n−mp ,p; α
p (Ω) if 1 6 p < n

m ,

L∞, n
m ; mα

n −1(Ω) if p = n
m and α < n−m

m ,

L∞, n
m ;−m

n ,−1(Ω) if p = n
m and α = n−m

m ,

(3.24)

up to equivalent norms, and that all the range spaces are optimal among r.i.
spaces. Here, L∞, n

m ;−m
n ,−1(Ω) denotes a generalized Lorentz–Zygmund space

on Ω endowed with the norm given by

‖f‖
L∞, n

m
;−m

n
,−1(Ω)

= ‖s−m
n (1 + log(|Ω|/s))−

m
n

× (1 + log(1 + log(|Ω|/s)))−1f∗(s)‖
L

n
m (0,|Ω|) (3.25)

for any measurable function f on Ω.
The embedding (3.24) overlaps with results scattered in various papers,

including [7, 9, 22, 25, 26, 29, 30, 35, 36, 38]. In particular, the case where
p 6= n and α = 0 is contained in [36, 38], and the case where p = n and α = 0
can be found in [9, 30, 35]; the sharpness of these results is proved in [26]
and [22].

4 Modulus of Continuity

Results from the preceding section (cf. Remark 3.3, or Theorem 3.11 (ii)) tell
us that if a Young function A fulfills (3.22), then any function in Wm,A(Ω)
is essentially bounded. Here we are concerned with continuity properties of
functions in Wm,A(Ω).

In what follows, we denote by C0(Ω) and C1(Ω) the space of continuous
functions on Ω, and the space of continuously differentiable functions on Ω
respectively, equipped with the usual norms. Moreover, given a modulus of
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continuity σ, namely an increasing function from [0,∞) into [0,∞) vanishing
at 0, we denote by Cσ(Ω) the space of uniformly continuous functions on Ω
whose modulus of continuity does not exceed σ. The space Cσ(Ω) is endowed
with the norm defined for a function u by

‖u‖Cσ(Ω) = ‖u‖C0(Ω) + sup
x6=y

|u(x)− u(y)|
σ(|x− y|) .

A first result asserts that, if the condition (3.22) is fulfilled, then functions
in Wm,A(Ω) are, in fact, continuous (cf. [31] and, independently, [10] for
m = 1, and [15] for m > 1).

Theorem 4.1. Let Ω be an open set in Rn. Let m be a nonnegative integer,
and let A be a Young function. Then

Wm,A(Ω) → C0(Ω′) (4.1)

for every open set Ω′ ⊂⊂ Ω if and only if either m > n, or 1 6 m < n
and (3.22) holds. Moreover, if either of these condition is in force and Ω is
a Lipschitz domain, then (4.1) holds with Ω′ = Ω.

The next theorem is concerned with embeddings of Wm,A(Ω) into spaces
of uniformly continuous functions. Given 1 6 m 6 n and a Young function
A, define ξ, η : (0,∞) → [0,∞] as

ξ(t) = t
n

n−m

∫ ∞

t

Ã(τ)
τ1+ n

n−m
dτ for t > 0, (4.2)

and

η(t) = t
n

n−m+1

∫ t

0

Ã(τ)
τ1+ n

n−m+1
dτ for t > 0. (4.3)

Theorem 4.2. Let Ω be an open subset of Rn. Let 1 6 m 6 n, and let A
be a Young function such that the integral on the right-hand side of (4.3)
converges for t > 0.

If 1 6 m 6 n− 1, assume that

∫ ∞(
t

A(t)

) m
n−m

dt < ∞ . (4.4)

If m = n, assume that

lim inf
t→∞

t

A(t)
= 0 . (4.5)

Then the function ϑA : [0,∞) → [0,∞), given by
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ϑA(r) =





r1−n

ξ−1(r−n) if m = 1,

rm−n

(
1

ξ−1(r−n) + 1
η−1(r−n)

)
if 2 6 m 6 n− 1,

1
η−1(r−n) if m = n,

(4.6)

is a modulus of continuity, and

Wm,A(Ω) → CϑA(Ω′) (4.7)

for every open set Ω′ ⊂⊂ Ω.
Moreover, the space CϑA(Ω′) is optimal, in the sense that if (4.7) holds

with CϑA(Ω′) replaced by some other space Cσ(Ω′), then CϑA(Ω′) → Cσ(Ω′).
Conversely, if there exists a modulus of continuity σ such that

Wm,A(Ω) → Cσ(Ω′) (4.8)

for every open set Ω′ ⊂⊂ Ω, then either of (4.4) or (4.5) holds.

A proof of Theorem 4.2, as well as of the remaining results of this section,
can be found in [19]. Related results for m = 1 are in [18].

Remark 4.3. The assumption that the integral on the right-hand side of
(4.3) be convergent in Theorem 4.2 is not a restriction, by the same reason
why the convergence of the integral in (3.3) is not a restriction in Theorem 3.1.

Remark 4.4. Assumption (4.5) is equivalent to

LA(Ω′) $ L1(Ω′)

for every Ω′ ⊂⊂ Ω.

Remark 4.5. The case where m > n in Theorem 4.2 is uninteresting. Ac-
tually, in this case

Wm,A(Ω) → C1(Ω′)

for every Ω′ ⊂⊂ Ω, since, if Ω′′ is any Lipschitz domain such that Ω′ ⊂⊂
Ω′′ ⊂⊂ Ω, then

Wm,A(Ω) → Wm,1(Ω′′) → Wn+1,1(Ω′′) → C1(Ω′′) → C1(Ω′).

A characterization of embeddings of Wm,A(Ω) into the space Lip(Ω′) of
Lipschitz continuous functions on Ω′ ⊂⊂ Ω, namely the space Cσ(Ω′) with
σ(r) = r, can be easily derived from Theorem 4.2.

Corollary 4.6. Let Ω be an open subset of Rn. Let 1 6 m 6 n, and let A
be a Young function. Then

Wm,A(Ω) → Lip(Ω′) (4.9)
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for every open set Ω′ ⊂⊂ Ω if and only if either
m = 1 and A(t) = ∞ for large t,

or

2 6 m 6 n and
∫ ∞(

t

A(t)

) m−1
n+1−m

dt < ∞. (4.10)

A global version of Theorem 4.2 holds provided that Ω is a Lipschitz
domain.

Theorem 4.7. Under the same assumptions as in Theorem 4.2, if, in addi-
tion, Ω is a Lipschitz domain, then

Wm,A(Ω) → CϑA(Ω). (4.11)

We conclude this section with a discussion of the compactness of the em-
beddings of Theorems 4.1 and 4.2.

Let σ1 and σ2 be moduli of continuity. Following [24], we say that σ1

decays to 0 essentially faster than σ2 if there exists a modulus of continuity
σ such that σ1(s) 6 σ2(s)σ(s) for s > 0.

Theorem 4.8. Under the same assumptions as in Theorem 4.2, if, in addi-
tion, Ω is a Lipschitz domain, then the embedding

Wm,A(Ω) → C0(Ω) (4.12)

is compact. Moreover, if σ is a modulus of continuity such that ϑA decays to
0 essentially faster than σ, then also the embedding

Wm,A(Ω) → Cσ(Ω) (4.13)

is compact.

5 Differentiability Properties

In this section, differentiability properties of Orlicz–Sobolev functions are
taken into account, both in the classical and in the approximate (integral)
sense.

In the spirit of Rademacher’s theorem (and its extensions) and of the
approximate differentiability results for functions in the standard Sobolev
spaces, it turns out that functions in the Orlicz–Sobolev space Wm,A(Ω) do
posses a classical mth order differential at a.e. points in Ω, provided that A
grows sufficiently fast at infinity. Otherwise, they are merely approximately
differentiable at a.e. points in Ω in the Orlicz–Sobolev conjugate norm of
Wm,A(Ω). The discriminant between these two situations is the same as that
coming into play when the boundedness and continuity of Orlicz–Sobolev
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functions are in question, namely the convergence or divergence of the integral

∫ ∞(
t

A(t)

) m
n−m

dt. (5.1)

Precisely, given u ∈ Wm,A(Ω), let Tm
x (u) denote the Taylor polynomial of

degree m of u, which is well-defined at a.e. x ∈ Ω as

Tm
x (u)(y) =

∑

06|α|6m

1
α!

Dαu(x)(y − x)α for y ∈ Rn.

Here and in what follows, Dαu denotes the precise representative of the weak
derivative of u corresponding to the multi-index α, and α! = α1 · α2 · · ·αn.

The classical differentiability result reads as follows.

Theorem 5.1. Let Ω be an open subset of Rn, and let A be a Young function.
Assume that either m > n, or 1 6 m < n and

∫ ∞(
t

A(t)

) m
n−m

dt < ∞. (5.2)

If u ∈ Wm,A(Ω), then u has an mth order differential almost everywhere in
Ω, namely for a.e. x ∈ Ω

u(y)− Tm
x (u)(y) = o(|y − x|m) as y → x. (5.3)

The next result provides us with an approximate differentiability result
replacing (5.3) when condition (5.2) fails. In the statement we make us of the
notation

−
∫

Br(x)

f(y) dy =
1

|Br(x)|
∫

Br(x)

f(y) dy

for a locally integrable function f in Ω, where Br(x) is the ball, centered at x
and with radius r, and |Br(x)| is its Lebesgue measure. Moreover, we define
the averaged norm

‖f‖−LA n
m (Br(x))

= inf

{
λ > 0 : −

∫

Br(x)

A n
m

( |f(y)|
λ

)
dy 6 1

}
.

Theorem 5.2. Let Ω be an open subset of Rn. Let 1 6 m < n and let A be
a Young function. Assume that

∫ ∞(
t

A(t)

) m
n−m

dt = ∞. (5.4)

If u ∈ Wm,A(Ω), then for every σ > 0
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lim
r→0+

−
∫

Br(x)

A n
m

( |u(y)− Tm
x (u)(y)|

σrm

)
dy = 0 (5.5)

for a.e. x ∈ Ω. Hence

lim
r→0+

∥∥∥∥
u(·)− Tm

x (u)(·)
rm

∥∥∥∥
−LA n

m (Br(x))

= 0 (5.6)

for a.e. x ∈ Ω.

Theorem 5.2 can be slightly improved as follows.

Theorem 5.3. Under the same assumptions of Theorem 5.2, for every σ > 0

lim
r→0+

−
∫

Br(x)

A n
m

( |u(y)− Tm
x (u)(y)|

σ|y − x|m
)

dy = 0 (5.7)

for a. e. x ∈ Ω. Hence

lim
r→0+

∥∥∥∥
u(·)− Tm

x (u)(·)
| · −x|m

∥∥∥∥
−LA n

m (Br(x))

= 0 (5.8)

for a. e. x ∈ Ω.

Theorems 5.1, 5.2, and 5.3 are the object of [6] in the case where m = 1,
and of [20] for m > 1.

Example 5.4. In the special case where

A(t) = tp,

with p > 1, via Theorems 5.1 and 5.2 one recovers the classical results to
which we alluded above. Indeed, equation (5.2) holds in this case if and only
if p > n

m . Thus, if either m > n or 1 6 m < n and p > n
m , then any function

u ∈ W p,m(Ω) has an mth order differential almost everywhere in Ω [44,
Chapter 8]. If instead, 1 6 p < n

m , we have that for a.e. x ∈ Ω

lim
r→0+

−
∫

Br(x)

( |u(y)− Tm
x (u)(y)|

|x− y|m
) np

n−mp

dy = 0 (5.9)

(cf. [49, Chapter 3]).
This classical framework does not include the borderline case where p =

n
m , which can be dealt with via Theorems 5.1, 5.2, and 5.3. We state the
corresponding result in the more general situation when

A(t) ≈ t
n
m (log t)α

for some α > 0. Let u ∈ Wm,A(Ω). If α > n
m − 1, then Theorem 5.1 tells

us that u has an mth order differential almost everywhere in Ω. If, instead,
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α < n
m − 1, then from Theorem 5.3 we infer that, for every σ > 0,

lim
r→0+

−
∫

Br(x)

(
exp

( |u(y)− Tm
x (u)(y)|

σ|y − x|m
) n

n−m−αm

− 1

)
dy = 0 (5.10)

for a.e. x ∈ Ω. Finally, in the limiting case where α = n
m − 1, again Theorem

5.3 entails that, for every σ > 0,

lim
r→0+

−
∫

Br(x)

(
exp

(
exp

( |u(y)− Tm
x (u)(y)|

σ|y − x|m
) n

n−m

)
− e

)
dy = 0 (5.11)

for a.e. x ∈ Ω. Analogous results involving norms also follow from Theo-
rem 5.3.

Conclusions (5.10) and (5.11), with m = 1, overlap with results from [2].
Let us also mention that fine properties of functions from Orlicz–Sobolev

spaces involving capacities, such as quasi-continuity, are analyzed in [3, 21,
32, 43].

6 Trace Inequalities

If Ω is a Lipschitz domain in Rn, then a linear bounded operator

Tr : W 1,1(Ω) → L1(∂Ω), (6.1)

the trace operator, exists such that

Tru = u|∂Ω

whenever u is a continuous function on Ω. In particular, the operator Tr
is well-defined on the Orlicz–Sobolev space Wm,A(Ω) for every Young func-
tion A.

In this section, we are concerned with optimal trace embeddings for
Wm,A(Ω) into Orlicz spaces and into r.i. spaces on ∂Ω, with respect to the
(n− 1)-dimensional Hausdorff measure. The material that will be presented
is taken from [17]; earlier trace embeddings with non optimal ranges were
established in [5, 24, 40].

Embeddings into Orlicz spaces are contained in Theorem 6.1 below, where
we associate with any Young function A another Young function AT hav-
ing the property that LAT (∂Ω) is the smallest Orlicz space into which the
operator Tr maps Wm,A(Ω) continuously.

Note that, as in the case of embeddings into function spaces defined on
the whole of Ω, we may restrict our attention to the case where
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1 6 m < n .

Moreover, since we are dealing with Orlicz–Sobolev spaces on domains Ω
with finite measure, we may assume, without loss of generality, that

∫

0

(
t

A(t)

) m
n−m

dt < ∞. (6.2)

The Young function AT coming into play in the trace embedding into
Orlicz space is defined by

AT (t) =
∫ H−1(t)

0

(
A(τ)

τ

)n−1−m
n−m

H(τ)
1

m−n dτ for t > 0, (6.3)

where H : [0,∞) → [0,∞) is given by (3.3).
Note that only the asymptotic behavior at infinity of the integral on the

right-hand side of (6.3) is relevant in applications.

Theorem 6.1. Let Ω be a Lipschitz domain in Rn. Let 1 6 m < n and let
A be a Young function fulfilling (6.2).

(i) Assume that ∫ ∞(
t

A(t)

) m
n−m

dt = ∞. (6.4)

Then there exists a constant C = C(Ω, m) such that

‖Tru‖LAT (∂Ω) 6 C‖u‖W m,A(Ω) (6.5)

for every u ∈ Wm,A(Ω). Moreover, LAT (∂Ω) is the optimal Orlicz space in
(6.5), in the sense that if (6.5) holds with AT replaced by another Young
function B, then LAT (∂Ω) → LB(∂Ω).

(ii) Assume that ∫ ∞(
t

A(t)

) m
n−m

dt < ∞. (6.6)

Then there exists a constant C = C(Ω, m,A) such that

‖Tru‖L∞(∂Ω) 6 C‖u‖W m,A(Ω) (6.7)

for every u ∈ Wm,A(Ω). The space L∞(∂Ω) is (trivially) the optimal Orlicz
space in (6.7).

Remark 6.2. The inequality (6.5) implies (and is, in fact, equivalent to) the
integral inequality
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∫

∂Ω

AT

(
|Tru(y)|

C
( ∫

Ω
A(

∑m
k=0 |∇ku(x)|) dx

)m/n

)
dHn−1(y)

6
( ∫

Ω

A
( m∑

k=0

|∇ku(x)|
)

dx

) 1
n′

(6.8)

for every u ∈ Wm,A(Ω). Here, n′ = n
n−1 .

Example 6.3. Let
A(t) ≈ tp(log t)α,

where either p > 1 and α ∈ R, or p = 1 and α > 0. An application of Theorem
6.1 tells us that

Tr : Wm,A(Ω)→





L
p(n−1)
n−mp (log L)

α(n−1)
n−mp (∂Ω) if 1 6 p < n

m ,

exp L
n

n−m−αm (∂Ω) if p = n
m and α < n−m

m ,

exp exp L
n

n−m (∂Ω) if p = n
m and α = n−m

m ,

L∞(∂Ω) if either p = n
m and

α > n−m
m , or p > n

m ,

(6.9)

all the range spaces being optimal in the class of Orlicz spaces. The case
where p 6= n and α = 0 in (6.9) reproduces the standard trace inequality in
Sobolev spaces. When p = n and α = 0, embedding (6.9) is a special case of
a result from [1] and [35].

Example 6.4. Assume that

A(t) ≈ tp(log(log t))α,

where p and α are as in Example 6.3. Then, we infer from Theorem 6.1 that

Tr : Wm,A(Ω) → LAT (∂Ω),

where

AT (t) ≈




t
p(n−1)
n−mp (log(log t))

α(n−1)
n−mp if 1 6 p < n

m ,

et
n

n−m (log t)
αm

n−m if p = n
m ,

whereas
Tr : Wm,A(Ω) → L∞(∂Ω) if p > n

m .

Moreover, the range spaces are sharp in the framework of Orlicz spaces on ∂Ω.
The optimal rearrangement invariant range space for trace embeddings

of Orlicz–Sobolev spaces under assumption (6.4) is exhibited in the next
theorem. Such a space turns out to belong to the family of Orlicz–Lorentz
spaces defined as in (2.10). In fact, it agrees with the space L( n

m , n′, E)(∂Ω),
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where E is defined by (3.16)-(3.17). Hence L( n
m , n′, E)(∂Ω) is the Orlicz–

Lorentz space equipped with the norm given by

‖f‖L( n
m ,n′,E)(∂Ω) = ‖s−m

n f∗(Hn−1(∂Ω)s
1

n′ )‖LE(0,1) (6.10)

for any measurable function f on ∂Ω.
Note that, when (6.4) fails to hold, Theorem 6.1 (ii) already provides the

optimal r.i. range in the trace embedding of Wm,A(Ω), since L∞(∂Ω) is the
smallest r.i. space on ∂Ω by (2.2).

Theorem 6.5. Let Ω, m and A be as in Theorem 6.1 (i). Let E be the Young
function defined by (3.16)–(3.17), and let L( n

m , n′, E)(∂Ω) be the r.i. space
endowed with the norm defined as in (6.10). Then there exists a constant
C = C(Ω, m) such that

‖Tru‖L( n
m ,n′,E)(∂Ω) 6 C‖u‖W m,A(Ω) (6.11)

for every u ∈ Wm,A(Ω). Moreover, L( n
m , n′, E)(∂Ω) is the optimal r.i. space

in (6.11), in the sense that if (6.11) holds with L( n
m , n′, E)(∂Ω) replaced by

another r.i. space X(∂Ω), then L( n
m , n′, E) (∂Ω) → X(∂Ω).

In view of applications of Theorem 6.5, owing to (2.6) the function E
comes into play only through its behavior at infinity.
Remark 6.6. The inequality (6.11) turns out to be equivalent to the integral
inequality

∫ 1

0

E
(
C−1s−

m
n (Tru)∗(Hn−1(∂Ω)s

1
n′ )

)
ds 6

∫

Ω

A
( n∑

k=0

|∇ku|
)

dx (6.12)

for u ∈ Wm,A(Ω).
One always has that E ¹ A [14, Proposition 5.1]. Moreover, E ≈ A if

and only if I∞(A) < n
m , and the latter inequality is in turn equivalent to

the fact that L( n
m , n′, E)(∂Ω) = L( n

m , n′, A)(∂Ω), up to equivalent norms
[14, Proposition 5.2]. The norm in L( n

m , n′, A)(∂Ω) is defined as in (2.10),
namely

‖f‖L( n
m ,n′,A)(∂Ω) = ‖s−m

n f∗(Hn−1(∂Ω)s
1

n′ )‖LA(0,1)

for any measurable function f on ∂Ω. Thus, we have the following corollary
of Theorem 6.5.

Corollary 6.7. Let Ω, m and A be as in Theorem 6.1 (i). There exists a
constant C = C(Ω,m) such that

‖Tru‖L( n
m ,n′,A)(∂Ω) 6 C‖u‖W m,A(Ω) (6.13)

for every u ∈ Wm,A(Ω) if and only if I∞(A) < n
m . Moreover, under this

assumption, L( n
m , n′, A)(∂Ω) is the optimal r.i. space in (6.13).
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Example 6.8. Let A be as in Example 6.3. From Theorem 6.5 and Corollary
6.7 one can deduce that

Tr : Wm,A(Ω) →





L
p(n−1)
n−mp ,p; α

p (∂Ω) if 1 6 p < n
m ,

L∞, n
m ; mα

n −1(∂Ω) if p = n
m and α < n−m

m ,

L∞, n
m ;−m

n ,−1(∂Ω) if p = n
m and α = n−m

m ,

(6.14)

up to equivalent norms, and that all the range spaces are optimal among r.i.
spaces.
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Mellin Analysis of Weighted Sobolev
Spaces with Nonhomogeneous Norms
on Cones

Martin Costabel, Monique Dauge, and Serge Nicaise

Abstract On domains with conical points, weighted Sobolev spaces with
powers of the distance to the conical points as weights form a classical frame-
work for describing the regularity of solutions of elliptic boundary value
problems (cf. works of Kondrat’ev and Maz’ya–Plamenevskii). Two classes
of weighted norms are usually considered: homogeneous norms, where the
weight exponent varies with the order of derivatives, and nonhomogeneous
norms, where the same weight is used for all orders of derivatives. For the
analysis of the spaces with homogeneous norms, Mellin transformation is a
classical tool. In this paper, we show how Mellin transformation can also be
used to give an optimal characterization of the structure of weighted Sobolev
spaces with nonhomogeneous norms on finite cones in the case of both non-
critical and critical indices. This characterization can serve as a basis for the
proof of regularity and Fredholm theorems in such weighted Sobolev spaces
on domains with conical points, even in the case of critical indices.

1 Introduction

When analyzing elliptic regularity in a neighborhood of a conical point on
the boundary of an otherwise smooth domain, one is faced with the following
dilemma.
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Near the singular point, the conical geometry suggests the use of estimates
in weighted Sobolev spaces with homogeneous norms, and a well-known tool
for analyzing them and for obtaining the estimates is the Mellin transforma-
tion. This analysis is carried out in the classical paper [3] by Kondrat’ev.

On the other hand, since this analysis corresponds to a blow-up of the
corner, i.e., a diffeomorphism between the tangent cone and an infinite cylin-
der, the conical point moves to infinity, and therefore functions in this class
of spaces always have trivial Taylor expansions at the corner. Depending on
the weight index, they either have no controlled behavior at the corner at all
or they tend to zero. If one wants to study inhomogeneous boundary value
problems, then smooth right-hand sides and the corresponding solutions will
require spaces that allow the description of nontrivial Taylor expansions at
corner points.

Appropriate spaces have been analyzed using tools from real analysis by
Maz’ya and Plamenevskii [6]. Such spaces can be defined by nonhomogeneous
weighted norms, where the weight exponent is the same for all derivatives.
The simplest examples are ordinary, nonweighted Sobolev norms. As pre-
sented in detail in the book [4] by Kozlov, Maz’ya, and Rossmann, the anal-
ysis of these spaces with nonhomogeneous norms shows several peculiarities:

1. For a given space dimension n and Sobolev order m, there is a finite set
of exceptional, “critical” weight exponents β, characterized in our notation
by the condition

−β − n
2 = η ∈ N ; 0 6 η 6 m− 1 ,

such that, in the noncritical case, the space with nonhomogeneous norm splits
into the direct sum of a space with homogeneous norm and a space of poly-
nomials, corresponding to the Taylor expansion at the corner. In the critical
case, the splitting involves an infinite-dimensional space of generalized poly-
nomials. The study of the critical cases is of practical importance, because
for example in two-dimensional domains, the ordinary Sobolev spaces with
integer order are all in the critical case η = m− 1.

2. The relation of the spaces with nonhomogeneous norms with respect
to Taylor expansions at the corner is somewhat complicated, depending on
the weight and order. For η < 0, the space with nonhomogeneous norm co-
incides with the corresponding space with homogeneous norm and contains
all polynomials, but has no controlled Taylor expansion. For 0 6 η < m, the
nonhomogeneous norm still allows all polynomials and controls the Taylor ex-
pansion of order [η] at the corner. If η > m, then the space with nonhomoge-
neous norm again coincides with the corresponding space with homogeneous
norm and has vanishing Taylor expansion of order m−1. Thus, there are two
(nondisjoint) classes of spaces involved, and the weighted Sobolev spaces with
nonhomogeneous norms fall into one or the other of these classes, namely the
class of spaces with homogeneous norms on one hand and a class of spaces
with weighted norms and nontrivial Taylor expansion on the other hand.
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3. Whereas the definition of the nonhomogeneous norms is simple, it turns
out that for the analysis of the spaces one also needs descriptions by more
complicated equivalent norms, where the weight exponent does depend, in a
specific way, on the order of the derivatives. Such “step-weighted” Sobolev
spaces were studied by Nazarov [7, 8].

In [4], the analysis of the weighted Sobolev spaces with nonhomogeneous
norms is presented using real-variable tools, in particular techniques based
on the Hardy inequality.

In this paper, we present an analysis of the spaces with nonhomogeneous
norms based on Mellin transformation. We show how the three points de-
scribed above can be achieved in an optimal way. In particular,

1) we characterize the spaces with nonhomogeneous norms via Mellin
transformation in the noncritical and in the critical case,

2) we give a natural definition via Mellin transforms of the second class of
spaces mentioned in point 2 above, namely the spaces with weighted norms
and nontrivial Taylor expansions,

3) we show how the question of equivalent norms can be solved via Mellin
transformation.

The analysis in this paper is a generalization of the Mellin characterization
of standard Sobolev spaces that was introduced in [2] for the analysis of
elliptic regularity on domains with corners. For the case of critical weight
exponents, we give a Mellin description of the generalized Taylor expansion
that was introduced and analyzed with real-variable techniques in [4]. Based
on our Mellin characterization, one can obtain Fredholm theorems and elliptic
regularity results, in particular analytic regularity results, on domains with
conical points. This is developed in the forthcoming work [1].

2 Notation: Weighted Sobolev Spaces on Cones

A regular cone K ⊂ Rn, n > 2 is an unbounded open set of the form

K =
{
x ∈ Rn \ {0} :

x

|x| ∈ G
}

, (2.1)

where G is a smooth domain of the unit sphere Sn−1 called the solid angle
of K. Note that if n = 2, this implies that K has a Lipschitz boundary
(excluding domains with cracks), which is not necessarily the case if n > 3.
Note further that our analysis below is also valid in the case of domains with
cracks.

The finite cone S associated with K is simply

S = K ∩B(0, 1). (2.2)
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In the one-dimensional case, we consider K = R+ and S = (0, 1), which
corresponds to G = {1}.

For k ∈ N, ‖ · ‖
k;O

denotes the standard Sobolev norm of Hk(O).

2.1 Weighted spaces with homogeneous norms

The spaces on which relies a large part of our analysis are the “classical”
weighted spaces of Kondrat’ev. The “originality” of our definition is a new
convention for their notation.

Definition 2.1. • Let β be a real number, and let m > 0 be an integer.
• β is called the weight exponent and m the Sobolev exponent.
• The weighted space with homogeneous norm Km

β (K) is defined by

Km
β (K) =

{
u ∈ L2

loc(K) : rβ+|α|∂α
x u ∈ L2(K) ∀α, |α| 6 m

}
(2.3)

and endowed with seminorm and norm respectively defined as

|u|2
Km

β (K)
=

∑

|α|=m

‖rβ+|α|∂α
x u‖2

0;K
, ‖u‖2

Km
β (K)

=
m∑

k=0

|u|2
Kk

β(K)
. (2.4)

The weighted spaces introduced by Kondrat’ev in [3] are denoted by
◦

Wm
α (K). The correspondence with our notation is

◦
Wm

α (K) = Km
α
2−m(K), i.e., Km

β (K) =
◦

Wm
2β+2m(K).

These spaces are also of constant use in related works by Kozlov, Maz’ya,
Nazarov, Plamenevskii, Rossmann (cf. the monographs [9, 4, 5] for example).
They are denoted by V m

β (K) with the following correspondence with our
spaces

V m
β (K) = Km

β−m(K), i.e., Km
β (K) = V m

β+m(K).

We choose the convention in (2.3) because it simplifies some statements. An
obvious, but fundamental property of the scale Kβ is its monotonicity with
respect to m

Km+1
β (K) ⊂ Km

β (K), m ∈ N.

This allows a simple definition of C∞ and analytic functions with weight, see
Definition 4.1. Also, in mapping properties of differential operators with con-
stant coefficients, as well as in elliptic regularity theorems (“shift theorem”),
the shift in the weight exponent β is independent of the regularity parameter
m, in contrast to what happens with the Kondrat’ev or the V m

β spaces.
The space Km

β (S) with its seminorm | · |Km
β (S) and norm ‖·‖Km

β (S) is defined
similarly by replacing K by S.
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2.2 Weighted spaces with nonhomogeneous norms

Definition 2.2. • Let β be a real number, and let m > 0 be an integer.
• The weighted space with nonhomogeneous norm Jm

β (S) is defined by

Jm
β (S) =

{
u ∈ L2

loc(S) : rβ+m∂α
x u ∈ L2(S) ∀α, |α| 6 m

}
(2.5)

with its norm
‖u‖2

Jm
β (S)

=
∑

|α|6m

‖rβ+m∂α
x u‖2

0;S
.

The seminorm of Jm
β (S) coincides with the seminorm of Km

β (S):

|u|2
Jm

β (S)
= |u|2

Km
β (S)

=
∑

|α|=m

‖rβ+|α|∂α
x u‖2

0;S
. (2.6)

• The space Jm
β (K) with its norm and seminorm is defined in the same way.

Our space Jm
β (S) is the same as the space denoted by Wm

2,β+m(S) in [4].
The following properties are obvious consequences of the definitions:

Lemma 2.3. (a) For all β < β′ we have the embedding Jm
β (S) ⊂ Jm

β′(S).
(b) We have the embeddings for all β ∈ R and m ∈ N

Km
β (S) ⊂ Jm

β (S) ⊂ Km
β+m(S). (2.7)

(c) Let α ∈ Nn be a multiindex of length |α| = k 6 m. Then the partial
differential operator ∂α

x is continuous from Jm
β (S) into Jm−k

β+k (S).

In contrast to the scale Km
β , we do not necessarily have the inclusion of

Jm
β (S) in Jm−1

β (S). We will see (Corollary 3.19) that such an inclusion does
hold when m is large enough, which allows the definition of J∞β (S) and of the
corresponding analytic class.

A remarkable and unusual property of the spaces Jm
β (S) is that we do not,

in general, obtain an equivalent norm for Jm
β (S) if we retain in (2.5) only the

seminorm (|α| = m) and the L2 norm (|α| = 0). A counterexample for such
an equivalence is obtained with the following choice

m > 2, m < η = −β − n
2 < m + 1, u = x1 . (2.8)

Then rβ+m∂α
x u is square integrable for |α| = 0 and for |α| > 2, but not for

α = (1, 0, . . . , 0) (cf. Subsection 3.4 for further details).
We need more precise comparisons between the K and J spaces than the

embeddings (2.7). As we will show later on, the space Km
β (S) may be closed

with finite codimension in Jm
β (S) (noncritical case), or not closed with in-

finite codimension (critical case). In the following lemma, we compare the
properties of inclusion of the space C∞(S) of smooth functions.
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Lemma 2.4. Let β ∈ R, and let m ∈ N. Let η = −β − n
2 .

(a) The space C∞(S) is embedded in Km
β (S) if and only if η < 0.

(b) The space C∞(S) is embedded in Jm
β (S) if and only if η < m.

Proof. Using polar coordinates and the Cauchy–Schwarz inequality, we see
that

L∞(S) ⊂ L2
β(S) ⇐⇒ β > −n

2 .

The sufficiency follows by using this for all derivatives of u ∈ C∞(S).
We find the necessity of the conditions on η by considering the constant

function u = 1 in both cases. ut
Concerning spaces of finite regularity, it follows from the definition that

the standard Sobolev space Hm without weight coincides with Jm
−m. For the

Sobolev spaces Hm we have the embeddings corresponding to (2.7), namely

Km
−m(S) ⊂ Hm(S) ⊂ Km

0 (S). (2.9)

In addition, we know from the Sobolev embedding theorem that if k is a
nonnegative integer such that k < m− n

2 , we have the embeddings

Hm(S) ⊂ C k(S) ⊂ Hk(S).

In particular, for elements of Hm(S) all derivatives of length |α| 6 k have a
trace at the vertex 0. On the other hand, by the density of smooth functions
which are zero at the vertex, the elements of Km

β (S), as soon as they have
traces, have zero traces at the vertex.

One can expect that the spaces J have vertex traces similar to the standard
Sobolev spaces. The investigation of this question will be the key to the
comparison between the J spaces and the K spaces.

Using the same simple argument as in the proof of Lemma 2.4, we find the
conditions for the inclusion of polynomials in the weighted Sobolev spaces.

We denote by PM (S) the space of polynomial functions of degree 6 M on
S and by PM (S) the space of homogeneous polynomials of degree M .

Lemma 2.5. Suppose that β ∈ R, m, k ∈ N, and η = −β − n
2 .

(a) Pk(S) ⊂ Km
β (S) ⇐⇒ P0(S) ⊂ Km

β (S) ⇐⇒ η < 0.

(b) Pk(S) ⊂ Jm
β (S) ⇐⇒ P0(S) ⊂ Jm

β (S) ⇐⇒ η < m.

This complete similarity between the K spaces and the J spaces is no
longer present if we refine the probe by considering the space of homogeneous
polynomials. Still using the same simple argument based on finiteness of
norms, we now get

Lemma 2.6. Suppose that β ∈ R, m, k ∈ N, and η = −β − n
2 .

(a) Pk(S) ⊂ Km
β (S) ⇐⇒ η < k.

(b) If k > m, then Pk(S) ⊂ Jm
β (S) ⇐⇒ η < k.
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(c) If k 6 m−1, then Pk(S) ⊂ Jm
β (S) ⇐⇒ P0(S) ⊂ Jm

β (S) ⇐⇒ η < m.

As we will show in the following, the question of inclusion of polynomials
completely characterizes the structure of the spaces Jm

β (S) and their corner
behavior.

3 Characterizations by Mellin Transformation
Techniques

The homogeneous weighted Sobolev norms can be expressed by Mellin trans-
formation, which is the Fourier transformation associated with the group
of dilations. We first recall this characterization from Kondrat’ev’s classical
work [3]. Then we generalize it to include nonhomogeneous weighted Sobolev
norms, based on the observation that the nonhomogeneous norms are defined
by sums of homogeneous seminorms.

3.1 Mellin characterization of spaces with
homogeneous norms

In this section, we recall the basic results from [3].
For a function u in C∞

0 ((0,∞)) the Mellin transform M [u] is defined for
any complex number λ by the integral

M [u](λ) =
∫ ∞

0

r−λu(r)
dr

r
. (3.1)

The function λ 7→ M [u](λ) is then holomorphic on the entire complex plane
C. Note that M [u](λ) coincides with the Fourier–Laplace transform at iλ of
the function t 7→ u(et).

Now, any function u defined on our cone K can be naturally written in
polar coordinates as

R+ ×G 3 (r, ϑ) 7−→ u(x) = u(rϑ).

If u has compact support which does not contain the vertex 0, the Mellin
transform of u at λ ∈ C is the function M [u](λ) : ϑ 7→ M [u](λ, ϑ) defined
on G by

M [u](λ, ϑ) =
∫ ∞

0

r−λu(rϑ)
dr

r
, ϑ ∈ G. (3.2)

If we define the function ũ on the cylinder R×G by ũ(t, ϑ) = u(etϑ), we see
that the Mellin transform of u at λ is the partial Fourier–Laplace transform
of ũ at −iλ.
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Hence the Mellin transform of a function u ∈ C∞
0 (K) is holomorphic with

values in C∞
0 (G). On the other hand, if u is simply in L2(K), the function

e
n
2 tũ belongs to L2 on the cylinder R×G and λ 7→ M [u](λ) therefore defines

an L2 function on the line Re λ = −n
2 , with values in L2(G).

More generally, the Mellin transformation extends to functions u given in
a weighted space K0

β(K) with a fixed real number β: Since rβu belongs to
L2(K), the function ũ in turn satisfies that e(β+ n

2 )tũ belongs to L2(R × G).
Therefore, λ 7→ M [u](λ) defines an L2 function on the line Reλ = −β− n

2 . If
u belongs to Km

β (K), then there appear parameter-dependent Hm norms for
its Mellin transform, which motivates the following definition.

Definition 3.1. Let G be the solid angle of a regular cone K, and let m ∈ N.

• For λ ∈ C, the parameter-dependent Hm norm on G is defined by

‖U‖2

m; G; λ
=

m∑

k=0

|λ|2m−2k‖U‖2

k; G
. (3.3)

• Let λ 7→ U(λ) be a function with values in Hm(G), defined for λ in a strip
b0 < Reλ < b1. Then for any b ∈ (b0, b1) we set

Nm
G (U, b) =

{ ∫

Re λ=b

‖U(λ)‖2

m; G; λ
d Im λ

} 1
2

(3.4)

and
Nm

G (U, [b0, b1]) = sup
b∈(b0,b1)

Nm
G (U, b).

Later on, we will use the following observation: Let λ 7→ U(λ) be mero-
morphic for b0 < Re λ < b1 with values in Hm(G). If Nm

G (U, [b0, b1]) is finite,
then U is actually holomorphic. In fact, if U has a pole in λ0, then Nm

G (U, b)
is bounded from below by C |b− Reλ0|−1.

As a consequence of the isomorphism between Km
β (K) and Hm

β+ n
2
(R×G),

one gets the following theorem.

Theorem 3.2. Let β be a real number, and let m ∈ N. Let

η := −β − n
2 , R[η] :=

{
λ ∈ C : Re λ = η

}
.

The Mellin transformation (3.2) u 7→ M [u] induces an isomorphism from
Km

β (K) onto the space of functions U : R[η] × G 3 (λ, ϑ) 7→ U(λ, ϑ) with
finite norm Nm

G (U, η). The inverse Mellin transform can be written as

u(x) =
1

2iπ

∫

Re λ=η

rλ M [u](λ)(ϑ) dλ, x = rϑ. (3.5)

From this theorem, we see immediately that if u belongs to the intersection
of two weighted spaces Km

β (K) and Km
β′(K) with β < β′, the Mellin trans-
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form of u is defined on two different lines in C. Since u belongs also to all
intermediate spaces Km

β′′(K) for β 6 β′′ 6 β′, the Mellin transform is defined
in a complex strip. In fact, the Mellin transform of u is holomorphic in this
strip, and this characterizes the intersection of weighted spaces with different
weights, as stated in the following theorem.

Theorem 3.3. Let β < β′ be two real numbers, and let m ∈ N. Let

η := −β − n
2 , η′ := −β′ − n

2 .

(a) Let u ∈ Km
β (K) ∩ Km

β′(K). Then the Mellin transform U := M [u] of
u is holomorphic in the open strip η′ < Reλ < η with values in Hm(G) and
satisfies the following boundedness condition:

Nm
G (U, [η′, η]) 6 C

(
‖u‖

Km
β (K)

+ ‖u‖
Km

β′ (K)

)
. (3.6)

(b) Let U be a holomorphic function in the open strip η′ < Reλ < η with
values in Hm(G), satisfying Nm

G (U, [η′, η]) < ∞. Then the mapping

b 7−→
(
(ξ, ϑ) 7→ U(b + iξ, ϑ)

)
(3.7)

has limits as b → η and b → η′, and the inverse Mellin transforms

u′ =
1

2iπ

∫

Re λ=η′
rλ U(λ) dλ, u =

1
2iπ

∫

Re λ=η

rλ U(λ) dλ, (3.8)

coincide with each other and define an element of Km
β (K) ∩ Km

β′(K).

In the following theorem, we recall the close relation between asymptotic
expansions and meromorphic Mellin transforms.

Theorem 3.4. Let β < β′ be two real numbers, and let

η = −β − n
2 and η′ = −β′ − n

2 .

Let λ0 be a complex number such that η′ < Reλ0 < η. Let q be a nonnegative
integer, and let ϕ0, . . ., ϕq be fixed elements of L2(G).

(a) Let u′ ∈ K0
β′(K) be such that the identity

u(x) = u′(x) + rλ0

q∑

j=0

1
j!

logj r ϕj(ϑ) (3.9)

defines a function u in K0
β(K). Then the Mellin transform U of u′, defined

for Re λ = η′, has a meromorphic extension to the strip η′ < Reλ < η such
that the function V defined as
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V (λ) := U(λ)−
q∑

j=0

ϕj

(λ− λ0)j+1
(3.10)

is holomorphic in η′ < Reλ < η with values in L2(G) and satisfies the bound-
edness condition

N 0
G(V, [η′, η]) < ∞. (3.11)

(b) Conversely, let U be a meromorphic function with values in L2(G),
such that V defined by (3.10) is holomorphic in the strip η′ < Reλ < η and
satisfies the boundedness condition (3.11). Then, like in the holomorphic case,
the mapping (3.7) has limits at η and η′, and the inverse Mellin formulas
(3.8) define u ∈ K0

β(K) and u′ ∈ K0
β′(K). They satisfy the relation (3.9),

which can be also written in the form of a residue formula

u(x)− u′(x) =
1

2iπ

∫

C

rλ U(λ) dλ (3.12)

for a contour C surrounding λ0 and contained in the strip η′ < Reλ < η.

3.2 Mellin characterization of seminorms

The principle of our Mellin analysis is to apply to a function u and some
of its derivatives ∂α

x u the Mellin characterization of K-weighted spaces from
Theorems 3.2, 3.3, and 3.4.

Definition 3.5. • For any α ∈ Nn, we denote by Dα the differential oper-
ator in polar coordinates satisfying

r|α|∂α
x = Dα(ϑ; r∂r, ∂ϑ). (3.13)

• For any m ∈ N and λ ∈ C, let the parameter dependent seminorm
| · |

m; G; D(λ)
be defined on Hm(G) by

|V |2
m; G; D(λ)

=
∑

|α|=m

‖Dα(ϑ; λ, ∂ϑ)V ‖2

0; G
. (3.14)

Lemma 3.6. Let β < β0 be two real numbers, and let η = −β − n
2 and

η0 = −β0 − n
2 . Let m ∈ N. Let u ∈ K0

β0
(K) with support in B(0, 1) be such

that its Km
β (K) seminorm is finite.

Then the Mellin transform of u is holomorphic for Reλ < η0 and has a
meromorphic extension U to the half-plane Re λ < η. Its poles are contained
in the set of integers

{0, . . . ,m− 1} ∩ (η0, η)

and U satisfies the estimates, with two constants c, C > 0 independent of u
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c |u|
Km

β (K)
6 sup

b∈(η0,η)

( ∫

Re λ=b

|U(λ)|2
m; G; D(λ)

d Im λ
) 1

2 6 C |u|
Km

β (K)
.

(3.15)

Proof. As u ∈ K0
β0

(K), by Theorem 3.2 its Mellin transform λ 7→ M [u](λ) is
defined for all λ on the line Reλ = η0. We set

vm := rm∂m
r u and wα := rm∂α

x u, |α| = m.

By assumption, the functions wα for |α| = m all belong to K0
β(K). Using the

identity rk∂k
r =

∑
|β|=k

k!
β! x

β∂β
x , we obtain

vm =
∑

|α|=m

m!
α!

ϑαwα , with ϑα =
xα

rm
,

hence vm belongs to K0
β(K) too. Therefore, the Mellin transforms λ 7→

M [vm](λ) and λ 7→ M [wα](λ) are defined for all λ on the line Re λ = η,
and we have the estimates

c |u|2
Km

β (K)
6

∫

Re λ=η

(
‖M [vm](λ)‖2

0; G
+

∑

|α|=m

‖M [wα](λ)‖2

0; G

)
d Im λ

(3.16a)
and

∫

Re λ=η

(
‖M [vm](λ)‖2

0; G
+

∑

|α|=m

‖M [wα](λ)‖2

0; G

)
d Im λ 6 C |u|2

Km
β (K)

.

(3.16b)
Since u, and thus vm and wα, have compact support, their Mellin transforms
extend holomorphically to the half-planes Re λ < η0 for u, and Re λ < η for
vm and wα. Moreover, due to the condition of support, estimate (3.16b) holds
with the same constant C if we replace the integral over the line Re λ = η
with the integral over any line Re λ = b, η0 < b < η:

sup
b∈(η0,η)

∫

Re λ=b

(
‖M [vm](λ)‖2

0; G
+

∑

|α|=m

‖M [wα](λ)‖2

0; G

)
d Imλ 6 C|u|2

Km
β (K)

.

(3.17)
Using the identity

rm∂m
r = r∂r(r∂r − 1) · · · (r∂r −m + 1) , (3.18)

we find for all λ, Re λ 6 η0, the following relation between Mellin transforms:
M [vm](λ) = λ(λ−1) · · · (λ−m+1)M [u](λ). Hence we define a meromorphic
extension U of M [u] by setting



116 M. Costabel et al.

U(λ) =
M [vm](λ)

λ(λ− 1) · · · (λ−m + 1)
for Re λ 6 η. (3.19)

Since M [wα](λ) = Dα(ϑ;λ, ∂ϑ)M [u](λ) for Re λ 6 η0, by meromorphic
extension we find that

M [wα](λ) = Dα(ϑ; λ, ∂ϑ)U(λ), for Re λ 6 η. (3.20)

Putting (3.16a), (3.17), (3.20) together and using the seminorm | · |
m; G; D(λ)

we have proved the equivalence (3.15). ut
In Theorem 3.12 below we will see that under the conditions of the Lemma,

the poles of the Mellin transform of u are associated with polynomials, cor-
responding to the Taylor expansion of u at the origin.

If λ is not an integer in the interval [0, m− 1], the seminorm |V |m; G; D(λ)

defines a norm on Hm(G) equivalent to the parameter dependent norm
‖V ‖m; G; λ introduced in Definition 3.1. In order to describe this equivalence
in a neighborhood of integers, we need to introduce a projection operator on
polynomial traces on G:

Definition 3.7. Let k ∈ N.

• By Pk(G) we denote the space of restrictions to G of homogeneous poly-
nomial functions of degree k on K.

• Let
(
ϕk

γ

)
|γ|=k

be the basis in Pk(G) dual in L2(G) of the homogeneous

monomials
(
ϑα/α!

)
|α|=k

(ϑ = x
|x| ), i.e.,

∫

G

ϑα

α!
ϕk

γ(ϑ) dϑ = δαγ , |α| = |γ| = k. (3.21)

By Pk we denote the projection operator L2(G) → Pk(G) defined as

PkU =
∑

|α|=k

〈
U,ϕk

α

〉
G

ϑα

α!
. (3.22)

Lemma 3.8. Suppose that m ∈ N and η0, η are real numbers such that
η0 < 0 6 m < η. Let δ ∈ (0, 1

2 ). Then there exist two constants C, c > 0 such
that for all V ∈ Hm(G) the following estimates hold:

(a) For λ satisfying Reλ ∈ [η0, η] and |λ−k| > δ for all k ∈ {0, . . . ,m−1}

c|V |
m; G; D(λ)

6 ‖V ‖
m; G; λ

6 C|V |
m; G; D(λ)

. (3.23)

(b) For λ satisfying |λ− k| 6 δ for a k ∈ {0, . . . , m− 1}

c|V |
m; G; D(λ)

6 ‖V −PkV ‖
m; G

+ |λ− k| ‖PkV ‖
m; G

6 C|V |
m; G; D(λ)

.

(3.24)
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Proof. Let A be an annulus of the form {x ∈ K, 1
R < |x| < R} for R > 1. It is

not hard to see that one has the following equivalence of the norm ‖ · ‖m; G; λ

and seminorm | · |m; G; D(λ) with the norm and seminorm of Hm(A) on its
closed subspace Sλ

m(A) of homogeneous functions of the form rλV (ϑ):

c ‖rλV ‖
m; A

6 ‖V ‖
m; G; λ

6 C ‖rλV ‖
m; A

c |rλV |
m; A

6 |V |
m; G; D(λ)

6 C |rλV |
m; A

.

Here, the equivalence constants can be chosen uniformly for λ in the whole
strip η0 6 Reλ 6 η.
• The well-known Bramble–Hilbert lemma implies that the seminorm

| · |m; A is equivalent to the norm ‖ · ‖m; A on Sλ
m(A) if and only if Sλ

m(A)
does not contain any nonzero polynomial of degree 6 m − 1. Thus, for all
λ 6∈ {0, . . . , m− 1} there exists Cλ such that

‖rλV ‖
m; A

6 Cλ|rλV |
m; A

,

and Cλ can be chosen uniformly on the set Re λ ∈ [η0, η] with |λ− k| > δ for
all k ∈ {0, . . . , m− 1}; whence estimates (3.23) in case (a) of the lemma.
• Let λ be such that |λ−k| 6 δ for a k ∈ {0, . . . ,m−1}. The left inequality

in (3.24) is easy to prove with the help of the estimate

(1) |PkV |
m; G; D(λ)

6 C|λ− k| ‖PkV ‖
m; G

,

which follows from |PkV |
m; G; D(k)

= 0.
Concerning the right estimate of (3.24), the Bramble–Hilbert lemma ar-

gument implies the equivalence of the seminorm with the norm for functions
V such that PkV = 0. For all V ∈ Hm(G)

(2) ‖V −PkV ‖
m; G

6 C|V −PkV |
m; G; D(λ)

.

On the other hand, the operator rm∂m
r is a linear combination of the operators

rm∂α
x , |α| = m, with coefficients bounded on G. Therefore,

‖rm∂m
r (rλV )‖

0; A
6 C|rλV |

m; A
.

From (3.18) we get

|λ(λ− 1) · · · (λ−m + 1)| ‖V ‖
0; G

6 C‖rm∂m
r (rλV )‖

0; A
.

Hence

|λ− k| ‖V ‖
0; G

6 C‖rm∂m
r (rλV )‖

0; A
6 C ′|V |

m; G; D(λ)
.
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By the continuity of Pk in L2(G), we deduce

|λ− k| ‖PkV ‖
0; G

6 C|V |
m; G; D(λ)

.

The equivalence of norms in L2(G) and Hm(G) on the finite dimensional
range of Pk yields finally

(3) |λ− k| ‖PkV ‖
m; G

6 C|V |
m; G; D(λ)

.

It remains to bound ‖V −PkV ‖
m; G

. Using (1), (2), and (3), we find

‖V −PkV ‖
m; G

6 C |V −PkV |
m; G; D(λ)

6 C
(|V |

m; G; D(λ)
+ |PkV |

m; G; D(λ)

)

6 C
(|V |

m; G; D(λ)
+ |λ− k| ‖PkV ‖

m; G

)
6 C |V |

m; G; D(λ)
,

which completes the proof of the lemma. ut
Putting the norm equivalences (3.23) and (3.24) together, one is led to the

following definition of norms of meromorphic Hm(G)-valued functions.

Definition 3.9. Let λ 7→ U(λ) be a meromorphic function with values in
Hm(G) for λ in a strip b0 < Reλ < b1.

• For b ∈ (b0, b1) and k ∈ N, and with Pk
G the projection operator (3.22) we

set

Nm
G (U, b, k) =

{ ∫
|Im λ|61
Re λ=b

‖(I−Pk
G)U(λ)‖2

m; G
d Imλ

+
∫
|Im λ|61
Re λ=b

|λ− k|2‖Pk
GU(λ)‖2

m; G
d Im λ +

∫
|Im λ|>1
Re λ=b

‖U(λ)‖2

m; G; λ
d Imλ

} 1
2

.

(3.25a)

• For N = {k1, . . . , kj} ⊂ N∩ [b0, b1], and using the norm (3.4), we introduce

Nm
G (U, [b0, b1], N)

= max
{

sup
b∈B0

Nm
G (U, b), sup

b∈B1

Nm
G (U, b, k1), . . . , sup

b∈Bj

Nm
G (U, b, kj)

}
,

(3.25b)

with the sets B` = (k` − 1
2 , k` + 1

2 ) ∩ (b0, b1) for ` = 1, . . . , j and

B0 = (b0, b1) \ ∪j
`=1B`.

• If N = ∅, the definition (3.25b) becomes (cf. Definition 3.1)
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Nm
G (U, [b0, b1],∅) = sup

b∈(b0,b1)

Nm
G (U, b) = Nm

G (U, [b0, b1]). (3.25c)

Using the continuity of Pk
G on Hm(G), we obtain the estimate

Nm
G (U, b, k) 6 Cb,m,k Nm

G (U, b), (3.26a)

where the constant Cb,m,k does not depend on U . On the other hand, the
definition immediately implies the estimate

Nm
G (U, b) 6 (b− k)−1Nm

G (U, b, k) if b 6= k. (3.26b)

From the last two inequalities it follows that for any fixed real number ρ ∈
(0, 1

2 ] we would obtain an equivalent norm to (3.25b) by defining B` as (k`−
ρ, k` + ρ) ∩ (b0, b1) instead of (k` − 1

2 , k` + 1
2 ) ∩ (b0, b1).

3.3 Spaces defined by Mellin norms

The norms defined in (3.25b) suggest the introduction of a class of Sobolev
spaces Nm

β,β0;N
with Mellin transforms meromorphic in a strip η0 < Reλ < η

and a fixed set of poles N.

Definition 3.10. Let m ∈ N and β, β0 ∈ R be such that β 6 β0, and let
η = −β − n

2 , η0 = −β0 − n
2 . Let N be a subset of N ∩ [η0, η].

• The functions u ∈ Nm
β,β0;N

(K) with support in B(0, 1) are the functions
whose Mellin transform M [u] is holomorphic in the half-plane Re λ < η0

and has a meromorphic extension U to the half-plane Re λ < η satisfying
the estimate

Nm
G (U, [η0, η],N) < ∞ . (3.27)

Let χ ∈ C∞(Rν) be a cut-off function with support in B(0, 1), equal to 1
in a neighborhood of the origin. The elements u of Nm

β,β0;N
(S) are defined

by the two conditions that χu ∈ Nm
β,β0;N

(K) and (1− χ)u ∈ Hm(S).
• In the case η0 = min{0, η} and N = N ∩ [η0, η], the space Nm

β,β0;N
(K) will

alternatively be denoted by Jm
max,β(K).

Note that in this definition, the set of poles N is contained in the interval
[η0, η] determined by the weight exponents, but N has no relation with the
regularity order m. Thus, the residues at the poles which, according to The-
orem 3.4, give an asymptotic expansion at the origin, can only be identified
with the terms of a Taylor expansion in a generalized sense, in general, be-
cause the corresponding derivatives need not exist outside of the origin. With
m = 0, for example, one gets weighted L2 spaces with detached asymptotics.

For the maximal J-weighted Sobolev spaces Jm
max,β , the definition imme-

diately yields the following properties.



120 M. Costabel et al.

Proposition 3.11. (a) For all m > 0, β < β′ implies Jm
max,β(S) ⊂

Jm
max,β′(S).

(b) For all β ∈ R, 0 6 m′ < m implies Jm
max,β(S) ⊂ Jm′

max,β(S).

(c) ∂α
x is continuous from Jm

max,β(S) into J
m−|α|
max,β+|α|(S) for any α ∈ Nn,

any m > |α|, and any β.
(d) The multiplication by xα is continuous from Jm

max,β(S) into Jm
max,β−|α|(S)

for any α ∈ Nn.

From Definition 3.10 it follows that the poles of the Mellin transform of
elements of Nm

β,β0;N
are associated with polynomials and that Nm

β,β0;N
can be

split into a sum of a space with homogeneous norm and a space of polyno-
mials.

Theorem 3.12. Let m ∈ N and β, β0 ∈ R be such that β 6 β0, and let
η = −β − n

2 , η0 = −β0 − n
2 . Let N be a subset of N ∩ [η0, η]. Let u ∈

Nm
β,β0;N

(K) with support in B(0, 1), and let U be its Mellin transform. Then
for b ∈ (η0, η] \N, the inverse Mellin transform u′ of U on the line Re λ = b
belongs to Km

−b−n
2
(K) and

u′ − u =
∑

k∈N∩(η0,b)

Resλ = k

{
rλ U(λ)

}
is a polynomial. (3.28)

The coefficients of the polynomial in (3.28) depend continuously on u in the
norm of Nm

β,β0;N
(K).

Proof. Let b ∈ (η0, η] \N. By the definition of Nm
β,β0;N

(K), we have, in par-
ticular,

Nm
G (U, b) =

( ∫

Re λ=b

‖U(λ)‖2

m; G; λ
d Im λ

) 1
2

< ∞.

Theorem 3.2 provides the existence of a function u′ ∈ Km
−b−n

2
(K) such that

M [u′](λ) = U(λ) ∀λ, Re λ = b,

and, according to Theorem 3.4, we have

u′ − u =
1

2iπ

∫

C

rλ U(λ) dλ =
∑

k∈N∩(η0,b)

Res
λ = k

{
rλ U(λ)

}
.

Here, C is a contour surrounding the poles of U in N ∩ [η0, b].
It remains to show that the residual at k ∈ N ∩ (η0, b) is a polynomial.

From the finiteness of Nm
G (U, [η0, η],N) it follows, in particular, that

sup
|b−k|<1/2

Nm
G (U, b, k) < ∞
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and therefore that both (I−Pk
G)U(λ) and (λ− k)Pk

GU(λ) are holomorphic
at k. Hence

Res
λ = k

{
rλ U(λ)

}
= Res

λ = k

{
rλ Pk

GU(λ)
}

= rkPk
G Res

λ = k
U(λ) ,

which is a polynomial in x of degree k. ut
We can now complete the characterization of the Km

β seminorm (cf.
Lemma 3.6).

Theorem 3.13. Let β < β0 be two real numbers. We set η = −β − n
2 ,

η0 = −β0 − n
2 , and Nm = {0, . . . , m − 1} ∩ (η0, η]. Let u ∈ K0

β0
(K) with

support in B(0, 1). Let U be its Mellin transform.
1. The following two conditions are equivalent:

(a) the seminorm |u|
Km

β (K)
is finite,

(b) u ∈ Nm
β,β0;Nm

(K).
2. We have the equivalence of norms

c
(‖u‖

K0
β0

(K)
+ |u|

Km
β (K)

)
6 Nm

G (U, [η0, η], Nm)

6 C
(‖u‖

K0
β0

(K)
+ |u|

Km
β (K)

)
. (3.29)

Proof. (a)⇒(b) and equivalence (3.29). Let u ∈ K0
β0

(K) with finite Km
β (K)

seminorm and support in B(0, 1). According to Lemma 3.6, its Mellin trans-
form is defined for Re λ 6 η0 and has a meromorphic extension U to the half-
plane Re λ < η satisfying the estimates (3.15), i.e., the seminorm |u|

Km
β (K)

is

equivalent to the norm

(1) sup
b∈(η0,η)

( ∫

Re λ=b

|U(λ)|2
m; G; D(λ)

d Im λ
) 1

2
.

But Lemma 3.8 reveals that the norm (1) is equivalent to

(2) Nm
G (U, [η0, η], Nm) with Nm = {0, . . . ,m− 1} ∩ [η0, η].

Hence Lemma 3.6 yields the equivalence of the norm (2) with the seminorm
|u|

Km
β (K)

.

On the other hand, the norm ‖u‖
K0

β0
(K)

is equivalent to N 0
G(U, η0). There-

fore, the norm

(3) ‖u‖
K0

β0
(K)

+ |u|
Km

β (K)

presented in (3.29) is equivalent to

(4) N 0
G(U, η0) +Nm

G (U, [η0, η], Nm).
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It remains to prove that (4) is equivalent to Nm
G (U, [η0, η],Nm).

• If Nm = Nm (this occurs if η0 6∈ {0, . . . ,m − 1}), we have the equality
of norms Nm

G (U, [η0, η], Nm) = Nm
G (U, [η0, η],Nm). Moreover, N 0

G(U, η0) is
bounded by Nm

G (U, [η0, η], Nm). Hence we obtain the desired equivalence.
• If Nm 6= Nm, then η0 ∈ {0, . . . ,m− 1} and

(5) Nm = Nm ∪ {η0}.

Since all norms are equivalent on the range of Pk
G, we find the estimate

(6) Nm
G (U, η0) 6 C

(
N 0

G(U, η0) +Nm
G (U, η0, η0)

)
6 C · norm (4).

Let us choose b ∈ (η0, η0 + 1
2 ). We have

(7) Nm
G (U, b) 6 C(b)Nm

G (U, [η0, η], Nm),

where C(b) means that this constant depends on b (and would blow up if b
approaches η0, cf. (3.26b)). The finiteness of Nm

G (U, η0) and Nm
G (U, b) implies

that u ∈ Km
β0

(K) ∩ Km
−b−n

2
(K) and, by Theorem 3.3,

(8) Nm
G (U, [η0, b],∅) 6 C

(
Nm

G (U, η0) +Nm
G (U, b)

)
.

The estimates (6)–(8) yield that Nm
G (U, [η0, b],∅) is bounded by the norm

(4), which, in association with (5), implies thatNm
G (U, [η0, η], Nm) is bounded

by (4). The converse estimate is obvious.
(b)⇒(a) Let u ∈ K0

β0
(K) ∩ Nm

β,β0;Nm
(K) with support in B(0, 1). Since

η0 6∈ Nm, we have, in particular (cf. (3.26b)),

Nm
G (U, η0) 6 CNm

G (U, [η0, η], Nm).

Hence u belongs to Km
β0

(K). Therefore, for all α, |α| = m, the function wα =
rm∂α

x u belongs to K0
β0

(K). Let Wα be its Mellin transform. By construction,
and thanks to Lemma 3.8, we find

N 0
G(Wα, [η0, η],∅) 6 CNm

G (U, [η0, η], Nm).

Hence wα ∈ K0
β(K), and therefore the Km

β (K) seminorm of u is finite. ut

3.4 Spaces defined by weighted seminorms

We have seen in Theorem 3.13 how a space defined by two weighted semi-
norms | · |K0

β0
and | · |Km

β
has a Mellin characterization described by the space

Nm
β,β0;Nm

. We are now generalizing this to the case of spaces given by several
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weighted seminorms, and this will eventually lead to the Mellin characteri-
zation of the space Jm

β , which is defined by the m + 1 seminorms | · |K`
β+m−`

,
0 6 ` 6 m (cf. Definition 2.2).

Definition 3.14. Let L be a subset of N that includes 0. For each ` ∈ L let
β` be a weight exponent such that

β` decreases as ` increases ,

and denote B = {β` : ` ∈ L}. We define the associated norm

‖u‖
JL

B(S)
=

( ∑

`∈L

∑

|α|=`

‖rβ`+`∂α
x u‖2

0;S

) 1
2 ≡

(∑

`∈L

|u|2
K`

β`
(S)

) 1
2
. (3.30)

The Hilbert space defined by this norm is denoted by JL
B(S).

This definition includes the weighted Sobolev spaces with homogeneous
norms and those with nonhomogeneous norms as obvious special cases:

• We obtain the norm in Km
β by choosing β` = β for all ` and L any arbitrary

subset contained in {0, . . . , m} and containing 0 and m.
• According to Definition 2.2, we obtain the norm in Jm

β by choosing

L = {0, . . . , m} , β` = β + m− ` .

• Finally, the space defined by the norm K0
β0

and the seminorm Km
β simply

corresponds to L = {0, m} and B = {β0, β}.
We can use Theorem 3.13 to obtain a first Mellin characterization of the

space JL
B(S). We set, as usual, η` = −β` − n

2 . Then we have

JL
B(S) =

⋂

`∈L

N`
β`,β0;N`

(S) with N` = {0, . . . , `− 1} ∩ (η0, η`] . (3.31)

This can be simplified with the following result.

Lemma 3.15. Let L, B and N` be as above. Let m = max L. Then there
exists a unique subset N ⊂ Nm = {0, . . . ,m− 1} ∩ (η0, η] such that there is a
norm equivalence

cNm
G (U, [η0, η], N) 6 max

`∈L

N `
G(U, [η0, η`],N`) 6 CNm

G (U, [η0, η],N). (3.32)

This set N is given by

N = Nm \
( ⋃

`∈L

[`, η`]
)
. (3.33)

Proof. Assume that N is such that the norm equivalence (3.32) holds. Then
any pole k ∈ N that lies in an interval (η0, η`] must appear as a pole in the
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corresponding set N` and vice versa. This means

N ∩ (η0, η`] ⊂ {0, . . . , `− 1} ∀` ∈ L . (3.34)

In other words, for k ∈ Nm there holds k 6∈ N if and only if there exists ` ∈ L
such that

` 6 k 6 η`.

This implies the formula (3.33) for N. Conversely, it is not hard to see that
if we define the set N by (3.33), then the norm equivalence (3.32) holds. ut

Combining (3.31) with Lemma 3.15, we obtain the Mellin characterization
of the space JL

B(S).

Proposition 3.16. Let L and B satisfy the conditions in Definition 3.14.
Let m = max L, and let β = βm. Define N by (3.33). Then

JL
B(S) = Nm

β,β0;N(S) . (3.35)

We have seen that with each set of seminorms given by L and B there is a
unique associated set of poles N that characterizes the space Nm

β,β0;N
(S) and

therefore the space JL
B(S). The converse is not always true, i.e., the spaces

Nm
β,β0;N

cannot always be defined by a set of weighted Sobolev seminorms. A
necessary condition is that N ⊂ Nm. But this is also sufficient:

For fixed m and β, let N be a given subset of Nm. We can construct
indices L and weight exponents B such that formula (3.33), and therefore
the equality of spaces (3.35) in Proposition 3.16 holds. This can be done by
setting

L = {0} ∪ (
Nm \N

) ∪ {m}, (3.36)

and for all ` ∈ L, ` 6= 0, m,

β` = −η` − n
2 with η` = `, (3.37)

and η0 = 0 if 0 6∈ N, η0 < 0 arbitrary if 0 ∈ N.
In this context, the counterexample (2.8), for instance, corresponds to the

choice of m > 2, L = {0}∪{2, . . . ,m}, and η` = η−m+` with m < η < m+1,
so that η` ∈ (`, ` + 1). From these informations one obtains N = {1}.

From the equality (3.35) we conclude that the space JL
B(S) depends only on

m, β = βm and on the set of integers N. Several different choices of L and B
can therefore lead to the same space. We have already seen this for the space
Km

β , where the choice of L is arbitrary, as soon as it includes 0 and m. This
observation expresses the fact that for the spaces with homogeneous norms,
the intermediate seminorms are bounded by the two extreme seminorms. The
set of poles N is empty in this case.

Also for the space with nonhomogeneous norm Jm
β , several different choices

of sets of seminorms are possible, as we will discuss now.
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3.5 Mellin characterization of spaces with
nonhomogeneous norms

For the weighted Sobolev space with nonhomogeneous norm Jm
β , several dif-

ferent choices of sets {L,B} of seminorms are possible that lead to the same
set of poles N and define therefore, according to Proposition 3.16, the same
space. The original definition of Jm

β corresponds to the choice L = {0, . . . , m}
and β` = β + m− `, ` ∈ L, which implies η`+1 = η` + 1. From this informa-
tion and formula (3.33) one easily deduces that N is either empty or a set of
consecutive integers starting with 0. It is nonempty if and only if 0 < η < m,
and in this case

N = {0, . . . , m− 1} ∩ (η −m, η] = {0, . . . M} with M = [η] . (3.38)

Since N = ∅ corresponds to the space Km
β and N = {0, . . . , [η]} to the space

Jm
max,β , we find the following classification of the space Jm

β .

Proposition 3.17. Suppose that m ∈ N, β ∈ R, and η = −β − n
2 .

(a) If η < 0, then Jm
β (S) = Jm

max,β(S) = Km
β (S).

(b) If 0 6 η < m, then Jm
β (S) = Jm

max,β(S).
(c) If η > m, then Jm

β (S) = Km
β (S).

The set N of integers (3.38) that characterizes Jm
β can also be obtained

by other choices for the weight indices: We start again with 0 < η < m and
L = {0, . . . , m}, but now we fix some integer `0 in the interval (η, m]. Then
we define the weight indices β` in such a way that

η` = η − `0 + ` for 0 6 ` 6 `0 and η` = η for ` > `0

Since η0 < 0 and `0 − 1 > M , we easily see that this set of weight indices
defines the same set of degrees N = {0, . . . M} as in (3.38). In this way, we
prove the following “step-weighted” characterization of Jm

β .

Proposition 3.18. Let β ∈ R and m ∈ N be such that m > η = −β − n
2 .

Let ρ be any real number in the interval (−n
2 , β + m]. Then the norm in the

space Jm
β (S) is equivalent to

( ∑

|α|6m

‖rmax{β+|α|, ρ}∂α
x u‖2

0;S

) 1
2
. (3.39)

Corollary 3.19. Let β ∈ R. Set η = −β − n
2 . Let m be a natural number,

m > η. Then Jm+1
β (S) ⊂ Jm

β (S).

Proof. Using Proposition 3.18, we note that we can choose the same ρ for
Jm

β (S) and Jm+1
β (S). The embedding Jm+1

β (S) ⊂ Jm
β (S) follows. ut
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Still another choice giving the same result is possible. When 0 < η < m,
it suffices to take L = {0,m}, ηm = η, and any η0 < 0. In this case,

N = Nm = {0, . . . M},
which corresponds to the identity Jm

β (S) = Jm
max,β(S). We obtain the corollary

that when 0 < η < m, the intermediate seminorms in the definition of Jm
β (S)

are indeed bounded by the sum of the two extreme seminorms. This is not
the case, as we have seen, if η > m.

Let us mention another identity that can be obtained from these purely
combinatorial arguments, namely

Km
β (S) = Jm

β (S) ∩ K0
β(S) .

This can be seen as follows. The intersection Jm
β (S) ∩ K0

β(S) is included in
the space JL

B(S) with L = {0,m} and β0 = βm = β. Then N = ∅, and we
find that this latter space coincides with Km

β (S).

Remark 3.20. Corollary 3.19 gives a partial response to the question of
how to define spaces Js

β with noninteger Sobolev index s. If [s] > η, the
natural idea is to define the space of index s by Hilbert space interpolation
between spaces with integer indices [s] and [s]+1. The same possibility exists
if [s] + 1 6 η since for m + 1 6 η the inclusion Jm+1

β (S) ⊂ Jm
β (S) holds too

because, according to Proposition 3.17 (c), the J-weighted spaces coincide
with the K-weighted spaces in this range.

For fixed weight β both scales of spaces
(
Km

β (S)
)
m∈N and

(
Jm
max,β(S)

)
m∈N

can be extended in a natural way by interpolation to scales with arbitrary
real positive index. This definition, when extended by analogy to the n− 1-
dimensional conical manifold ∂K, is then also compatible with the trace
operator, i.e., the trace space of Km

β (K) is K
m− 1

2
β+ 1

2
(∂K) and similarly for the

Jmax scale.
There is, however, no natural definition of Js

β for the remaining noninteger
indices s for which [s] 6 η < [s] + 1. The problem is that if m > η, so that
Jm

β (S) = Jm
max,β(S), then the trace space is also of the Jmax class because it

contains nonzero constant functions. But if m − 1
2 < η, then the candidate

for the trace space would be J
m− 1

2
β+ 1

2
and should be of the K class, which does

not contain nonconstant functions.

As a further corollary of the Mellin description of the space Jm
β , we give

an equivalent definition by derivatives in polar coordinates that is valid when
η < 1 and will be useful later on:

Lemma 3.21. Suppose that β ∈ R, η = −β − n
2 , and m ∈ N, m > 1. We

assume that η < 1. Then

{ ∑

1 6 `+|γ|6 m

‖rβ(r∂r)`∂γ
ϑu‖2

0;S
+ ‖rβ+1u‖2

0,S

} 1
2

(3.40)

defines a norm on Jm
β (S), equivalent to its natural norm.
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Proof. If η < 0, the statement is clear because, in that case, Jm
β (S) coincides

with Km
β (S).

Let us suppose that 0 6 η < 1, and let u be such that its norm (3.40) is
finite. Using a cut-off function, we can assume that u has the same regularity
on K, with support in S. Let M [u] =: U be the Mellin transform of u. By
the Parseval identity, we have the equivalence

(1)
∑

16`+k 6 m

∫

Re λ=η

|λ|2`|U(λ)|2
k; G

d Im λ '
∑

1 6 `+|γ|6 m

‖rβ(r∂r)`∂γ
ϑu‖2

0;S
.

It is easy to see that we have the uniform estimate

m∑

k=1

|U(λ)|
k; G; D(λ)

6 C
∑

16`+k 6 m

|λ|`|U(λ)|
k; G

.

We deduce that u ∈ Jm
β (S).

Conversely, let u ∈ Jm
β (S). We apply Lemma 3.8. Outside a neighborhood

of 0, we have the uniform estimate

(2) ‖U(λ)‖
m; G; λ

6 C|U(λ)|
m; G; D(λ)

and, in a bounded neighborhood of 0,

(3) ‖U(λ)−P0U(λ)‖
m; G

+ |λ|‖U(λ)‖
m; G

6 C|U(λ)|
m; G; D(λ)

.

Since P0U(λ) is a constant, we have

(4)
m∑

k=1

|U(λ)|
k; G

6 C‖U(λ)−P0U(λ)‖
m; G

.

We deduce from (2)–(4) that
∑

16`+k 6 m

|λ|`|U(λ)|
k; G

6 C|U(λ)|
m; G; D(λ)

.

The boundedness of norm (3.40) follows from (1) and Lemma 3.6. ut
We can now collect the informations about the Mellin description of the

space Jm
β . For this purpose, we introduce some notation concerning the Taylor

expansion at the origin.
For u ∈ C∞(S) and M ∈ N we write TMu ∈ PM (S) for the Taylor part of

u of degree M at 0:

TMu =
∑

|α|6M

∂α
x u(0)

xα

α!
. (3.41)
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By continuity, the coefficients of the Taylor expansion and therefore the cor-
ner Taylor operator TM can be defined on the space Nm

β,β0;N
(S), as soon as

{0, . . . , M} ⊂ N ⊂ (η0, η) (cf. Theorem 3.12).
The proofs of the following two theorems are contained in the results of

the preceding section.

Theorem 3.22. Let K be a regular cone in Rn. Let β ∈ R. We set, as usual
η = −β − n

2 and M = [η].
Let N = {0, . . . , M} if M > 0 and m > η, and N = ∅ in the other cases
(either M < 0 or m 6 η). Let u ∈ K0

β+m(K) with support in B(0, 1). Let U
be its Mellin transform. Set η0 = η −m and β0 = η0 − n

2 = β + m.
(a) Then u ∈ Jm

β (K) if and only if u ∈ Nm
β,β0;N

(K). Moreover we have the
equivalence of norms

c ‖u‖
Jm

β (K)
6 Nm

G (U, [η −m, η],N) 6 C ‖u‖
Jm

β (K)
. (3.42)

Furthermore, U is meromorphic in the half-plane Re λ < η with only possible
poles on natural numbers and the residues of rλU(λ) are polynomials.

(b) Let M∗ = M if η 6= M and M∗ = M − 1 if η = M . Let b ∈ (M∗, η]
with b 6= η if η = M . Then the inverse Mellin transform u′ of U on the line
Reλ = b belongs to Km

−b−n
2
(K) and, with the notation (3.41),

u′ − u =
M∗∑

k=0

Res
λ = k

{
rλ U(λ)

}
= −TM∗

u. (3.43)

When M < 0 or m 6 η, the sum of residues collapses to 0, and u belongs to
Km

β (K).

We call the case η ∈ N critical. In the noncritical case, we can take b = η
in the previous result and obtain, therefore, the following relations between
the space Jm

β (S) with nonhomogeneous norm and the space Km
β (S) with ho-

mogeneous norm.

Theorem 3.23. Let K ⊂ Rn be a cone, and let S = K ∩B(0, 1). Let β ∈ R.
We set

η = −β − n
2 and M = [η].

Let m ∈ N. Then
(a) if η < 0, the the spaces Jm

β (S) and Km
β (S) coincide,

(b) if η > 0 and m 6 η, then the spaces Jm
β (S) and Km

β (S) coincide,
(c) if η > 0 and m > η, then Jm

β (S) and Jm
max,β(S) coincide and there are

two cases:
• noncritical case η 6∈ N : the corner Taylor operator TM defined in

(3.41) is continuous from Jm
β (S) to PM (S) and I − TM is continuous from

Jm
β (S) to Km

β (S); the decomposition u = (u − TMu) + TMu gives the direct
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sum
Jm

β (S) = Km
β (S)⊕ PM (S) ; (3.44)

• critical case η ∈ N : the operator TM−1 is continuous on Jm
β (S), but

TM is not; the space Jm
β (S) contains Km

β (S)⊕ PM (S) as a strict subspace of
infinite codimension.

The structure of Jm
β in the critical case, and the generalization of the Taylor

expansion in that case, is the subject of the following section.

4 Structure of Spaces with Nonhomogeneous Norms in
the Critical Case

4.1 Weighted Sobolev spaces with analytic regularity

Using the monotonicity Km+1
β (S) ⊂ Km

β (S) for all m and β and Jm+1
β (S) ⊂

Jm
β (S) if M > η = −β− n

2 , we introduce corresponding weighted spaces with
infinite and with analytic regularity:

Definition 4.1. Let β ∈ R and η = −β − n
2 .

• K∞β (K) =
⋂

m∈N
Km

β (K).

• We denote by Aβ(K) the subspace of the functions u ∈ K∞β (K) satisfying
the following analytic estimates for some C > 0

∃C > 0 ∀k ∈ N, |u|
Kk

β(K)
6 Ck+1k! . (4.1)

• J∞β (S) =
⋂

k∈N , k>η

Jk
β(S).

• The analytic weighted class Bβ(S) with nonhomogeneous norm is the space
of functions u ∈ J∞β (S) such that there exists a constant C > 0 with

∀k ∈ N with k > η, |u|
Kk

β(K)
6 Ck+1k!. (4.2)

Note that in (4.2) the estimates are the same as in (4.1) but only for k > η.
This suggests that for η < 0, we have Bβ(S) = Aβ(S), which will be proved
below.

For generalization of the Taylor expansion in the critical case, we develop
the Mellin-domain analogue of an idea from [4], based on the splitting of uM

provided by the decomposition

U(λ) = (I−PM )U(λ) + PMU(λ).
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The first part is the Mellin transform of a function in Km
β (K) and the second

one has essentially a one dimensional structure – that is, the most important
features of its structure are described by the behavior of functions of one
variable – and it can be regularized in such a way that it splits again into two
parts, one in the analytic class Bβ(K), and the remaining part in Km

β (K).

4.2 Mellin regularizing operator in one dimension

The main tool of the following analysis is a one-dimensional Mellin convolu-
tion operator:

Definition 4.2. We denote by K : v 7→ Kv be the Mellin convolution operator
defined by

M [Kv](λ) = eλ2
M [v](λ). (4.3)

Owing to the strong decay properties of the kernel eλ2
in the imaginary

direction, the operator K has analytic regularizing properties in the scales
Km

β and Jm
β .

Proposition 4.3. Let β ∈ R and m > 1. Then
(a) if v ∈ Km

β (R+), then Kv ∈ Aβ(R+),
(b) if v ∈ Jm

− 1
2
(R+) with support in I := [0, 1], then Kv|I belongs to the

analytic class B− 1
2
(I), and v − Kv ∈ Km

− 1
2
(R+),

(c) if v ∈ Jm
β (R+) with support in I := [0, 1], and if β < − 1

2 so that v is
continuous in 0, then Kv is continuous in 0 as well, and Kv(0) = v(0).

The proof of this proposition is based on the following characterization of
analytic classes by Mellin transformation.

Lemma 4.4. Let β ∈ R and η = −β − 1
2 . We set I = (0, 1).

(a) Let v ∈ K1
β(R+). Then v belongs to Aβ(R+) if and only if V := M [v]

satisfies

∃C > 0 ∀k > 1,

{ ∫

Re λ=η

|λ|2k |V (λ)|2 d Im λ

} 1
2

6 Ck+1k! (4.4)

(b) Let v ∈ J1
− 1

2
(R+). Then v|I belongs to B− 1

2
(I) if (4.4) is satisfied with

η = 0 and V (λ) := λ−1M [r∂rv](λ).

Proof. (a) According to Definition 4.1, v ∈ Aβ(R+) if and only if

∃C > 1 ∀k > 0, ‖rβ+k∂k
r v‖

0;R+
6 Ck+1k!

Using (3.18), one can see that this is equivalent to
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∃C > 1 ∀k > 0, ‖rβ(r∂r)kv‖
0;R+

6 Ck+1k!

Then (a) is a consequence of the Parseval equality.
(b) Let v ∈ J1

− 1
2
(R+). With V (λ) = λ−1M [r∂rv](λ), for any k > 1 the

function λkV (λ) is the Mellin transform of (r∂r)kv on the line Re λ = 0.
Thus, (4.4) with η = 0 implies the analytic estimates

∃C > 0 ∀k > 1, ‖r− 1
2 (r∂r)kv‖

0;R+
6 Ck+1k!

Restricting this to I, and using Definition 4.1, we find that v|I ∈ B− 1
2
(I). ut

Proof of Proposition 4.3. (a) Let v ∈ Km
β (R+), and let V be the Mellin trans-

form of v. It is defined for Re λ = η and, in particular, the norm

N0 :=
{ ∫

Re λ=η

|V (λ)|2 d Im λ

} 1
2

is finite. The Mellin transform of Kv is λ 7→ eλ2
V (λ). We have for any k > 1

{ ∫

Re λ=η

|λ|2k |eλ2
V (λ)|2 d Im λ

} 1
2

6 N0 sup
Re λ=η

|λ|k|eλ2 |

6 C(η)N0 sup
ξ>0

ξke−ξ2
= C(η)N0

(
k

2e

) k
2

.

Therefore, the condition (4.4) is satisfied for the Mellin transform of Kv. By
Lemma 4.4 (a), Kv belongs to Aβ(R+).

(b) Let v ∈ Jm
− 1

2
(R+) with support in I. By Corollary 3.19, v ∈ J1

− 1
2
(R+).

Now, V is defined as the Mellin transform of r∂rv divided by λ. Thus, V
coincides with M [v], where M [v] is well defined and the Mellin transform of
Kv is given by eλ2

V (λ). With the same arguments as above, we prove that
Kv satisfies the assumptions of Lemma 4.4 (b). Hence Kv|I ∈ B− 1

2
(I).

The Mellin transform of v−Kv is (1−eλ2
)V (λ). Since r−

1
2 (r∂r)kv ∈ L2(R+)

for k = 1, . . . , m, we have

(1)
m∑

k=1

{ ∫

Re λ=0

|λ|2k |V (λ)|2 d Im λ

} 1
2

< ∞.

The function λ 7→ (1− eλ2
) is bounded on the line Re λ = 0 and has a double

zero at λ = 0. Hence we deduce from (1) that

m∑

k=0

{ ∫

Re λ=0

|λ|2k |(1− eλ2
)V (λ)|2 d Im λ

} 1
2

< ∞.
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Therefore, v − Kv ∈ Km
− 1

2
(R+).

(c) Let v ∈ Jm
β (R+) with support in I, β < − 1

2 . It suffices to consider the
case m = 1 and −3

2 < β < −1
2 . With η = −β − 1

2 we then have 0 < η < 1.
Let V be the Mellin transform of v, and let w = v − Kv. As above, we have

M [w](λ) = (1− eλ2
)V (λ) =

1− eλ2

λ
U(λ), where U = M [r∂rv] .

Since the function u = r∂rv belongs to K0
β(R+) and has support in I, U is

holomorphic for Re λ < η, and M [w](λ) has the same property. It follows
that w ∈ K1

β(R+), which implies that w is continuous at 0 and w(0) = 0. ut

4.3 Generalized Taylor expansions

We are now ready for the definition of the splitting which replaces the Taylor
expansion in the critical case: Let us assume that the natural number M is
critical. We are going to replace the homogeneous part

TMu =
∑
|α|=M ∂α

x u(0) xα

α! ,

of the corner Taylor expansion with a new operator u 7→ KMu for which the
point traces ∂α

x u(0) are replaced by moments defined thanks to the the dual
basis (3.21)

(
ϕM

γ

)
|γ|=M

. Let us recall that:

∫

G

ϑα

α!
ϕM

γ (ϑ) dϑ = δαγ , |α| = |γ| = M, ϑα = r−Mxα , (4.5)

and this dual basis served to define the projection operator PM : L2(G) →
PM (G) as

PMU =
∑

|α|=k

〈
U,ϕM

α

〉
G

ϑα

α!
. (4.6)

Definition 4.5. Let M ∈ N. For u ∈ C∞(K), let TM−1u be its Taylor
expansion at 0 of order M − 1, and let uM = u − TM−1u be its Taylor
remainder of order M , considered in polar coordinates (r, ϑ). With the dual
basis (4.5), we define the moments of uM :

∀α, |α| = M, dα(r) =
〈
r−MuM (r, ·), ϕM

α

〉
G

, r > 0. (4.7)

Let us fix a cut-off function χ ∈ C∞
0 ((−1, 1)), χ ≡ 1 on [− 1

2 , 1
2 ]. Then, using

(4.3), the regularizing operator KMu is defined by

KMu =
∑

|α|=M

K
(
χdα

) xα

α!
. (4.8)
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Remark 4.6. For M = 0, dα ≡ d0 is the mean value of u(r, ·) over G
and K0u = K

(
χd0

)
. In particular, if u is continuous in 0, then both d0 and

K
(
χd0

)
are continuous in 0, and K0u(0) = u(0) (cf. Proposition 4.3 (c)).

More generally, for sufficiently smooth u

dα(0) = K
(
χdα

)
(0) = ∂α

x u(0).

The moments dα are well defined in the critical case and have the following
properties.

Proposition 4.7. Let β be real such that −β−n
2 coincides with a nonnegative

integer M . For m > M , let u ∈ Jm
β (K) with support in B(0, 1). Then the

moments dα as defined in (4.7) satisfy the following conditions:
(a) for all |α| = M , χdα ∈ Jm

− 1
2
(R+),

(b) for all α| = M , if χdα ∈ Km
− 1

2
(R+), then u−TM−1u belongs to Km

β (K).

Proof. We can assume without restriction that χu = u. Let us set v = u −
χTM−1u. Then χdα[u] = dα[v] and

v − TM−1v = v and u− TM−1u = v − (1− χ)TM−1u.

Since (1−χ)TM−1u belongs to Km
β (K), we can replace u with v and omit the

cut-off function χ. We still denote v by u. The Mellin transform U(λ) of u is
holomorphic in the half-plane Re λ < M and, by Theorem 3.22, the norm

sup
b∈ (M− 1

2 ,M)

{ ∫

|Im λ|61
Re λ=b

‖(I−PM )U(λ)‖2

m; G
+ |λ−M |2‖PMU(λ)‖2

m; G
d Im λ

+
∫

|Im λ|>1
Re λ=b

‖U(λ)‖2

m; G; λ
d Im λ

} 1
2

(4.9)

is bounded by C‖u‖
Jm

β (K)
.

As a mere consequence of the definition of PM (cf. (4.6)), we have the
uniform inequality for Re λ < M

‖PMU(λ)‖
m; G; λ

6 C‖U(λ)‖
m; G; λ

.

Hence we deduce from estimates (4.9) that

sup
b∈(M− 1

2 ,M)

∫

Re λ=b

‖(I−PM )U(λ)‖2

m; G; λ
d Im λ 6 C‖u‖2

Jm
β (K)

.

Thus, Theorem 3.2 yields that M−1[(I−PM )U ] belongs to Km
β (K).
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Let us set Dα = M [dα]. We have

Dα(λ) = M
[〈

r−MuM , ϕM
α

〉
G

]
(λ) = M

[〈
uM , ϕM

α

〉
G

]
(λ + M)

=
〈
U(λ + M), ϕM

α

〉
G

.

Therefore, by formulas (4.5) and (4.6), we find

(1) Dα(λ) =
〈
PMU(λ + M), ϕM

α

〉
G

.

(a) We deduce from (1) and (4.9) that Dα is holomorphic in the half-plane
Re λ < 0 and

sup
b∈ (− 1

2 ,0)

{ ∫

Re λ=b

(|λ|2 + |λ|2m
) |Dα(λ)|2 d Imλ

} 1
2

is bounded. This allows us to prove that dα ∈ Jm
− 1

2
(R+).

(b) If dα ∈ Km
− 1

2
(R+), then

∫

Re λ=0

(
1 + |λ|2m

) |Dα(λ)|2 d Imλ

is bounded. Since, by (1) and (4.5),
PMU(λ + M) =

∑
|α|=M Dα(λ) ϑα

α! ,

we find ∫

Re λ=M

‖PMU(λ)‖2

m; G; λ
d Imλ < ∞.

Hence M−1[PMU ] ∈ Km
β (K). Since M−1[(I − PM )U ] ∈ Km

β (K), this ends
the proof. ut

We conclude this section with a result about the generalized Taylor ex-
pansion at the corner in the critical case. The homogeneous part of critical
degree

∑
|α|=M ∂α

x u(0) xα

α! does not make sense because the Taylor coefficients
∂α

x u(0) are not bounded with respect to the Jm
β norm in this case. But one can

replace the constants ∂α
x u(0) by “generalized constants”, namely the analytic

functions K
(
χdα

)
, which means that the homogeneous part of degree M of

the Taylor expansion is replaced by KMu, which is not a polynomial, but
belongs to the analytic class Bβ(S). The “Taylor remainder” then belongs to
Km

β (K).

Theorem 4.8. Let β be such that −β − n
2 = M ∈ N, and let u ∈ Jm

β (K)
with support in B(0, 1). Then

u− TM−1u− KMu ∈ Km
β (S) and KMu ∈ Bβ(S). (4.10)
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Proof. Let u ∈ Jm
β (K) with support in B(0, 1). By Proposition 4.7 (a), for all

|α| = M , χdα belongs to Jm
− 1

2
(R+). By Proposition 4.3 (b), we deduce that

K(χdα) belongs to B− 1
2
(I). Let us consider the function

vα : S 3 x 7→ K(χdα)(r)

and the class B−n
2
(S). This class is associated with η = 0. Therefore, using

Lemma 3.21 we deduce that vα ∈ B−n
2
(S) as a direct consequence of the fact

that K(χdα) ∈ B− 1
2
(I). Multiplying by xα, we find that x 7→ xαvα(x) belongs

to B−n
2−M (S) = Bβ(S). Finally KMu belongs to Bβ(S).

Let v = u − TM−1u − KMu. It remains to show that v ∈ Km
β (S). Denote

by dα[v] the moments of v defined like in (4.7). We note that

χdα[v] = χdα − χK(χdα).

But Proposition 4.7 (a) yields χdα ∈ Jm
− 1

2
(R+) and then, by Proposition

4.3 (b), we get χdα − K(χdα) ∈ Km
− 1

2
(R+), hence χdα[v] ∈ Km

− 1
2
(R+). The

regularity v ∈ Km
β (S) is then a consequence of Proposition 4.7 (b). ut

Corollary 4.9. Let β be such that −β − n
2 = M ∈ N and m > M . Then the

space Km
β (S) is not closed in Jm

β (S) and the quotient Jm
β (S)/Km

β (S) is infinite
dimensional.

5 Conclusion

Theorems 3.22 and 4.8 can advantageously be used for the analysis of second
order elliptic boundary value problems in domains Ω with corners. Let L
be the interior operator, and let B be the operator on the boundary. L is
supposed to be elliptic on Ω and B to cover L on ∂Ω. The order d of B is 0
or 1.

Theorem 3.22 fully characterizes the spaces Jm
β by Mellin transformation.

This is an essential tool for stating necessary and sufficient conditions for
(L,B) to define a Fredholm operator:

Jm
β (Ω) −→ Jm−2

β+2 (Ω)× Γ∂ΩJm−d
β+d (Ω),

where Γ∂Ω denotes the trace operator on ∂Ω. When Km
β spaces are involved

instead, this condition is the absence of poles for the corner Mellin resolvents
on certain lines {Re λ = const} (cf. [3]). Theorem 3.22 allows us to prove by
Mellin transformation that the necessary and sufficient condition associated
with spaces Jm

β is the injectivity modulo polynomials (cf. [2, 1]) on similar
lines in the complex plane.
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Theorem 4.8 allows us to prove an analytic shift theorem in Jm
β spaces for

elliptic (L,B) with analytic coefficients: Roughly, this means that if a solution
u belongs to J2

β(Ω) and is associated with a right-hand side in RBβ(Ω) :=
Bβ+2(Ω)× Γ∂ΩBβ+d(Ω), then u belongs to Bβ(Ω). This result relies on

1. The analytic shift theorem in the scale Km
β : If u ∈ K2

β(Ω) and the right-
hand side belongs to RAβ(Ω), then u ∈ Aβ(Ω).

2. The splitting (4.10).

The analytic shift theorem in the scale Km
β , that is with homogeneous norms,

can be proved by a “standard” technique of dyadic refined partitions towards
the corners combined with local analytic estimates in smooth regions. This
technique cannot be directly applied to spaces with nonhomogeneous norms,
hence the utility of the splitting (4.10) (cf. [1, Part II] for details)
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Optimal Hardy–Sobolev–Maz’ya
Inequalities with Multiple Interior
Singularities

Stathis Filippas, Achilles Tertikas, and Jesper Tidblom

Dedicated to Professor Vladimir Maz’ya with esteem

Abstract We first establish a complete characterization of the Hardy in-
equalities in Rn involving distances to different codimension subspaces. In
particular, the corresponding potentials have strong interior singularities. We
then provide necessary and sufficient conditions for the validity of Hardy–
Sobolev–Maz’ya inequalities with optimal Sobolev terms.

1 Introduction

For n > 3 we write Rn = Rk×Rn−k, 1 6 k 6 n. Introduce the affine subspace
of codimension k:

Sk := {x = (x1, . . . xk, . . . xn) ∈ Rn : x1 = . . . = xk = 0}.

The Euclidean distance from a point x ∈ Rn to Sk is defined by the formula
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d(x) = d(x, Sk) = |Xk|, Xk := (x1, . . . , xk, 0, . . . , 0).

The classical Hardy inequality in Rn, where the distance is taken from Sk,
reads

∫

Rn

|∇u|2dx >
(

k − 2
2

)2 ∫

Rn

u2

|Xk|2 dx, u ∈ C∞0 (Rn \ Sk), (1.1)

where the constant (k−2)2

4 is optimal. The Hardy inequality was improved
and generalized in many different ways (cf., for example, [1, 2, 5, 8, 10, 11,
13, 14, 15, 8, 20, 27, 28] and the references therein).

On the other hand, the standard Sobolev inequality with critical exponent
states that

∫

Rn

|∇u|2dx > Sn

(∫

Rn

|u| 2n
n−2 dx

)n−2
n

, u ∈ C∞0 (Rn),

where Sn = πn(n−2)
(

Γ ( n
2 )

Γ (n)

)2/n

is the best Sobolev constant [6, 25]. Versions
of Sobolev inequalities involving subcritical exponents and weights can be
found, for example, in [4, 7, 12].

Maz’ya [22, Section 2.1.6/3] combined both inequalities for 1 6 k 6 n− 1
and establish that for any u ∈ C∞0 (Rn \ Sk)

∫

Rn

|∇u|2dx >
(

k − 2
2

)2 ∫

Rn

u2

|Xk|2 dx + ck,Q

(∫

Rn

|Xk|
Q−2

2 n−Q |u|Qdx

) 2
Q

,

(1.2)
with 2 < Q 6 2∗ = 2n

n−2 . Concerning the best constant ck,Q, Tertikas and
Tintarev [26] proved that ck,2∗ < Sn for 3 6 k 6 n − 1, n > 4 or k = 1
and n > 4. In the case k = 1 and n = 3, Benguria, Frank, and Loss [9] (cf.
also [21]) established that c1,6 = S3 = 3(π/2)4/3! Maz’ya and Shaposhnikova
[23] recently computed the best constant in the case k = 1 and Q = 2(n+1)

n−1 .
These are the only cases where the best constant ck,Q is known. For other
type of Hardy–Sobolev inequalities cf. [16, 17, 24].

In the case k = n, i.e., when the distance is taken from the origin, the
inequality (1.2) fails. Brezis and Vazquez [11] considered a bounded domain
containing the origin and improved the Hardy inequality by adding a sub-
critical Sobolev term. It turns out that, in a bounded domain, one can have
the critical Sobolev exponent at the expense of adding a logarithmic weight.
More specifically, let

X(t) = (1− ln t)−1, 0 < t < 1.

Then an analogue of (1.2) in the case of a bounded domain Ω containing the
origin for the critical exponent reads:



Hardy–Sobolev–Maz’ya Inequalities 139

∫

Ω

|∇u|2dx−
(

n− 2
2

)2 ∫

Ω

u2

|x|2 dx

> Cn(Ω)
(∫

Ω

X
2(n−1)

n−2

( |x|
D

)
|u| 2n

n−2 dx

)n−2
n

, u ∈ C∞0 (Ω), (1.3)

where D = supx∈Ω |x| (cf [18]). The best constant in (1.3) was recently
computed in [3] and has the form

Cn(Ω) = (n− 2)−
2(n−1)

n Sn.

Note that, in the case n = 3, once again C3(Ω) = S3 = 3(π/2)4/3!
In the recent work [19], we studied the Hardy–Sobolev–Maz’ya inequali-

ties that involve distances taken from different codimension subspaces of the
boundary. In particular, working in the upper half-space Rn

+ = {x ∈ Rn :
x1 > 0} and taking distances from Sk ⊂ ∂Rn

+ ≡ S1, k = 1, 2, . . . , n, we
established that the following inequality holds for any u ∈ C∞0 (Rn

+)
∫

Rn
+

|∇u|2dx >
∫

Rn
+

(
β1

x2
1

+
β2

|X2|2 + . . . +
βn

|Xn|2
)

u2dx (1.4)

if and only if there exist nonpositive constants α1, . . . , αn such that

β1 = −α2
1 +

1
4
, βm = −α2

m +
(

αm−1 − 1
2

)2

, m = 2, 3, . . . , n. (1.5)

Moreover, if αn < 0, then one can add the critical Sobolev term on the
right-hand side, thus obtaining the Hardy–Sobolev–Maz’ya inequality for any
u ∈ C∞0 (Rn

+):
∫

Rn
+

|∇u|2dx >
∫

Rn
+

(
β1

x2
1

+
β2

|X2|2 + . . . +
βn

|Xn|2
)

u2dx

+ C

(∫

Rn
+

|u| 2n
n−2 dx

)n−2
n

; (1.6)

we refer to [19] for details.
In the present work, we consider the case where distances are again taken

from different codimension subspaces Sk ⊂ Rn, which, however, are now
placed in the interior of the domain Rn. We consider the cases k = 3, . . . , n
since there is no positive Hardy constant if k = 2 (cf (1.1)) and the case k = 1
corresponds to the case studied in [19].

We formulate our first result .

Theorem A [improved Hardy inequality]. Suppose the n > 3.
(i) Let α3, α4, . . . , αn be arbitrary real numbers, and let
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β3 = −α2
3 +

1
4
, βm = −α2

m +
(

αm−1 − 1
2

)2

, m = 4, . . . , n.

Then for any u ∈ C∞0 (Rn)
∫

Rn

|∇u|2dx >
∫

Rn

(
β3

|X3|2 + . . . +
βn

|Xn|2
)

u2dx.

(ii) Suppose that for some real numbers β3, β4 . . . , βn the following inequal-
ity holds: ∫

Rn

|∇u|2dx >
∫

Rn

(
β3

|X3|2 + . . . +
βn

|Xn|2
)

u2dx

for any u ∈ C∞0 (Rn). Then there exists nonpositive constants α3, . . . , αn such
that

β3 = −α2
3 +

1
4
, βm = −α2

m +
(

αm−1 − 1
2

)2

, m = 4, . . . , n.

Note that the recursive formula for β in this theorem is the same as in
(1.5). However, since the coefficients in Theorem A start from β3 – and not
from β1 – the best constants in the case of interior singularities are different
from the best constants when singularities of the same codimension are placed
on the boundary. (cf., for example, Corollary 2.3 and [19, Corollary 2.4]).

To state our next results, we define

β3 = −α2
3 +

1
4
, βm = −α2

m +
(

αm−1 − 1
2

)2

, m = 4, . . . , n. (1.7)

The next theorem gives a complete answer as to when we can add a Sobolev
term.

Theorem B [improved Hardy–Sobolev–Maz’ya inequality]. Suppose that
α3, α4, . . . , αn, n > 3, are arbitrary nonpositive real numbers and β3, . . . , βn

are given by (1.7). If αn < 0, then there exists a positive constant C such
that for any u ∈ C∞0 (Rn)

∫

Rn

|∇u|2dx >
∫

Rn

(
β3

|X3|2 + . . . +
βn

|Xn|2
)

u2dx

+ C

(∫

Rn

|X2|
Q−2

2 n−Q|u|Qdx

) 2
Q

, (1.8)

for any 2 < Q 6 2n
n−2 . If αn = 0, then there is no positive constant C such

that (1.8) holds.
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The above result extends considerably the original inequality obtained by
Maz’ya (1.2). First, by having at the same time all possible combinations of
Hardy potentials involving the distances |X3|, . . . , |Xn|. Second, the weight
in the Sobolev term is stronger than the weight used in (1.2).

We note that a similar result can be obtained in the setting of [19], where
singularities are placed on the boundary ∂Rn

+. More precisely, the following
inequality holds for any u ∈ C∞0 (Rn

+):
∫

Rn
+

|∇u|2dx >
∫

Rn
+

(
β1

x2
1

+
β2

|X2|2 . . . +
βn

|Xn|2
)

u2dx

+ C

(∫

Rn
+

x
Q−2

2 n−Q
1 |u|Qdx

) 2
Q

(1.9)

provided that αn < 0, where the constants βi are given by (1.5) and 2 < Q 6
2n

n−2 . In this case, the weight on the right-hand side is even stronger than
that in (1.8). In the light of (1.9), one may ask whether one can replace the
weight |X2| in (1.8) with |x1|. It turns out that it is possible provided that
we properly restrict the exponent Q. More precisely, the following assertion
holds.

Theorem C. [improved Hardy–Sobolev–Maz’ya inequality]. Suppose that
α3, α4, . . . , αn, n > 3, are arbitrary nonpositive real numbers and β3, . . . , βn

are given by (1.7). If αn < 0, then there exists a positive constant C such
that for any u ∈ C∞0 (Rn)

∫

Rn

|∇u|2dx >
∫

Rn

(
β3

|X3|2 + . . . +
βn

|Xn|2
)

u2dx

+ C

(∫

Rn

|x1|
Q−2

2 n−Q|u|Qdx

) 2
Q

(1.10)

for any 2(n−1)
n−2 < Q 6 2n

n−2 . If αn = 0 then there is no positive constant C
such that (1.10) holds.

It is easy to see that the range of the exponent Q in Theorem C is opti-
mal since otherwise the weight is not locally integrable. In the special case
β3 = . . . βn = 0, the corresponding weighted Sobolev inequality in (1.10) was
proved by Maz’ya [22, Section 2.1.6/2].

An important role in our analysis is played by two weighted Sobolev in-
equalities, which are of independent interest (cf. Theorems 3.1 and 3.2).

The paper is organized as follows. In Section 2, we prove Theorem A. In
Section 3, we prove Theorems B and C. The main ideas are similar to the
ideas used in [19] to which we refer on various occasions. On the other hand,
ideas or technical estimates that are different from [19] are presented in detail.
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2 Improved Hardy Inequalities with Multiple
Singularities

The following simple lemma may be found in [19].

Lemma 2.1. (i) Let F ∈ C1(Ω). Then
∫

Ω

|∇u|2dx =
∫

Ω

(
divF− |F|2) |u|2dx +

∫

Ω

|∇u + Fu|2dx ∀u ∈ C∞0 (Ω).

(2.1)
(ii) Let φ > 0, φ ∈ C2(Ω) and u = φv. Then

∫

Ω

|∇u|2dx = −
∫

Ω

∆φ

φ
u2dx +

∫

Ω

φ2|∇v|2dx ∀u ∈ C∞0 (Ω). (2.2)

Proof. Expanding the square, we have
∫

Ω

|∇u + Fu|2dx =
∫

Ω

|∇u|2dx +
∫

Ω

|F|2u2dx +
∫

Ω

F · ∇u2dx.

The identity (2.1) follows by integrating by parts the last term.
To prove (2.2), we apply (2.1) to F = −∇φ

φ . An elementary calculation
yields the result. ut

Let us recall our notation

Xk := (x1, . . . , xk, 0, . . . , 0) so that |Xk|2 = x2
1 + . . . + x2

k.

In particular, |Xn| = |x|. Now, we prove the first part of Theorem A.

Proof of Theorem A (i). Let γ3, γ4, . . ., γn be arbitrary real numbers. We set

φ := |X3|−γ3 |X4|−γ2 · . . . · |Xn|−γn

and
F := −∇φ

φ
.

An easy calculation shows that

F =
n∑

m=3

γm
Xm

|Xm|2 .

With this choice of F, we get

divF =
n∑

m=3

γm
(m− 2)
|Xm|2 ,
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and

|F|2 =
n∑

m=3

γ2
m

|Xm|2 + 2
n∑

m=3

m−1∑

j=1

γmγj
Xm

|Xm|2
Xj

|Xj|2

=
n∑

m=3

γ2
m

|Xm|2 + 2
n∑

m=3

m−1∑

j=1

γmγj

|Xj|2 .

Then

−∆φ

φ
= divF− |F|2 =

n∑
m=3

βm

|Xm|2 , (2.3)

where

β3 = −γ3(γ3 − 1),

βm = −γm

(
2−m + γm + 2

m−1∑

j=3

γj

)
, m = 4, 5, . . . , n.

We set

γ3 = α3 +
1
2
,

γm = αm − αm−1 +
1
2
, m = 4, 5, . . . , n.

With this choice of γ, β are the same as in the statement of the theorem.
We use Lemma 2.1 with Ω = Rn \K3, where K3 := {x ∈ Rn : x1 = x2 =

x3 = 0}. We have
∫

Rn

|∇u|2dx >
∫

Rn

(
divF− |F|2) u2dx, u ∈ C∞0 (Rn \K3). (2.4)

By a standard density argument, (2.4) is true even for u ∈ C∞0 (Rn). The
result then follows from (2.3) and (2.4). ut

Some interesting cases are presented in the following corollary.

Corollary 2.2. Let k=3,. . . ,n, n > 3, and let u ∈ C∞0 (Rn). Then
∫

Rn

|∇u|2dx

>
∫

Rn

((
k − 2

2

)2 1
|Xk|2 +

1
4

1
|Xk+1|2 . . . +

1
4

1
|Xn|2

)
u2dx. (2.5)

Moreover,
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∫

Rn

|∇u|2dx >
(

k − 2
2

)2 ∫

Rn

u2

|Xk|2 dx +
(

n− k

2

)2 ∫

Rn

u2

|x|2 dx. (2.6)

Proof. We first prove (2.5). In the case k = 3, we choose α3 = α4 = . . . =
αn = 0. Then all βk are equal to 1/4. In the general case k > 3, we choose
αm = −(m− 2)/2 if m = 3, . . . , k − 1 and αm = 0 if m = k, . . . , n.

To prove (2.5), we choose αm = −(m − 2)/2, when m = 3, . . . , k − 1,
ak = 0, ak+l = − l

2 , l = 1, . . . , n− k − 1, an = 0. ut

Proof of Theorem A (ii). We first show that β3 6 1
4 . Then β3 = −α2

3 + 1
4 for

suitable α3 6 0. Then for such β3 we prove that β4 6 (α3 − 1
2 )2. Therefore,

β4 = −α2
4 + (α3 − 1

2 )2 for suitable α4 6 0, and so on.

Step 1. Let us first prove the estimate for β3. For this purpose, we set

Q3[u] :=

∫

Rn

|∇u|2dx−
n∑

i=4

βi

∫

Rn

u2

(x2
1 + x2

2 + . . . + x2
i )

dx

∫

Rn

u2

x2
1 + x2

2 + x2
3

dx

. (2.7)

It is clear that
β3 6 inf

u∈C∞0 (Rn)
Q3[u].

In the sequel, we show that

inf
u∈C∞0 (Rn)

Q3[u] 6 1
4
. (2.8)

Hence β3 6 1/4.
Introduce a family of cut-off functions. For j = 3, . . . , n and kj > 0 we set

φj(t) =





0, t < 1/k2
j ,

1 +
ln kjt

ln kj
, 1/k2

j 6 t < 1/kj ,

1, t > 1/kj

and
hkj

(x) := φj(rj), where rj := |Xj| = (x2
1 + . . . + x2

j )
1
2 .

Note that

|∇hkj
(x)|2 =





1
ln2 kj

1
r2
j

, 1/k2
j 6 rj 6 1/kj ,

0 otherwise.

We also denote by φ(x) a radially symmetric C∞0 (Rn) function such that
φ = 1 for |x| < 1/2 and φ = 0 for |x| > 1.
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To prove (2.8), we consider the family of functions

uk3(x) = |X3|− 1
2 hk3(x)φ(x). (2.9)

We show that
∫

Rn

|∇uk3 |2dx−
n∑

i=4

βi

∫

Rn

u2
k1

(x2
1 + x2

2 + . . . + x2
i )

dx

∫

Rn

u2
k3

x2
1 + x2

2 + x2
3

dx

=

∫

Rn

|∇uk3 |2dx

∫

Rn

u2
k3

x2
1 + x2

2 + x2
3

dx

+ o(1), k3→∞. (2.10)

To see this, let us first examine the behavior of the denominator. For large
k3 we compute

∫

Rn

|X3|−3h2
k3

φ2dx

> C

∫
1

k3
<x2

1+x2
2+x2

3< 1
2

(x2
1 + x2

2 + x2
3)
− 3

2 dx1dx2dx3

> C

∫ π

0

∫ 1
2

1
k3

r−1 sin θdrdθ > C ln k3. (2.11)

On the other hand, by the Lebesgue dominated theorem, the terms

n∑

i=4

βi

∫

Rn
+

u2
k3

(x2
1 + x2

2 + . . . + x2
i )

dx

are bounded as k3→∞. From this we conclude (2.10).
We now estimate the gradient term in (2.10). We have

∫

Rn

|∇uk3 |2dx =
1
4

∫

Rn

|X3|−3h2
k3

φ2dx +
∫

Rn

|X3|−1|∇hk3 |2φ2

+
∫

Rn

|X3|−1h2
k3
|∇φ|2 + mixed terms. (2.12)

The first integral on the right-hand side of (2.12) behaves itself exactly as the
denominator, i.e., goes to infinity like O(ln k3). The last integral is bounded
as k3→∞. For the middle integral we have
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∫

Rn

|X3|−1|∇hk3 |2φ2 6 C

ln2 k3

∫
1

k2
3

6(x2
1+x2

2+x2
3)

1/26 1
k3

|X3|−3dx1dx2dx3

6 C

ln k3
.

As a consequence of these estimates, we easily get that the mixed terms in
(2.12) are of the order o(ln k3) as k3→∞. Hence

∫

Rn

|∇uk3 |2dx =
1
4

∫

Rn

|X3|−3h2
k3

φ2dx + o(ln k3), k1→∞. (2.13)

From (2.10)–(2.13) we conclude that

Q3[uk3 ] =
1
4

+ o(1), k3→∞.

Hence
inf

u∈C∞0 (Rn)
Q3[u] 6 1

4
.

Consequently, β3 6 1/4. Therefore, for a suitable nonnegative constant α3

we have β3 = −α2
3 + 1/4. We also set

γ3 := α3 +
1
2
. (2.14)

Step 2. We show that

β4 6 (α3 − 1
2
)2.

For this purpose, setting

Q4[u] :=
1∫

Rn

u2

|X4|2 dx

[ ∫

Rn

|∇u|2dx−
(1

4
− α2

3

) ∫

Rn

u2

x2
1 + x2

2 + x2
3

dx

−
n∑

i=5

βi

∫

Rn

u2

|Xi|2 dx

]
(2.15)

will prove that
inf

u∈C∞0 (Rn)
Q4[u] 6 (α3 − 1/2)2.

We now consider the family of functions

uk3,k4(x) := |X3|−γ3 |X4|α3− 1
2 hk3(x)hk4(x)φ(x)

=: |X3|−γ3vk1,k2(x). (2.16)

An a easy calculation shows that



Hardy–Sobolev–Maz’ya Inequalities 147

Q4[uk3,k4 ] =
1∫

Rn

|X3|−2γ3 |X4|−2v2
k3,k4

dx

[ ∫

Rn

|X3|−2γ3 |∇vk3,k4 |2dx

−
n∑

i=5

βi

∫

Rn
+

|X3|−2γ3 |Xi|−2v2
k3,k4

dx

]
(2.17)

We next use the precise form of vk1,k2(x). Concerning the denominator of
Q4[uk3,k4 ], we have

∫

Rn

|X3|−2γ3 |X4|−2v2
k3,k4

dx

=
∫

Rn

(x2
1 + x2

2 + x2
3)
−1/2−α3(x2

1 + x2
2 + x2

3 + x2
4)

α1− 3
2 h2

k3
h2

k4
φ2dx.

Letting k3 →∞, using the structure of the cut-off functions, and introducing
polar coordinates, we get

∫

Rn

|X3|−2γ3 |X4|−2v2
∞,k4

dx

=
∫

Rn

(x2
1 + x2

2 + x2
3)
−1/2−α3(x2

1 + x2
2 + x2

3 + x2
4)

α3− 3
2 h2

k4
φ2dx,

> C

∫
1

k4
<x2

1+x2
2+x2

3+x2
4< 1

2

(x2
1 + x2

2 + x2
3)
−1/2−α3

× (x2
1 + x2

2 + x2
3 + x2

4)
α3− 3

2 dx1dx2dx3dx4

> C

∫ 1
2

1
k4

r−1dr > C ln k4.

The terms in the numerator, multiplied by βi, stay bounded as k3 or k4 go
to infinity. We have

∫

Rn

|X3|−2γ3 |∇vk3,k4 |2dx

=
(
α3 − 1

2

)2
∫

Rn

|X3|−2γ3 |X4|2α3−3h2
k3

h2
k4

φ2dx

+
∫

Rn

|X3|−2γ3 |X4|2α3−1|∇(hk3hk4)|2φ2

+
∫

Rn

|X3|−2γ3 |X4|2α3−1h2
k3

h2
k4
|∇φ|2 + mixed terms. (2.18)
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The first integral on the right hand side above is the same as the denominator
of Q4, and therefore is finite as k3→∞ and increases like ln k4 as k4→∞ (cf.
(2.11)). The last integral is bounded, no matter how large k3 and k4 are.
Concerning the middle term, we have

M [vk3,k4 ] :=
∫

Rn

|X3|−2γ3 |X4|2α3−1|∇(hk3hk4)|2φ2dx

=
∫

Rn

|X3|−2γ3 |X4|2α3−1|∇hk3 |2h2
k4

φ2dx

+
∫

Rn

|X3|−2γ3 |X4|2α3−1h2
k3
|∇hk4 |2φ2dx + mixed term

=: I1 + I2 + mixed term. (2.19)

Since
|X4|2α3−1h2

k4
= r2α3−1

4 φ4(r4) 6 Ck4 , 0 < r4 < 1,

we easily get

I1 6 C

(ln k3)2

∫
1

k2
3

<(x2
1+x2

2+x2
3)

1/2< 1
k3

(x2
1 + x2

2 + x2
3)
−α3− 3

2 dx1dx2dx3,

and therefore, since α3 6 0,

I1 6 C

ln k3
, k3→∞. (2.20)

Moreover, since

|X3|−2γ3h2
k3

= r2α3−1
3 φ3(r3) 6 Ck3 , 0 < r3 < 1,

we similarly get (for any k3)

I2 6 C

(ln k4)2

∫
1

k2
4

<(x2
1+x2

2+x2
3+x2

4)
1/2< 1

k4

dx1dx2dx3dx4

(x2
1 + x2

2 + x2
3 + x2

4)
1
2

6 C

ln k4
, k4→∞. (2.21)

From (2.19)–(2.21) we find

M [v∞,k4 ] = o(1), k4→∞.

Returning to (2.18), we have
∫

Rn

|X3|−2γ3 |∇v∞,k4 |2dx
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=
∫

Rn

|X3|−2γ3 |X4|−2v2
∞,k4

dx + o(ln k4), k4→∞. (2.22)

Then
Q4[u∞,k4 ] = (α3 − 1/2)2 + o(1), k4→∞. (2.23)

Consequently,
β4 6 (α3 − 1/2)2,

and therefore
β4 = −α2

4 + (α3 − 1/2)2

for suitable α4 6 0. We also set

γ4 = α4 − α3 + 1/2.

Step 3. The general case. At the (q−1)th step, 3 6 q 6 n, we have already
established that

β3 = −α2
3 + 1/4,

βm = −α2
m + (αm−1 − 1/2)2, m = 4, 5, . . . , q − 1,

for suitable nonpositive constants ai. Also, we have defined

γ3 = α3 + 1/2,

γm = αm − αm−1 + 1/2, m = 4, 5, . . . , q − 1.

Our goal for the rest of the proof is to show that

βq 6 (αq−1 − 1/2)2.

For this purpose, we consider the quotient

Qq[u] :=

∫

Rn

|∇u|2dx−
n∑

q 6=i=3

βi

∫

Rn

u2

|Xi|2 dx

∫

Rn

u2

|Xq|2 dx

. (2.24)

The test function is given by

uk3,kq
(x)

:= |X3|−γ3 |X4|−γ4 . . . |Xq−1|−γq−1 |Xq|αq−1− 1
2 hk4(x)hkq

(x)φ(x)

=: |X3|−γ3 |X4|−γ4 . . . |Xq−1|−γq−1 .vkq (x). (2.25)

The proof is similar to that in the case q = 4 and goes along the lines
of [19]. ut
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The following assertion is a direct consequence of the above theorem and
shows that the constants obtained in Corollary 2.2 are sharp.

Corollary 2.3. For 3 6 k 6 n

inf
u∈C∞0 (Rn)

∫

Rn

|∇u|2dx

∫

Rn

|u|2
|Xk|2

=
(

k − 2
2

)2

, (2.26)

inf
u∈C∞0 (Rn)

1∫

Rn

|u|2
|Xm+1|2 dx

[∫

Rn

|∇u|2dx−
(

k − 2
2

)2 ∫

Rn

|u|2
|Xk|2 dx

− 1
4

∫

Rn

|u|2
|Xk+1|2 dx− . . .− 1

4

∫

Rn

|u|2
|Xm|2 dx

]
=

1
4

(2.27)

for k 6 m < n. Moreover,

inf
u∈C∞0 (Rn)

∫

Rn

|∇u|2dx−
(

k − 2
2

)2 ∫

Rn

|u|2
|Xk|2 dx

∫

Rn

|u|2
|x|2 dx

=
(

n− k

2

)2

. (2.28)

Proof. All the assertions are consequences of Theorem A. For (2.26) we take
αl = − l−2

2 , l = 1, . . . , k − 1. For (2.27) and (2.28) we take the a’s of Corol-
lary 2.2. ut

3 Hardy–Sobolev–Maz’ya Inequalities

We first establish the following result that will be used for Theorem B.

Theorem 3.1 (weighted Sobolev inequality). Let σ2, σ3, . . . , σn be real num-
bers, n > 2. We set cl := σ2 + . . . + σl + l − 1 for 2 6 l 6 n. Assume that

cl > 0 ,whenever σl 6= 0,

for l = 2, . . . , n. Then there exists a positive constant C such that for any
w ∈ C∞0 (Rn)

∫

Rn

|X2|σ2 . . . |Xn|σn |∇w|dx
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> C

(∫

Rn

(|X2|b|X3|σ3 . . . |Xn|σn |w|)q
dx

) 1
q

, (3.1)

where
b = σ2 − 1 +

q − 1
q

n, 1 < q 6 n

n− 1
.

Proof. For 1 < q 6 n/(n − 1) and b = σ2 − 1 + q−1
q n we easily obtain the

following L1 interpolation inequality:

|||X2|bv||q 6 c1|||X2|σ2v|| n
n−1

+ c2|||X2|σ2−1v||1.

Using the inequality
∣∣∣∣
∫

Rn

divF|v|dx

∣∣∣∣ 6
∫

Rn

|F||∇v|dx (3.2)

with the vector field F = |X2|σ2−1X2, we obtain

|σ2 + 1|
∫

Rn

|X2|σ2−1|v|dx 6
∫

Rn

|X2|σ2 |∇v|dx.

Here, we restrict ourselves to σ2 + 1 > 0 to ensure that |X2|σ2−1 ∈ L1
loc(Rn).

Combining this inequality with the standard L1 Sobolev inequality, we get

|||X2|σ2v|| n
n−1

6 |||X2|σ2 |∇v|||1.

Hence (∫

Rn

(|X2|b|v|)qdx

)1/q

6 c

∫

Rn

|X2|σ2 |∇v|dx.

Setting v = |X3|σ3w in the above inequality, we find

|||X2|b|X3|σ3 |w|||q

6 c

∫

Rn

|X2|σ2 |X3|σ3 |∇w|dx + |σ3|c
∫

Rn

|X2|σ2 |X3|σ3−1|w|dx.

Taking F = |X2|σ2 |X3|σ3−1X3 in (3.2), we get

|σ2 + σ3 + 2|
∫

Rn

|X2|σ2 |X3|σ3−1|w|dx 6
∫

Rn

|X2|σ2 |X3|σ3 |∇w|dx. (3.3)

Here, we assumed that σ2 + σ3 + 2 > 0 to guarantee that |X2|σ2 |X3|σ3−1 ∈
L1

loc(Rn). The two previous estimates give

|||X2|b|X3|σ3 |w|||q 6 c

∫

Rn

|X2|σ2 |X3|σ3 |∇w|dx.
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If we would have σ3 = 0, we obtain our result immediately and it is not
necessary to check whether the constant σ2 + σ3 + 2 is positive or not.

We may repeat this procedure iteratively. At the lth step, we use the vector
field

F = |X2|σ2 |X3|σ3 . . . |Xl|σl−1Xl

in (3.2) to get

|cl| |||X2|σ2 |X3|σ3 . . . |Xl|σl−1w||1 6
∫

Rn

|X2|σ2 |X3|σ3 . . . |Xl|σl |∇w|dx.

As above, we do not need this inequality in the case σl = 0 and, if σl 6= 0,
we assume cl = σ2 + . . . + σl + l − 1 > 0 to ensure the integrability of the
integrand on the left-hand side. Similarly, it follows that

c|||X2|b|X3|σ3 . . . |Xl|σlw||q 6
∫

Rn

|X2|σ2 |X3|σ3 . . . |Xl|σl |∇w|dx,

which is (3.1). ut
To prove Theorem C, we use the following variant of Theorem 3.1.

Theorem 3.2 (weighted Sobolev inequality). Let σ1, σ2, . . . , σn be real num-
bers, n > 2. We set cl := σ1 + . . . + σl + l − 1 for 1 6 l 6 n and assume
that

cl > 0, whenever σl 6= 0,

for l = 1, 2, . . . , n. Then there exists a positive constant C such that for any
w ∈ C∞0 (Rn)

∫

Rn

|x1|σ1 |X2|σ2 . . . |Xn|σn |∇w|dx

> C

(∫

Rn

(|x1|b|X2|σ2 . . . |Xn|σn |w|)q
dx

) 1
q

, (3.4)

where
b = σ1 − 1 +

q − 1
q

n, < q 6 n

n− 1
.

Proof. Let

1 < q 6 n/(n− 1) and b = σ1 − 1 +
q − 1

q
n.

We first consider the case σ1 > 0. We use the following L1 interpolation
inequality

|||x1|bv||q 6 c1|||x1|σ2v|| n
n−1

+ c2|||x1|σ2−1v||1.
Arguing in the same way as in the proof of Theorem D, we find
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(∫

Rn

(|x1|b|v|)qdx

)1/q

6 c

∫

Rn

|x1|σ1 |∇v|dx. (3.5)

In the case σ1 = 0, the inequality (3.5) is still valid (cf. [22, Section 2.1.6/1]).

The rest of the proof goes as in Theorem D, i.e., we apply (3.5) to v =
|X2|σ3w to get

|||x1|b|X2|σ2 |w|||q 6 c

∫

Rn

|x1|σ1 |X2|σ2 |∇w|dx+|σ2|c
∫

Rn

|x1|σ1 |X2|σ2−1|w|dx.

Setting F = |x1|σ1 |X2|σ2−1X2 in (3.2), we get

|σ1 + σ2 + 1|
∫

Rn

|x1|σ1 |X2|σ2−1|w|dx 6
∫

Rn

|x1|σ1 |X2|σ2 |∇w|dx. (3.6)

The condition c2 = σ1+σ2+1 > 0 guarantees that |x1|σ1 |X2|σ2−1 ∈ L1
loc(Rn)

and leads to

|||x1|b|X2|σ2 |w|||q 6 c

∫

Rn

|x1|σ1 |X2|σ2 |∇w|dx.

We omit further details. ut
Now, we are ready to prove Theorem B.

Proof of Theorem B. As the first step, we establish that for any v ∈ C∞0 (Rn)
∫

Rn

|X2|2σ2− 2QB
Q+2 |X3|

4σ3
Q+2 . . . |Xn|

4σn
Q+2 |∇v|2dx

> C

(∫

Rn

|X2|
2QB
Q+2 |X3|

2Qσ3
Q+2 . . . |Xn|

2Qσn
Q+2 |v|Qdx

) 2
Q

(3.7)

provided that cl := σ2 + . . . + σl + (l − 1) > 0 if σl 6= 0, 2 6 l 6 n, where

B = σ2 − 1 +
Q− 2
2Q

n, 2 < Q 6 2n

n− 2
.

To show (3.7), we apply Theorem 3.1 to the function w = |v|s with s =
Q+2

2 , sq = Q and b = B. Trivial estimates give

C

( ∫

Rn

|X2|bq|X3|σ3q . . . |Xn|σnq|v|sqdx

)1/q

6 s

∫

Rn

|X2|σ3 |X3|σ3 · . . . · |Xn|σn |v|s−1|∇v|dx.
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Applying the Cauchy–Schwartz inequality to the right-hand side, we obtain
the required result.

We use (3.7) with σ2 = 1
4 ((Q − 2)n − 2Q), so that 2σ2 − 2QB

Q+2 = 0. Note
that the requirement

c2 = σ2 + 1 =
1
4
(Q− 2)(n− 2) > 0

is equivalent to Q > 2, and therefore is satisfied.
Then we use Lemma 2.1. Recall that for φ > 0 and u = φv with v ∈

C∞0 (Rn \ S2)
∫

Rn

|∇u|2dx +
∫

Rn

∆φ

φ
|u|2dx =

∫

Rn

φ2|∇v|2dx. (3.8)

For φ we take

φ(x) = |X3|
2σ3
Q+2 |X4|

2σ4
Q+2 . . . |Xn|

2σn
Q+2

= |X3|−γ3 |X4|−γ4 · . . . · |Xn|−γn , (3.9)

where

γ3 = α3 + 1/2,

γm = αm − αm−1 + 1/2, m = 3, . . . , n.

Therefore,

σm = −Q + 2
2

γm, m = 3, . . . , n.

Applying (3.7), we obtain

∫

Rn

φ2|∇v|2dx > C

(∫

Rn

|X2|
Q−2

2 n−Q|φv|Qdx

) 2
Q

(3.10)

provided that for 3 6 l 6 n

cl := σ2 + . . . + σl + l − 1 > 0, whenever σl 6= 0. (3.11)

Combining (3.10) with (3.8), we get

∫

Rn

|∇u|2dx +
∫

Rn

∆φ

φ
|u|2dx > C

(∫

Rn

|X2|
Q−2

2 n−Q|u|Qdx

) 2
Q

.

On the other hand, by Theorem A(i),

−∆φ

φ
=

β3

|X3|2 + . . . +
βn

|Xn|2 ,
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and the desired inequality follows.
It remains to check the condition (3.11). For l = 2 it was already checked..

For 3 6 l 6 n, after some calculations we find

cl = σ2 + . . . + σl + l − 1

=
1
4
(Q− 2)(n− 2)− Q + 2

2
(γ3 + . . . + γl) + l − 1

=
Q + 2

2

(
− αl +

(Q− 2)(n− l)
2(Q + 2)

)
.

Recalling that αl 6 0, we conclude that l 6 n − 1 implies cl > 0, whereas
for l = n we have cn > 0 if and only if αn < 0. This proves (1.8) for
u ∈ C∞0 (Rn \ S2) and, by a density argument, the result holds for any u ∈
C∞0 (Rn).

In the rest of the proof, we show that (1.8) fails in the case αn = 0. For
this purpose, we establish that

inf
u∈C∞0 (Rn)

∫

Rn

|∇u|2dx− β3

∫

Rn

|u|2
|X3|2 dx− . . .− βn

∫

Rn

|u|2
|Xn|2 dx

(∫

Rn

|X2|
Q−2

2 n−Q|u|Qdx

) 2
Q

= 0,

(3.12)
where βn =

(
αn−1 − 1

2

)2. Let

u(x) = |X3|−γ3 . . . |Xn−1|−γn−1v(x).

A direct calculation, quite similar to that leading to (2.17), shows that the
infimum in (3.12) is the same as the following infimum:

inf
v∈C∞0 (Rn)

∫

Rn

n−1∏

j=3

|Xj|−2γj |∇v|2dx− βn

∫

Rn

n−1∏

j=3

|Xj|−2γj |Xn|−2v2dx

( ∫

Rn

(
|X2|

Q−2
2Q n−1

n−1∏

j=3

|Xj|−γj

)Q

|v|Qdx

) 2
Q

.

(3.13)
We now choose the following test functions

vk3,ε = |Xn|−γn+εhk3(x)φ(x), ε > 0, (3.14)

where hk3(x) and φ(x) are the same test functions as at the first step of the
proof of Theorem A (ii). Under this choice, after straightforward calculations,
quite similar to that used in the proof of Theorem A (ii), we obtain the
following estimate for the numerator N in (3.13):
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N [v∞,ε] =
((

αn−1 − 1
2

+ ε
)2

−
(
αn−1 − 1

2

)2)

×
∫

Rn

n−1∏

j=3

|Xj|−2γj |Xn|−2γn+2+εφ2(x)dx + Oε(1)

= Cε

∫

Rn

r−1+2ε sin θ2

n−1∏

j=3

(sin θj)1−2αj φ2(r)dθ1 . . . dθn−1dr + Oε(1)

= Cε

∫ 1

0

r−1+εdr + Oε(1).

In the above calculations, we took the limit as k3→∞ and used polar coor-
dinates in (x1, . . . , xn)→(θ1, . . . , θn−1, r). We conclude that

N [v∞,ε] < C, ε→0. (3.15)

Similar calculations for the denominator D in (3.13) yields

D[v∞,ε] = C

( ∫

Rn

r−1+εQ
n−1∏

j=2

(sin θj)j−n−1+Q( n−j
2 −αj)φQdθ1 . . . dθn−1dr

) 2
Q

> C

( ∫ 1
2

0

r−1+εQdr

) 2
Q

= Cε−
2
Q .

Then
N [v∞,ε]
D[v∞,ε]

→0 as ε→0.

Therefore, the infimum in (3.13) or (3.12) vanishes. ut

From Theorem B we obtain the following assertion.

Corollary 3.3. Let 3 6 k < n and 2 < Q 6 2n
n−2 . Then for any βn < 1/4

there exists a positive constant C such that for all u ∈ C∞0 (Rn)
∫

Rn

|∇u|2dx

>
∫

Rn

((
k − 2

2

)2 1
|Xk|2 +

1
4

1
|Xk−1|2 + . . . +

1
4

1
|Xn−1|2 +

βn

|Xn|2
)
|u|2dx

+ C

(∫

Rn

|X2|
Q−2

2 n−Q|u|Qdx

) 2
Q

.

If βn = 1/4, then the inequality fails.
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In the case k = n, for any βn < (n−2)2

4 there exists a positive constant C
such that for all u ∈ C∞0 (Rn)

∫

Rn

|∇u|2dx > βn

∫

Rn

u2

|x|2 dx + C

(∫

Rn

|X2|
Q−2

2 n−Q|u|Qdx

) 2
Q

.

The inequality fails for βn = (n−2)2

4 .

Proof. In Theorem B, we make the following choice. In the case k = 3, we
choose α3 = α4 = . . . = αn−1 = 0. In this case, βk = 1/4, k = 1, . . . , n − 1.
The condition αn < 0 is equivalent to βn < 1/4. In the case 3 < k 6 n − 1,
we choose αm = −m/2 if when m = 1, 2, . . . , k − 1 and αm = 0 if when
m = k, . . . , n− 1. Finally, in the case k = n, we choose αm = −(m− 2)/2 for
m = 3, 4, . . . , n− 1. ut

Proof of Theorem C. We first prove that the following inequality holds for
any v ∈ C∞0 (Rn):

∫

Rn

|x1|2σ1− 2QB
Q+2 |X2|

4σ2
Q+2 . . . |Xn|

4σn
Q+2 |∇v|2dx

> C

(∫

Rn

|x1|
2QB
Q+2 |X2|

2Qσ2
Q+2 . . . |Xn|

2Qσn
Q+2 |v|Qdx

) 2
Q

(3.16)

provided that cl := σ1 + . . . + σl + (l − 1) > 0 if σl 6= 0, 1 6 l 6 n, where

B = σ1 − 1 +
Q− 2
2Q

n,
2(n− 1)
n− 2

< Q 6 2n

n− 2
.

To show (3.16), we apply Theorem 3.2 to the function w = |v|s with
s = Q+2

2 , sq = Q and b = B, and then use the Cauchy–Schwartz inequality.
We use (3.16) with σ1 = 1

4 ((Q − 2)n − 2Q) and σ2 = 0. In this case,
2σ1 − 2QB

Q+2 = 0. The choice of φ is the same as in the proof of Theorem B.
We find

∫

Rn

|∇u|2dx−
∫

Rn

(
β3

|X3|2 + . . . +
βn

|Xn|2
)
|u|2dx

> C

(∫

Rn

|x1|
Q−2

2 n−Q|u|Qdx

) 2
Q

provided that cl satisfy our assumptions of Theorem 3.2. However, it turns
out that

cl =
Q + 2

2

(
−αl +

(Q− 2)(n− l)
2(Q + 2)

)
, 1 6 l 6 n,



158 S. Filippas et al.

and our assumptions are satisfied in the case αn < 0.
It remains to prove that (1.10) fails in the case αn = 0. For this purpose,

we show that

inf
u∈C∞0 (Rn)

∫

Rn

|∇u|2dx− β3

∫

Rn

|u|2
|X3|2 dx− . . .− βn

∫

Rn

|u|2
|Xn|2 dx

(∫

Rn

|x1|
Q−2

2 n−Q|u|Qdx

) 2
Q

= 0,

(3.17)
where βn =

(
αn−1 − 1

2

)2. We can use the test functions as in the proof of
Theorem B because they belong to the proper function space. The result
follows by observing that, in this case, the weight is stronger than the weight
in Theorem B. ut

An easy consequence of the above theorem is the following assertion.

Corollary 3.4. Let 3 6 k < n and 2(n−1)
n−2 < Q 6 2n

n−2 . Then, for any
βn < 1/4 there exists a positive constant C such that for all u ∈ C∞0 (Rn)

∫

Rn

|∇u|2dx

>
∫

Rn

((k − 2
2

)2 1
|Xk|2 +

1
4

1
|Xk−1|2 + . . . +

1
4

1
|Xn−1|2 +

βn

|Xn|2
)
|u|2dx

+ C
(∫

Rn

|x1|
Q−2

2 n−Q|u|Qdx
) 2

Q

.

If βn = 1/4, this inequality fails.
In the case k = n, for any βn < (n−2)2

4 there exists a positive constant C
such that for all u ∈ C∞0 (Rn)

∫

Rn

|∇u|2dx > βn

∫

Rn

u2

|x|2 dx + C
( ∫

Rn

|x1|
Q−2

2 n−Q|u|Qdx
) 2

Q

.

This inequality fails for βn = (n−2)2

4 .

Acknowledgments. The third author is thanking the Departments of Math-
ematics and Applied Mathematics of University of Crete for the invitation as
well as the warm hospitality.

References

1. Adimurthi, Chaudhuri, N., Ramaswamy, M.: An improved Hardy–Sobolev
inequality and its application. Proc. Am. Math. Soc. 130, no. 2, 489–505 (2002)



Hardy–Sobolev–Maz’ya Inequalities 159

2. Adimurthi, Esteban, M.J.: An improved Hardy–Sobolev inequality in W 1,p

and its application to Schrödinger operators. Nonlinear Differ. Equations Appl.
12, no. 2, 243–263 (2005)

3. Adimurthi, Filippas, S., Tertikas, A.: On the best constant of Hardy–Sobolev
inequalities. Nonlinear Anal. T.M.A. 70, no. 8 2826–2833 (2009)

4. Alvino, A., Ferone, V., Trombetti, G.: On the best constant in a Hardy–
Sobolev inequality. Appl. Anal. 85, no 1–3, 171–180 (2006)

5. Ancona, A.: On strong barriers and an inequality of Hardy for domains in Rn.
J. London Math. Soc. 34 2, 274–290 (1986)
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Sharp Fractional Hardy Inequalities in
Half-Spaces

Rupert L. Frank and Robert Seiringer

Dedicated to V.G. Maz’ya

Abstract We determine the sharp constant in the Hardy inequality for frac-
tional Sobolev spaces on half-spaces. Our proof relies on a nonlinear and
nonlocal version of the ground state representation.

1 Introduction and Main Results

This short note is motivated by the paper [4] concerning Hardy inequalities
in the half-space RN

+ := {(x′, xN ) : x′ ∈ RN−1, xN > 0}. The fractional
Hardy inequality states that for 0 < s < 1 and 1 6 p < ∞ with ps 6= 1 there
is a positive constant DN,p,s such that

∫∫

RN
+×RN

+

|u(x)− u(y)|p
|x− y|N+ps

dx dy > DN,p,s

∫

RN
+

|u(x)|p
xps

N

dx (1.1)

for all u ∈ C∞0 (RN
+ ) if ps < 1 and for all u ∈ C∞0 (RN

+ ) if ps > 1. In [4],
the sharp (i.e., the largest possible) value of the constant DN,2,s for p = 2 is
calculated. Our goal in this note is to determine the sharp constant DN,p,s

for arbitrary p.
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Indeed, we shall see that the sharp inequality (1.1) follows by a minor
modification of the approach introduced in [7]. In that note, we calculated
the sharp constant CN,p,s in the inequality

∫∫

RN×RN

|u(x)− u(y)|p
|x− y|N+ps

dx dy > CN,p,s

∫

RN

|u(x)|p
|x|ps

dx (1.2)

for all u ∈ C∞0 (RN ) if 1 6 p < N/s and for all u ∈ C∞0 (RN \{0}) if p > N/s.
A (nonsharp) version of (1.2) was used by Maz’ya and Shaposhnikova [10] in
order to simplify and extend considerably a result of Bourgain, Brezis, and
Mironescu [5] on the norm of the embedding Ẇ s

p (RN ) ⊂ LNp/(N−ps)(RN ).
Our proof of (1.2) relied on a ground state substitution, i.e., on writing u(x) =
ω(x)v(x), where ω(x) = |x|−(N−ps)/p is a solution of the Euler–Lagrange
equation corresponding to (1.2). In this note, we prove (1.1) using that ω(x) =
x
−(1−ps)/p
N satisfies the Euler–Lagrange equation corresponding to (1.1).
We refer to [4, 6, 8] and the references therein for motivations and appli-

cations of fractional Hardy inequalities.
In order to state our main result, let 1 6 p < ∞ and 0 < s < 1 with

ps 6= 1 and denote by Ws
p(RN

+ ) the completion of C∞0 (RN
+ ) with respect to

the left-hand side of (1.1). It is a consequence of the Hardy inequality that
this completion is a space of functions. Moreover, it is well known that for
ps < 1, Ws

p(RN
+ ) coincides with the completion of C∞0 (RN

+ ).

Theorem 1.1 (sharp fractional Hardy inequality). Let N > 1, 1 6 p < ∞,
and 0 < s < 1 with ps 6= 1. Then for all u ∈ Ws

p(RN
+ )

∫∫

RN
+×RN

+

|u(x)− u(y)|p
|x− y|N+ps

dx dy > DN,p,s

∫

RN
+

|u(x)|p
xps

N

dx (1.3)

with

DN,p,s := 2π(N−1)/2 Γ ((1 + ps)/2)
Γ ((N + ps)/2)

∫ 1

0

∣∣∣1− r(ps−1)/p
∣∣∣
p dr

(1− r)1+ps
. (1.4)

The constant DN,p,s is optimal. If p = 1 and N = 1, equality holds if and
only if u is proportional to a nonincreasing function. If p > 1 or if p = 1 and
N > 2, the inequality is strict for any function 0 6≡ u ∈ Ws

p(RN
+ ).

For p > 2 the inequality (1.3) holds even with a remainder term.

Theorem 1.2 (sharp Hardy inequality with remainder). Let N > 1, 2 6 p <

∞ and 0 < s < 1 with ps 6= 1. Then for all u ∈ Ws
p(RN

+ ) and v := x
(1−ps)/p
N u,

∫∫

RN
+×RN

+

|u(x)− u(y)|p
|x− y|N+ps

dx dy −DN,p,s

∫

RN
+

|u(x)|p
xps

N

dx
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> cp

∫∫

RN
+×RN

+

|v(x)− v(y)|p
|x− y|N+ps

dx

x
(1−ps)/2
N

dy

y
(1−ps)/2
N

, (1.5)

where DN,p,s is given by (1.4) and 0 < cp 6 1 is given by

cp := min
0<τ<1/2

(
(1− τ)p − τp + pτp−1

)
. (1.6)

If p = 2, then (1.5) is an equality with c2 = 1.

We conclude this section by mentioning an open problem concerning frac-
tional Hardy–Sobolev–Maz’ya inequalities. If p > 2 and 0 < s < 1 with
1 < ps < N , is it true that the left-hand side of (1.5) is bounded from below
by a positive constant times

(∫

RN
+

|u|q dx

)p/q

, q = Np/(N − ps) ?

The analogous estimate for s = 1,

∫

RN
+

|∇u|p dx−
(

p− 1
p

)p ∫

RN
+

|u(x)|p
xp

N

dx > σN,p

(∫

RN
+

|u|q dx

)p/q

, (1.7)

where q = Np/(N − p), is due to Maz’ya (for p = 2) [9] and Barbatis–
Filippas–Tertikas (for 2 < p < N) [2]; see also [3] for the sharp value of σ3,2.
The proof of (1.7) is based on the analogue of (1.5),

∫

RN
+

|∇u|p dx−
(

p− 1
p

)p ∫

RN
+

|u(x)|p
xp

N

dx > cp

∫

RN
+

|∇v|pxp−1
N dx ,

where u = x
(p−1)/p
N v .

2 Proofs

2.1 General Hardy inequalities

This subsection is a quick reminder of the results in [7]. Throughout we fix
N > 1, p > 1 and an open set Ω ⊂ RN . Let k be a nonnegative measurable
function on Ω ×Ω satisfying k(x, y) = k(y, x) for all x, y ∈ Ω and define

E[u] :=
∫∫

Ω×Ω

|u(x)− u(y)|pk(x, y) dx dy.
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Our key assumption for proving a Hardy inequality for the functional E is
the following.

Assumption 2.1. Let ω be an a.e. positive, measurable function on Ω.
There exists a family of measurable functions kε, ε > 0, on Ω ×Ω satisfying
kε(x, y) = kε(y, x), 0 6 kε(x, y) 6 k(x, y), and

lim
ε→0

kε(x, y) = k(x, y) (2.1)

for a.e. x, y ∈ Ω. Moreover, the integrals

Vε(x) := 2 ω(x)−p+1

∫

Ω

(ω(x)− ω(y)) |ω(x)− ω(y)|p−2
kε(x, y) dy (2.2)

are absolutely convergent for a.e. x, belong to L1,loc(Ω) and V := limε→0 Vε

exists weakly in L1,loc(Ω), i.e.,
∫

Vεg dx →
∫

V g dx

for any bounded g with compact support in Ω.

The following abstract Hardy inequality was proved in [7] in the special
case Ω = RN . The general case considered here is proved by exactly the same
arguments.

Proposition 2.2. Under Assumption 2.1, for any u with compact support

in Ω and E[u] and
∫

V+|u|p dx finite one has

E[u] >
∫

Ω

V (x)|u(x)|p dx . (2.3)

For p > 2 a stronger version of (2.3) is valid which includes a remainder
term.

Proposition 2.3. Let p > 2. Under Assumption 2.1, for any u with compact

support in Ω write u = ωv and assume that E[u],
∫

V+|u|p dx, and

Eω[v] :=
∫∫

Ω×Ω

|v(x)− v(y)|p ω(x)
p
2 k(x, y)ω(x)

p
2 dx dy

are finite. Then

E[u]−
∫

Ω

V (x)|u(x)|p dx > cp Eω[v] (2.4)

with cp from (1.6). If p = 2, then (2.4) is an equality with c2 = 1.
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2.2 Proof of Theorem 1.1

Throughout this subsection, we fix N > 1, 0 < s < 1, and p 6= 1/s and we
abbreviate

α := (1− ps)/p .

We will deduce the sharp Hardy inequality (1.3) using the general approach
in the previous subsection with the choice

ω(x) = x−α
N , k(x, y) = |x− y|−N−ps , V (x) = DN,p,sx

−ps
N . (2.5)

The key observation is

Lemma 2.4. One has uniformly for x from compacts in RN
+

2 lim
ε→0

∫

y∈RN
+ ,|xN−yN |>ε

(ω(xN )− ω(yN )) |ω(xN )− ω(yN )|p−2
k(x, y) dy

=
DN,p,s

|x|ps
N

ω(x)p−1 (2.6)

with DN,p,s from (1.4).

Proof. First, let N = 1. Then it follows from [7, Lemma 3.1] that

2 lim
ε→0

∫

y>0 ,|x−y|>ε

(ω(x)− ω(y)) |ω(x)− ω(y)|p−2
k(x, y) dy =

D1,p,s

xps
ω(x)p−1

uniformly for x from compacts in (0,∞). To be more precise, in [7, Lemma
3.1] the y-integral was extended over the whole axis. Therefore, the difference
between the constant C1,s,p in [7, (3.2)] and our D1,p,s here comes from the
absolutely convergent integral

2
∫ 0

−∞
(ω(x)− ω(|y|)) |ω(x)− ω(|y|)|p−2 dy

(x− y)1+ps
.

This proves the assertion for N = 1. In order to extend the assertion to higher
dimensions, we use the fact (cf. [1, (6.2.1)]) that

∫

RN−1

dy′

(|x′ − y′|2 + m2)(N+ps)/2

= |SN−2|m−1−ps

∫ ∞

0

rN−2 dr

(r2 + 1)(N+ps)/2

=
1
2
|SN−2|m−1−ps Γ ((N − 1)/2) Γ ((1 + ps)/2)

Γ ((N + ps)/2)
(2.7)
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for N > 2. Recalling

|SN−2| = 2π(N−1)/2/Γ ((N − 1)/2)

concludes the proof. ut

Proof of Theorem 1.1. According to Lemma 2.4, Assumption 2.1 is satisfied
with kernel

kε(x, y) = |x− y|−N−psχ{|xN−yN |>ε}.

Hence the inequality (1.3) for u ∈ C∞0 (RN
+ ) follows from Proposition 2.2. By

density, it holds for all u ∈ Ws
p(RN

+ ). Strictness for p > 1 follows by the same
argument as in [7]. In order to discuss equality in (1.3) for p = 1, we first
note that for equality it is necessary that u is proportional to a nonnegative
function, which we assume henceforth. From [7, (2.18)] we see that equality
holds if and only if for a.e. x and y with ω(xN ) > ω(yN ) (i.e., xN < yN ) one
has

|ω(xN )v(x)− ω(yN )v(y)| − (ω(xN )v(x)− ω(yN )v(y)) = 0

for v(x) := ω(xN )−1u(x). Since for numbers a, b > 0 the equality |a − b| −
(a− b) = 0 holds if and only if b 6 a, we conclude that for a.e. x and y with
xN < yN one has ω(yN )v(y) 6 ω(xN )v(x), i.e., u(y) 6 u(x). If N = 1, this
means that u is nonincreasing. If N > 2, one sees that for a function u with

this property the integral
∫

RN
+

|u|x−s
N dx is infinite, unless u ≡ 0. This proves

the strictness assertion in Theorem 1.1.

The fact that the constant is sharp for N = 1 was shown in [7] (with
R+ replaced by R, but this only leads to trivial modifications). In order
to prove sharpness in higher dimensions, we consider functions of the form
un(x) = χn(x′)φ(xN ), where

χn(x′) =





1 if |x′| 6 n ,

n + 1− |x′| if n < |x′| < n + 1 ,

0 if |x′| > n + 1 .

An easy calculation using (2.7) shows that
∫∫

RN
+×RN

+

|un(x)− un(y)|p
|x− y|N+ps

dx dy

∫

RN
+

|un(x)|p
xps

N

dx

→ A

∫∫

R+×R+

|φ(xN )− φ(yN )|p
|xN − yN |1+ps

dxN dyN

∫

R+

|φ(x)|p
xps

N

dxN

as n → ∞ with A := 1
2 |SN−2|Γ ((N − 1)/2) Γ ((1 + ps)/2)/Γ ((N + ps)/2).

Since A = DN,p,s/D1,p,s, the sharpness of DN,p,s for N > 2 follows from the
sharpness of D1,p,s for N = 1. ut
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Proof of Theorem 1.2. The inequality (1.2) follows immediately from Propo-
sition 2.3. ut
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Collapsing Riemannian Metrics to
Sub-Riemannian and the Geometry of
Hypersurfaces in Carnot Groups

Nicola Garofalo and Christina Selby

Dedicated to Professor Maz’ya
with affection and admiration

Abstract Given a Carnot group with step two G, we study the limit as
ε → 0 of a family of left-invariant Riemannian metrics gε on G. In such
metrics, neither the Ricci tensor nor the sectional curvatures are bounded
from below. Nonetheless, our main result shows that the Riemannian first
and second variation formulas in the gε-metrics converge to the correspond-
ing sub-Riemannian ones. This testifies of an intrinsic stability of some deli-
cate cancellation processes and makes the method of collapsing Riemannian
metrics a possible tool for attacking various fundamental open questions in
sub-Riemannian geometry. Finally, we mention that the restriction to groups
of step two is purely for ease of exposition and that the same method can be
applied to Carnot groups of arbitrary step.

1 Introduction

There has recently been growing interest in first and second variation for-
mulas for the horizontal perimeter measure of smooth (C2) hypersurfaces in
Carnot groups. As in the Riemannian case, such formulas play a pervasive
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role in basic problems such as the Bernstein and the isoperimetric problems.
In all works on the subject, such formulas have been derived by directly
developing sub-Riemannian analogs of various fundamental tools from Rie-
mannian geometry, such for instance the notions of horizontal connection,
horizontal perimeter etc.

The celebrated isoperimetric inequality states that for any measurable set
with locally finite perimeter E ⊂ Rn (a Caccioppoli set)

|E|n−1
n 6 n−1ω−

1
n P (E,Rn),

where ωn is the n-dimensional measure of the unit ball in Rn and P (E) is
the variational perimeter of E according to De Giorgi. A fundamental result,
proved independently by Maz’ya [25] and by Fleming and Rishel [15], states
that the above inequality is, in fact, equivalent to the following sharp form
of the Gagliardo–Nirenberg inequality, also known as the geometric Sobolev
embeddiing:

(∫

Rn

|f | n
n−1 dx

)n−1
n

6 n−1ω−
1
n Var(f ;Rn), f ∈ BV (Rn),

where Var(f ;Rn) means the total variation of f and BV (Rn) denotes
the space of functions of bounded variation in Rn. The extremal sets in
the isoperimetric inequality are balls (up to measure zero). According to
A.D. Alexandrov’s soap bubble theorem, these are the only smooth compact
sets whose boundary has positive constant mean curvature. If instead one
asks for Caccioppoli sets of zero mean curvature, one is led to the Bernstein
problem.

A central tool in the calculus of variations and geometry are the first
and second variation formulas of the area (cf., for example, [24, 35, 9, 3].
Besides their intrinsic interest, such formulas play a fundamental role in the
study of various basic problems, such as, for instance, the above-mentioned
isoperimetric and the Bernstein problems. Over the past few years there was
an explosion of interest in the study of sub-Riemannian analogues of such
problems and there presently exists a rapidly growing literature. It is not
surprising that, in these developments, appropriate first and second variation
formulas for the sub-Riemannian perimeter have occupied a central position.
For instance, the second variation formula has recently led in [11] to the
discovery of the role of stability in the sub-Riemannian Bernstein problem in
the Heisenberg group H1, and to its complete solution in [13, 14] (cf. also [1]
for an analogous result for intrinsic graphs).

Sub-Riemannian first and second variation formulas were found in [7, 10,
2, 18, 19, 1, 29, 33]. Although these papers are based on different approaches,
they all have in common the fact that the authors work directly with the sub-
Riemannian geometry induced by the ambient space on the submanifold. The
following works contain various applications of these formulas: [8, 11, 13, 12,
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34, 31]. While in such formulas the horizontal perimeter and mean curvature
are the leading characters, they also entail several other entities whose deeper
geometric meaning is hard to grasp since they appear a posteriori, often after
long and complex calculations.

This paper was motivated by the desire of understanding the first and
second variation of the sub-Riemannian area from a Riemannian viewpoint.
Given a Carnot group G, roughly speaking the method employed in this
paper is based on defining a one-parameter family {gε}ε of left-invariant Rie-
mannian metrics in G, applying results from Riemannian geometry, and then
taking the limit as ε converges to zero. More precisely, given a C2 hypersu-
face M ⊂ G, our main objective was the study of the limiting behavior of
the induced Riemannian metrics on M with the purpose of unraveling the
sub-Riemannian geometry of M in the limit as ε → 0. This program has
been successful and, as a by-product, we have been able to obtain first and
second variation formulas which, when specialized to the Heisenberg group
H1, give back those first obtained in [7] using CR geometry and in [10] with
sub-Riemannian calculus. Such formulas also coincide with the more general
ones independently obtained in [27] and [19] by exploiting the Lagrangian
framework of the Poincaré–Cartan differential forms. One notable aspect is
that, despite the fact that the Ricci tensor or the sectional curvatures are
not bounded from below, the Riemannian second fundamental form of M
in the ε-metric converges to the sub-Riemannian second fundamental form
introduced in [10] and [18].

The present work focuses on Carnot groups of step 2, but the same tech-
nique could very well be applied to more general groups. The method em-
ployed in this paper has already been explored with different purposes by
several other people (cf., for example, [21, 22, 30, 32, 8, 6, 4]. Of course,
there is a large literature in Riemannian geometry on collapsing Riemannian
metrics (cf., for example, [16, 17] and [26]), but such a powerful method is
used in that context in a perspective which is somewhat different from that
of the present paper. For instance, in our context, the Ricci tensor is not
bounded from below, nor are such the sectional curvatures of the approxi-
mating Riemannian metrics. It seems plausible that a thorough investigation
of the method used in this paper could have far-reaching applications in
sub-Riemannian geometry. For instance, one could use it to investigate the
fundamental open question of estimates of Alexandrov–Bakelman–Pucci type
for equations with rough coefficients in non variational form. In this perspec-
tive, we hope that the geometric information contained in the present paper
will prove useful.

A brief description of the organization of the present paper is as follows.
The first section provides the necessary background on Carnot groups of step
2. In the following section, an orthonormal basis with respect to the metric
which makes {X1, . . . , Xm T1,ε, . . . , Tk,ε} an orthonormal basis is given. Here,
Ts,ε =

√
εTs. This basis is what is used extensively in completing the geo-

metric calculations of Section 5. In this section, the reader find computations
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of the ε-tangential divergence, ε-mean curvature, and the ε-second funda-
mental form. Applying the Riemannian divergence theorem, some interesting
integration-by-parts formulas are derived. The geometric quantities are all of
the ingredients needed to prove the first and second variation formula found
in Section 6. The second variation formula is proved for the Heisenberg group
and for variations in the horizontal normal direction. This restriction is for
computational ease. It should be clear to the reader that our technique could
very well be used for more general variations.

In the model setting of the Heisenberg group H1, for an arbitrary (com-
pactly supported) deformation of a surface first and second variation formulas
were obtained in [7] and in [10]. In [11], the notion of stable minimal surface
was introduced on the basis of the second variation formula in [10]. In [10],
stability inequalities were obtained. Note that such inequalities have recently
found application to the solution of the Bernstein problem in the Heisenberg
group H1 (cf. [13, 14, 1]). A Bernstein type theorem is also found in [7],
and results related to those in [14] were recently obtained in [20]. The first
variation formula for H-perimeter implies that any minimizer of H-perimeter
must be an H-minimal surface. These surfaces are also studied in [8, 33, 34].
In particular, a solution to the isoperimetric problem for the first Heisenberg
group is found in [34] (cf. also [12] for a partial result). First and second
variation formulas for more general groups were computed in [29] and [19],
concurrently to this work. These papers exploit the Lagrangian framework of
the Poincaré–Cartan differential forms.

2 Hypersurfaces in Carnot Groups of Step 2

A Carnot group G of step 2 is a real Lie group whose Lie algebra g admits
a stratification nilpotent of step 2. This means that there exist vector spaces
V1, V2 ⊂ g such that g = V1⊕V2, [V1, V1] = V2, and [V1, V2] = {0}. The vector
space V1 is called the horizontal layer. The exponential mapping exp : g → G
is an analytic diffeomorphism of g onto G. In general, the Baker–Campbell–
Hausdorff formula [36] states that

exp(ξ) exp(η) = exp
(
ξ + η +

1
2
[ξ, η] +

1
12
{[ξ, [ξ, η]]− [η, [ξ, η]]}+ . . .

)
, (2.1)

where the dots indicate commutators or order four and higher. For a group
of step 2 commutators of order greater than 2 are zero. Using (2.1), one can
determine the group law of G through knowledge of the bracket relationships
of the vector spaces V1 and V2.

An example of paramount importance of a Carnot group of step 2 is the
Heisenberg group, Hn. In this case, V1 = R2n×{0}, V2 = {0}×R, and Hn '
R2n+1. For x, y ∈ Rn, let g = (x, y, t), g′ = (x′, y′, t′). The noncommutative
group law in Hn is given by
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g · g′ =
(

x + x′, y + y′, t + t′ +
1
2

(〈x, y′〉 − 〈x′, y〉)
)

.

Throughout the paper, m = dim V1, k = dim V2, and [n = m + k is the
topological dimension of G. Let {e1, . . . , em} denote an orthonormal basis for
V1 and {ε1, . . . , εk} denote an orthonormal basis for V2. The notation 〈 , 〉g
means the inner product on g for which the preceding bases are orthonormal.
We also use the notation 〈 , 〉 when the dependence on g is understood.
Using the exponential map, we define the exponential coordinates of g ∈ G
as follows:

xi(g) = 〈exp−1(g), ei〉g, i = 1, . . . , m, (2.2)

ts(g) = 〈exp−1(g), εs〉g, s = 1, . . . , k. (2.3)

Using these coordinates, we routinely identify an element g ∈ G with the
point (x1, . . . , xm, t1, . . . , tk) ∈ Rm+k, i.e.,

g = (x1, . . . , xm, t1, . . . , tk).

The group constants bs
ij are defined by

bs
ij = 〈[ei, ej ], εs〉g, i, j = 1, . . . , m, s = 1, . . . , k. (2.4)

Therefore,

[ei, ej ] =
k∑

s=1

bs
ijεs, i, j = 1, . . . ,m. (2.5)

The operators of left and right translation by an element g ∈ G are denoted
Lg and Rg respectively. In particular,

Lg (g′) = g · g′, Rg (g′) = g′ · g.

The following left-invariant vector fields are defined on G:

Xi(g) = (Lg)∗ (ei) , i = 1, . . . ,m, (2.6)
Ts(g) = (Lg)∗ (εs) , s = 1, . . . , k. (2.7)

Using the Baker–Campbell–Hausdorff formula, one obtains the following
lemma.

Lemma 2.1. For each i = 1, . . . , m

Xi =
∂

∂xi
+

1
2

k∑
s=1

m∑

j=1

bs
jixj

∂

∂ts
. (2.8)

For s = 1, . . . , k
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Ts =
∂

∂ts
. (2.9)

We notice explicitly that, as a consequence of (2.8) and (2.9), one has

∂

∂xi
= Xi − 1

2

k∑
s=1

m∑

j=1

bs
jixjTs. (2.10)

A vector field ζ on G is said to be horizontal if

ζ =
m∑

i=1

aiXi,

for suitable ai ∈ C∞(G). Let G be a Carnot group of step 2. For an oriented
hypersurface M ⊂ G we denote by N a Riemannian nonunit normal to M
and by ν = N/|N | the Riemannian Gauss map.

Definition 2.2. A horizontal normal NH : M → HG is defined by

NH =
m∑

i=1

〈ν, Xj〉Xj ,

and the horizontal unit normal or horizontal Gauss map, denoted νH , is
defined by

νH =
NH

|NH | ,

where it exists.
The function W = |NH | is called the angle function. It is clear that W = 0

if and only if 〈ν, Xj〉 = 0 for j = 1, . . . , m.

Definition 2.3. The set of points in M where νH does not exist is called
the characteristic set of M and is denoted by Σ(M) or Σ if the dependence
on M is understood. It is clear that

Σ = {g ∈ M | 〈ν(g), Xj(g)〉 = 0, j = 1, . . . , m} = {g ∈ M | W (g) = 0}

is a closed subset of M .

Definition 2.4. The horizontal divergence of φ =
∑m

i=1 φiXi is defined as

divHφ =
m∑

i=1

Xiφi,

and the horizontal gradient of u ∈ C1(G) is defined as
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∇Hu =
m∑

i=1

XiuXi.

Note that ∇Hu is the projection of the Riemannian gradient of u onto the
horizontal bundle HG.

Definition 2.5. The horizontal mean curvature at a point p ∈ M\Σ(M) is
given by

H = divHνH .

Let Ω be an open set in G. The H-variation of u ∈ L1
loc(Ω) with respect

to Ω is defined as

VarH(u; Ω) = sup
{∫

Ω

u divH φdh : φ ∈ C1
0 (Ω; HG), |φ| 6 1

}
.

A function u is said to belong to BVH(Ω) if VarH(u; Ω) < ∞. The H-
perimeter measure of a measurable set E ⊂ G with respect to an open set
Ω ⊂ G is defined as |∂E|H(Ω) = VarH(χE ;Ω). The set E has finite H-
perimeter if |∂E|H(G) < ∞. By the Riesz representation theorem, |∂E|H is
a Radon measure on G and there exists a measurable section νE of HG such
that |νE | = 1 and

∫

E

divHφdh = −
∫

G
〈φ, νE〉 d|∂E|H

for any φ ∈ C1
0 (G,HG). The section νE is called the generalized inward

normal to E. The following assertion was proved in [5].

Proposition 2.6. If E has C1 boundary and finite H-perimeter in Ω, then

|∂E|H(Ω) =
∫

∂E∩Ω

( m∑

i=1

〈ν,Xi〉2
)1/2

dHn−1 =
∫

∂E∩Ω

|NH |dHn−1,

where Hn−1 is the (n− 1)-dimensional Hausdorff measure and ν is the unit
outward normal to ∂E (recall that n = m + k).

By this formula, it is clear that the measure on ∂E, defined by

σH(∂E ∩Ω)
def
= PH(E;Ω)

on the open sets of ∂E, is absolutely continuous with respect to σ and its
density is represented by the angle function W of ∂E. We formalize this
observation in the following definition.

Definition 2.7. For a bounded domain E ⊂ G of class C1 we denote by

dσH = |NH |dHn−1 = WdHn−1, (2.11)
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the H-perimeter measure supported on ∂E (here, W is the angle function of
∂E).

Note that if Ω can be described as Ω = {Φ < 0} for some defining function
Φ which is C1 in a neighborhood U of Ω and with non vanishing gradient
∇Φ in U , then it can be shown that on M = ∂Ω the horizontal normal is
given by

νH = − ∇HΦ

|∇HΦ|
away from the characteristic set Σ(M).

3 The Limit as ε → 0 of the Rescaled ε-Volume Forms
on M

Hereafter, for a Carnot group G with step 2 we denote by 〈·, ·〉 the left-
invariant Riemannian metric which makes {X1, . . . , Xm, T1, . . . , Tk} an or-
thonormal basis of TG. If we consider the rescaled basis of the vertical layer
defined by

Ts,ε =
√

ε Ts, s = 1, . . . k,

then from (2.10) we obtain

∂

∂xi
= Xi − 1

2
√

ε

k∑
s=1

m∑

j=1

bs
jixjTs,ε. (3.1)

Lemma 3.1. Let gε be the Riemannian metric which makes {X1, . . . , Xm,
T1,ε, . . . , Tk,ε} an orthonormal basis. Denote its matrix entries gε

ij. Denote by
gε,ij the matrix entries of its inverse. Then

gε
ij =

〈 ∂

∂xi
,

∂

∂xj

〉
ε
= δij +

1
4ε

bs
mib

s
kjxmxk

for i, j = 1, . . . ,m,

gε
m+r,m+s =

〈 ∂

∂tr
,

∂

∂ts

〉
ε
=

1
ε
δrs

for s, r = 1, . . . , k, and

gε
i,m+s =

〈 ∂

∂xi
,

∂

∂ts

〉
ε
= − 1

2ε
bs
mjxm

for i = 1, . . . ,m, s = 1, . . . , k. Further,
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gε,ij = δij

for i, j = 1, . . . ,m,

gε,m+r,m+s = εδij +
1
4
br
lqb

s
hqxlxh

for s, r = 1, . . . , k, and

gε,i,m+s =
1
2
bs
qixq

for i = 1, . . . ,m, s = 1, . . . , k.

Proof. The formulas for gε
ij follow directly from the definition of Xi. The

formula for the inverse is verified in this proof. In general, to prove that a
matrix N is the inverse of a matrix M , one needs to show that NikMkj = δij .
For v > m we set r = v −m. For i, j = 1, . . . , m

gε
ivgε,vj =

m∑
v=1

(
δiv +

1
4ε

bw
uib

w
zvxuxz

)
(δvj) +

k∑
r=1

(
− 1

2ε
br
lixl

)(1
2
br
hjxh

)
= δij .

For s = 1, . . . , k, j = 1, . . . , m

gε
m+s,vgε,vj =

m∑
v=1

(
− 1

2ε
bs
lvxl

)
(δvj) +

k∑
r=1

(1
ε
δrs

)(1
2
br
hjxh

)
= 0 = δm+s,j .

For i = 1, . . . , m, s = 1, . . . , k

gε
ivgε,v,m+s =

m∑
v=1

(
δiv +

1
4ε

br
lib

r
hvxlxh

)(1
2
bs
tvxt

)

+
k∑

r=1

(
− 1

2ε
br
lixl

)(
εδrs +

1
4
bs
tqb

r
hqxtxh

)
= 0 = δi,m+s.

Finally, for v > m we set t = v −m. Then for r, s = 1, . . . , k

gε
m+r,vgε,v,m+s =

m∑
v=1

(
− 1

2ε
br
lvxl

)(1
2
bs
hvxh

)

+
k∑

t=1

(1
ε
δrt

)(
εδts +

1
4ε

bt
lqb

s
hqxlxh

)
= δrs = δm+r,m+s.

The proof is complete. ut

In the case of H1, by Lemma 3.1, we have
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gε =




1 +
y2

4ε
−xy

4ε

y

2ε

−xy

4ε
1 +

x2

4ε
− x

2ε
y

2ε
− x

2ε

1
ε




, (3.2)

(gε)−1 =




1 0 −y
2

0 1 x
2

−y

2
x

2
ε +

x2 + y2

4


 . (3.3)

The following assertion, which can be found in [10] for Hn, is crucial to
the results of this section.

Proposition 3.2. In G, we consider the left-invariant Riemannian metric
gε = [gε

ij ] which makes {X1, . . . , Xm, T1,ε, . . . , Tk,ε} an orthonormal basis.
Given a C2 codimension one submanifold M ⊂ G, denote by σε(M) the
corresponding surface area of M . Then the sub-Riemannian area of M is
given by

σH(M) = lim
ε→0

√
εσε(M).

Proof. Consider a bounded open chart U ⊂ M . By employing a partition of
unity argument, it suffices to prove the statement for U . Now, let Ω ⊂ Rn−1

be such that U is represented by F : Ω → U , with F ∈ C2(Ω). Then

σε(U) =
∫

Ω

|N ε|ε dp.

One may assume that

U = {(x, t) ∈ Rm+k : Φ(x, t) = 0}.

Further, Φ can be chosen so that

|Nε|ε =
1√
ε
|∇εΦ|ε.

Using the formula for gε,ij in Lemma 3.1, one has (re-labelling summation
indices as needed)

∇εΦ = gε,ij ∂Φ

∂xi

∂

∂xj
=

(
∂Φ

∂xj
+

1
2
bs
hjxh

∂Φ

∂ts

)
∂

∂xj

+
1
2
bs
hixh

∂Φ

∂xi

∂

∂ts
+ ε

∂Φ

∂ts

∂

∂ts
+

1
4
br
lqb

s
hqxlxh

∂Φ

∂tr

∂

∂ts
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= XjΦ
∂

∂xj
+ XqΦ

(
1
2
bs
hqxh

∂

∂ts

)
+ ε

∂Φ

∂ts

∂

∂ts

= XjΦXj + ε
∂Φ

∂ts

∂

∂ts
= ∇HΦ +

√
ε

k∑
s=1

TsΦTs,ε.

Note that |∇εΦ|ε converges uniformly to |∇HΦ| since TsΦ is bounded in view
of the regularity of U . Therefore,

lim
ε→0

√
εσε(U) = lim

ε→0

∫

Ω

√
ε|Nε|ε dp

= lim
ε→0

∫

Ω

|∇εΦ|ε dp = lim
ε→0

∫

Ω

√√√√|NH |2 + ε
k∑

s=1

(TsΦ)2dσH

=
∫

Ω

|NH | dp =
∫

U

dσH

by Definition 2.7. ut

4 Orthonormal Basis

Our first objective in this section is to produce an explicit basis for the so-
called horizontal tangent bundle to an hypersuface M ⊂ G (cf. Definition
4.1 below). Such a basis then be completed to one of the full tangent bundle
TM . We denote by N a Riemannian nonunit normal to M . It is clear that

N =
m∑

i=1

piXi +
k∑

j=1

ωjTj , (4.1)

where pi = 〈N, Xi〉, ωj = 〈N, Tj〉. We introduce some quantities which will
appear in the computations:

W =

(
m∑

i=1

p2
i

)1/2

,

γi =




i∑

j=1

p2
j




1/2

, i = 1, . . . ,m, (4.2)

τj =

(
W 2 +

j−1∑
r=1

ω2
r

)1/2

, j = 1, . . . , k + 1.
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As we have already observed in the previous section, W vanishes precisely
on the characteristic set Σ of M . Away from Σ, we define

pj =
pj

W
, j = 1, . . . , m, (4.3)

ωs =
ωs

W
, s = 1, . . . , k. (4.4)

The horizontal Gauss map on M \Σ is defined as

νH =
m∑

j=1

pjXj . (4.5)

Definition 4.1. The horizontal tangent bundle of M is the intersection of
the tangent bundle of M with the horizontal subbundle HG. We denote it as

HTM = TM ∩HG.

The subbundle HTM plays an important role in various geometric defini-
tions such as horizontal second fundamental form, horizontal mean curvature,
and others to be discussed in the following section.

Let x ∈ M be a noncharacteristic point. Note that x 6∈ Σ guarantees
W (x) 6= 0, and therefore τj(x) 6= 0 for every j = 1, . . . , k +1. Without loss of
generality, we assume that p1(x) 6= 0. Note that this assumption guarantees,
in particular, that γi(x) 6= 0 for every i = 1, . . . , m.

Proposition 4.2. Define

Ei =
−pi+1

∑i
j=1 pjXj + γ2

i Xi+1

γiγi+1
(4.6)

for i = 1, . . . ,m− 1 and

Fs =
−ωs

∑m
j=1 pjXj −

∑s−1
r=1 ωrωsTr + τ2

s Ts

τsτs+1
(4.7)

for s = 1, . . . , k. If we set

Ei =

{
Ei, i = 1, . . . ,m− 1,

Fi−m+1, i = m, . . . ,m + k − 1 = n− 1,

then {E1, . . . , En−1} is an orthonormal basis for TxM .

Proof. We begin by showing that {E1, . . . , En−1} ∈ TxM . For i = 1, . . . , m−1
from (4.1) and (4.6) we have
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〈Ei, N〉 =
−pi+1

∑i−1
j=1 p2

j + γ2
i pi+1

γiγi+1
= 0.

Similarly, for s = 1, . . . , k from (4.1) and (4.7) we have

〈Fs, N〉 =
−ωs

∑m
i=1 p2

i − ωs

∑s−1
r=1 ω2

r + ωsτ
2
s

τsτs+1
=
−ωsτ

2
s + ωsτ

2
s

τsτs+1
= 0.

Hence the vectors E1, . . . , En−1 belong to TxM . We next show that they con-
stitute an orthonormal basis for TxM , i.e., 〈Ei, Ej〉 = δij for i, j = 1, . . . , n−1.
For i < j

〈Ei, Ej〉 =
(pi+1)(pj+1)

∑i
k=1 p2

k + (−pj+1)(pi+1)γ2
i

γiγi+1γjγj+1
= 0

and

〈Ei, Ei〉 =
(pi+1)2

∑i
j=1 p2

j + γ4
i

γ2
i γ2

i+1

=
γ2

i γ2
i+1

γ2
i γ2

i+1

= 1.

Next, for r < s,

〈Fs, Fr〉 =
ωsωrW

2 + ωrωs

∑s−1
k=1 ω2

k − τ2
s ωrωs

τsτs+1τrτr+1
= 0

and

〈Fs, Fs〉 =
ω2

sW 2 + τ4
s

τ2
s τ2

s+1

=
τ2
s τ2

s+1

τ2
s τ2

s+1

= 1.

Finally,

〈Ei, Fs〉 =
ωspi+1

∑i
j=1 p2

j − ωspi+1γ
2
i

γiγi+1τsτs+1
= 0.

The proof is complete. ut

Remark 4.3. In the proof of Proposition 4.2, we see that the vectors
E1, . . . , Em−1 constitute an orthonormal subset for TxM . Since, by defini-
tion, E1, . . . , Em−1 ∈ HxG, we infer that (at a point where p1(x) 6= 0) the
vectors {E1, . . . , Em−1} provide an orthonormal basis of HTxM .

Although the following identity is already contained in the statement in
Remark 4.3, for future reference let us observe explicitly that for i = 1, . . . , m

〈Ei, νH〉 =
1

|NH | 〈Ei, NH〉 =
1

|NH | 〈Ei, N〉 = 0;
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furthermore,

〈Ei, T 〉 = 0.

We denote
Ei,j = 〈Ei, Xj〉.

Henceforth, we adopt the summation convention over repeated indices.
Recall the definition of the group constants bs

ij from (2.4). We introduce the
quantities

ξs
ij = bs

mlEi,lEj,m, i, j = 1, . . . m− 1, s = 1, . . . k. (4.8)

We also define the vector fields,

Zs = bs
ijpjXi, s = 1, . . . , k, (4.9)

Y = νH +
k∑

s=1

ωsTs, (4.10)

and
Y ⊥

s = −ωsνH + Ts, s = 1, . . . k. (4.11)

Consider an oriented hypersurface M ⊂ G and Nε as above. It is easy to
see that for the unit normal νε to M with respect to 〈 , 〉ε

lim
ε→0

νε = νH (4.12)

and this limit is uniform in ε for points in a relatively compact subset of M .
Some analogous quantities to W and τj are defined. Let

Wε =

(
m∑

i=1

p2
i + ε

k∑

j=1

ω2
j

)1/2

, (4.13)

τj,ε =

(
W 2 + ε

j−1∑
r=1

ω2
r

)1/2

. (4.14)

One can observe that

〈νε, Xi〉ε = 〈νε, Xi〉 =
W

Wε
pi, (4.15)

〈νε, Ts,ε〉ε =
√

ε
W

Wε
ωs. (4.16)
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In general, for a vector field V

〈V, Xi〉ε = 〈V, Xi〉

and for V = 〈V, Xi〉Xi + 〈V, Ts〉Ts

〈V, Ts,ε〉ε =
1√
ε
〈V, Ts〉.

The following lemma will be useful.

Lemma 4.4. Let Wε be the same as previously defined in the context of Hn.
Then

W 2

W 2
ε

= 1− ε
W

Wε

k∑

j=1

ω2
j , (4.17)

1
ε

(
W

Wε

)4

=
1
ε
− 2

k∑

j=1

ω2
j

(
W

Wε

)2

. (4.18)

Proof. By definition,

W 2
ε =

m∑

i=1

p2
i + ε

k∑

j=1

ω2
j = W 2 + ε

k∑

j=1

ω2
j .

Hence
W 2

ε

W 2
=

m∑

i=1

p2
i + ε

k∑

j=1

ω2
j = 1 + ε

k∑

j=1

ω2
j

and
W 2

W 2
ε

= 1− ε
W

Wε

k∑

j=1

ω2
j .

The rest of the proof follows similarly from definitions. ut

An orthonormal basis for TMx with respect to the metric 〈 , 〉ε can be
defined in a similar way as Proposition 4.2.

Proposition 4.5. Define

Ei =
−pi+1

∑i
j=1 pjXj + γ2

i Xi+1

γiγi+1
(4.19)

for i = 1, . . . ,m− 1 and
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F ε
s =

−√εωs

∑m
i=1 piXi − εωs

∑s−1
r=1 ωrTr,ε + τ2

s,εTs,ε

τs,ετs+1,ε
(4.20)

for s = 1, . . . , k. Then {Eε
1, . . . , Eε

n−1} is an orthonormal basis for TMx with
respect to 〈 , 〉ε, where

Eε
i = Ei, i = 1, . . . ,m− 1,

and
Eε

s = F ε
s−m+1, s = m, . . . , n− 1.

The proof is analogous to that of Proposition 4.2 and will be omitted.

In the setting of the Heisenberg group, G = Hn, one can make the following
observation:

F ε =
√

ε
W

Wε
Y ⊥, (4.21)

where Y ⊥ is defined by (4.11).

5 Geometric Guantities with respect to the Collapsing
Metrics

In this section, several geometric quantities with respect to the metric 〈 , 〉ε
are computed. These quantities are used, along with Proposition 3.2, to derive
several integration by parts formulas with respect to the horizontal perime-
ter measure. Other quantities are computed for use in the following section.
Many quantities are computed for general Carnot groups of step 2, but for
simplifying the notation some quantities are computed only for the Heisen-
berg group.

The Levi–Civita connection ∇ on TG is defined by the metric 〈 , 〉. One
can prove the following lemma as in [10].

Lemma 5.1. Let ∇ be the Levi-Civita connection on TG defined by the
metric 〈 , 〉. Then

∇Xi
Xj =

1
2

k∑
s=1

bs
ijTs,

∇Ts
Tp = 0,

∇Xi
Ts = ∇Ts

Xi = −1
2

m∑

j=1

bs
ijXj .
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Similarly, the Levi–Civita connection ∇ε is defined by the metric 〈 , 〉ε.
The proof of the following lemma is similar to that of the previous lemma.

Lemma 5.2. Let ∇ε be the Levi-Civita connection on TG defined by the
metric 〈 , 〉ε. Then

∇ε
Xi

Xj =
1

2
√

ε

k∑
s=1

bs
ijTs,ε, i, j = 1, . . . m,

∇ε
Ts,ε

Tp,ε = 0, s, p = 1, . . . k,

∇ε
Xi

Ts,ε = ∇ε
Ts,ε

Xi = − 1
2
√

ε

m∑

j=1

bs
ijXj , i = 1, . . .m, s = 1, . . . k.

The above information will be useful in computing the geometric quantities
found in the sequel. Recall a definition of the Riemannian curvature tensor
(cf., for example, [23] for more details).

Definition 5.3. Let X, Y , Z, and W be vectors in TM , where M is a
Riemannian manifold. Let ∇ be the Levi–Civita connection on TM with
respect to the metric 〈 , 〉. Then

Rm(X, Y, Z,W ) = 〈R(X, Y )Z,W 〉,

where R(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.
Recall the symmetries of the Riemannian curvature tensor.

Proposition 5.4. The Riemannian curvature tensor has the following sym-
metries for any vector fields X, Y , Z, and W :

(a) Rm(W,X, Y, Z) = −Rm(X, W, Y, Z),

(b) Rm(W,X, Y, Z) = −Rm(W,X, Z, Y ),

(c) Rm(W,X, Y, Z) = Rm(Y,Z, W,X).

Lemma 5.1 allows one to compute the Riemannian curvature tensor with
respect to the metric 〈 , 〉.
Lemma 5.5. Let 〈 , 〉 be the metric which makes {X1, . . . , Xm, T1, . . . , Tk}
an orthonormal basis. Then the following are the only nonzero quantities of
the Riemannian curvature tensor:

Rm(Xi, Xm, Xj , Xl) =
1
4
(2bq

imbq
jl + bq

ijb
q
ml − bq

mjb
q
il),

Rm(Xi, Xm, Tr, Ts) =
1
4
(br

ilb
s
ml − br

mkbs
ik),

Rm(Tr, Xm, Xj , Ts) =
1
4
br
jlb

s
ml.
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In particular, in Hn, for i = 1, . . . , n

Rm(Xi, Xn+i, Xn+i, Xi) = −3
4
,

Rm(Xi, T, T, Xi) =
1
4
,

Rm(Xn+i, T, T, Xn+i) =
1
4
.

Lemma 5.2 allows one to compute the Riemannian curvature tensor with
respect to the metric 〈 , 〉ε.
Lemma 5.6. Let gε be the metric which makes {X1, . . . , Xm, T1,ε, . . . , Tk,ε}
an orthonormal basis. Then the following are the only nonzero quantities of
the Riemannian curvature tensor:

Rmε(Xi, Xm, Xj , Xl) =
1
4ε

(2bq
imbq

jl + bq
ijb

q
ml − bq

mjb
q
il),

Rmε(Xi, Xm, Tr,ε, Ts,ε) =
1
4ε

(br
ilb

s
ml − br

mkbs
ik),

Rmε(Tr,ε, Xm, Xj , Ts,ε) =
1
4ε

br
jlb

s
ml.

In particular, in Hn, for i = 1, . . . , n

Rmε(Xi, Xn+i, Xn+i, Xi) = − 3
4ε

,

Rmε(Xi, Tε, Tε, Xi) =
1
4ε

,

Rmε(Xn+i, Tε, Tε, Xn+i) =
1
4ε

.

The following lemma will be used in the proof of a second variation formula
for the H-perimeter in Hn.

Lemma 5.7. Let Ei, i = 1, . . . , 2n − 1, F ε be as previously defined for the
Heisenberg group Hn. Then

2n−1∑

i=1

Rmε(νε, Ei, Ei, νε) = ω2 2n− 1
4

+
3
4
ω2

(
W

Wε

)2

− 3
4ε
− εω4

(
W

Wε

)2 2n− 1
4

(5.1)

and
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Rmε(νε, F
ε, F ε, νε) =

1
4ε
− 1

2
ω2

(
W

Wε

)2

+
1
2
ω2

(
W

Wε

)4

+ ε
1
4
ω4

(
W

Wε

)4

. (5.2)

Proof. The assertion follows directly by definition and Lemma 5.6. We only
prove (5.2) as an illustration.

2n−1∑

i=1

Rmε(νε, F
ε, F ε, νε)

= ε

(
W

Wε

)2

Rmε(νε, Y
⊥, Y ⊥, νε)

= ε

(
W

Wε

)2

(〈νε, Tε〉ε2〈Y ⊥, Xr〉2 Rmε(Tε, Xr, Xr, Tε)

+ 〈νε, Tε〉ε2〈Y ⊥, Xn+r〉2 Rmε(Tε, Xn+r, Xn+r, Tε)

+ 〈νε, Xr〉2〈Y ⊥, Tε〉ε2 Rmε(Xr, Tε, Tε, Xr)

+ 〈νε, Xr〉2〈Y ⊥, Xn+r〉2 Rmε(Xr, Xn+r, Xn+r, Xr)

+ 〈νε, Xn+r〉2〈Y ⊥, Xr〉2 Rmε(Xn+r, Xr, Xr, Xn+r)

+ 2〈νε, Tε〉ε〈νε, Xr〉〈Y ⊥, Tε〉ε〈Y ⊥, Xr〉Rmε(Tε, Xr, Tε, Xr)

+ 2〈νε, Tε〉ε〈νε, Xn+r > 〈Y ⊥, Tε〉ε〈Y ⊥, Xn+r〉Rmε(Tε, Xn+r, Tε, Xn+r)

+ 2〈νε, Xr〉〈νε, Xn+r〉〈Y ⊥, Xr〉〈Y ⊥, Xn+r〉Rmε(Xr, Xn+r, Xr, Xn+r))

=
(

W

Wε

)4 1
4ε

+
1
2
ω2

(
W

Wε

)4

+
ε

4
ω4

(
W

Wε

)4

=
1
4ε
− 1

2
ω2

(
W

Wε

)2

+
1
2
ω2

(
W

Wε

)4

+
ε

4
ω4

(
W

Wε

)4

by Lemma 4.4. ut
Consider the decomposition of a vector V into the ε-tangential and ε-

normal components. Let V ∈ C1
0 (U\Σ). Define

Vε = V = 〈V, Eε
i 〉εEε

i + 〈V, νε〉ενε

=
m−1∑

i=1

〈V,Ei〉Ei + 〈V, F ε
s 〉εF ε

s + 〈V, νε〉ενε.

Proposition 5.8. Let Vε be defined as above. Then

V = lim
ε→0

Vε = 〈V, Ei〉Ei + 〈V, Ts〉Y ⊥
s + 〈V, Y 〉νH .
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The convergence is uniform in ε on relatively compact subsets of U\Σ.

Proof. First, consider the term 〈V, νε〉ενε:

〈V, νε〉ενε = (〈V,Xi〉〈νε, Xi〉+ 〈V, Ts,ε〉ε〈Ts,ε, νε〉ε) νε

=
W

Wε
(〈V, νH〉+ 〈V, Ts〉ωs) νε.

Therefore,

lim
ε→0

〈V, νε〉ενε = lim
ε→0

(
W

Wε
〈V, νH〉+

W

Wε
ωs〈V, Ts〉

)
νε = 〈V, Y 〉νH .

(Note that W
Wε

converges to 1 uniformly as ε → 0 on compact subsets of
U\Σ.) Consider 〈V, F ε

s 〉εF ε
s :

〈V, F ε
s 〉F ε

s = (〈V, Xi〉〈Xi, F
ε
s 〉+ 〈V, Tr,ε〉ε〈Tr,ε, F

ε
s 〉ε)F ε

s

=

(
−√ε

ωs pi

τs,ετs+1,ε
〈V, Xi〉 −

√
ε
∑

r〈s
〈V, Tr〉 ωrωs

τs,ετs+1,ε
+

1√
ε
〈V, Ts〉 τs,ε

τs+1,ε

)
F ε

s ;

F ε
s has no 1/εr, r > 0 terms in it. Thus, one may ignore the terms in the

parentheses that converge to zero since only the limit is being considered.
However, it should be noted that these terms do converge uniformly on rela-
tively compact subsets of U\Σ. What remains is

1√
ε

〈V, Ts〉
(τs+1,ε)2

(
−√εωspiXi − (ε)

3
2 ωs

∑
r<s

ωrTr +
√

ε (τs,ε)
2
Ts

)
.

Therefore,

lim
ε→0

〈V, F ε
s 〉εF ε

s = −〈V, Ts〉ωsνH + 〈V, Ts〉Ts = 〈V, Ts〉Y ⊥
s ,

and the limit is uniform on relatively compact subsets of U\Σ. ut
The limits of other geometric quantities can also be computed.

Definition 5.9. Let M be an n-dimensional oriented hypersurface in a Rie-
mannian manifold G, and let {ε1, . . . , εn} be an orthonormal basis for TM
in a neighborhood of a point x ∈ M . Let ∇ be the Levi–Civita connection
on TG. Then the tangential divergence at x of a C1 vector field V on M is
given by

divMV =
n∑

i=1

〈∇εiV, εi〉.
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Definition 5.10. Let M , G, ∇ be as in Definition 5.9,. Assume that M is
C2. Let ν be the unit normal to M at x. Then the mean curvature of M at
x is given by

H = divMν.

We now introduce the sub-Riemannian counterpart of the various geomet-
ric quantities so far discussed.

Definition 5.11. Let Ei, i = 1, . . . , m − 1, be an orthonormal basis for
HTxM . The horizontal tangential divergence of a C1 vector field V is given
by

divH,MV =
m−1∑

i=1

〈∇Ei
V, Ei〉,

where ∇ is the Levi–Civita connection with respect to the metric 〈 , 〉 which
makes {X1, . . . , Xm, T1, . . . , Tk} an orthonormal basis for G.

Definition 5.12. Let M be a C2 hypersurface in G. Then the horizontal
mean curvature of M at the point x ∈ M\Σ is given by

H = divH,MνH .

Theorem 5.13. Let

V = V iXi +
1√
ε
〈V, Ts〉Ts,ε,

where V i = 〈V,Xi〉ε, V ∈ C1
0 (U\Σ). Then

lim
ε→0

divε,MV = divH,MV + Y ⊥
s (〈V, Ts〉) + ωs〈Zs, V 〉,

and the convergence is uniform in ε on relatively compact subsets of U\Σ.

Proof. By definition,

divε,MVε =
m−1∑

i=1

〈∇ε
Ei

V, Ei〉ε +
k∑

s=1

〈∇ε
F ε

s
V, F ε

s 〉ε = Iε + IIε.

Now, compute

Iε =
m−1∑

i=1

Ei(V k)Ei,k + Ei

( 1√
ε
〈V, Ts〉

)
〈Ts,ε, Ei〉ε

+ V k〈∇ε
EiXk, Ei〉ε +

1√
ε
〈V, Ts〉〈∇ε

EiTs,ε, Ei〉ε
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=
m−1∑

i=1

Ei(V k)Ei,k +
1√
ε
〈V, Ts〉Ei,rEi,q〈∇ε

Xr
Ts,ε, Xq〉ε

= 〈∇EiV, Ei〉+
1√
ε
〈V, Ts〉Ei,rEi,q

(
− 1

2
√

ε
bs
rq

)

= 〈∇EiV, Ei〉 (by antisymmetry of bs
rq)

= divH,MV.

One may also compute

IIε =
k∑

s=1

〈∇ε
F ε

s
V, F ε

s 〉ε

= F ε
s (Vi)〈Xi, F

ε
s 〉ε + F ε

s

( 1√
ε
〈V, Tr〉

)
〈Tr,ε, F

ε
s 〉ε

+ V i〈∇ε
F ε

s
Xi, F

ε
s 〉ε +

1√
ε
〈V, Tr〉〈∇ε

F ε
s
Tr,ε, F

ε
s 〉ε

= Aε + Bε + Cε + Dε.

One can easily see that Aε → 0. Consider Bε:

Bε =
1√
ε
F ε

s (〈V, Tr〉) 〈Tr,ε, F
ε
s 〉ε

=
(−ωspiXi (〈V, Tr〉)− εωqωsTq (〈V, Tr〉) + τ2

s,εTs (〈V, Tr〉)
) 〈Tr,ε, F

ε
s 〉ε

τs,ετs+1,ε
.

By the definition of F ε
s , the above quantity converges to zero uniformly on

relatively compact subsets of U\Σ unless r = s. In that case,

〈Ts,ε, Fs,ε〉ε =
τs,ε

τs+1,ε

and

lim
ε→0

Bε = −ωsνH (〈V, Ts〉) + Ts (〈V, Ts〉) = Y ⊥
s (〈V, Ts〉) .

Next,

Cε = V i〈F ε
s , Xm〉〈F ε

s , Xl〉〈∇ε
Xm

Xi, Xl〉
+ V i〈F ε

s , Tq,ε〉ε〈F ε
s , Tr,ε〉ε〈∇ε

Tq,εXi, Tr,ε〉ε
+ V i〈F ε

s , Xm〉〈F ε
s , Tq,ε〉ε〈∇ε

XmXi, Tq,ε〉ε
+ V i〈F ε

s , Tq,ε〉ε〈F ε
s , Xm〉〈∇ε

Tq,εXi, Xm〉ε
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=
V i

√
ε
〈F ε

s , Xm〉〈F ε
s , Tq,ε〉εbq

mi

= −V i
ωspmτ2

s,εb
s
mi

τ2
s,ετ

2
s+1,ε

+
s−1∑
q=1

ε
ωsωqωspmbq

mi

τs,ετs+1,ε

Thus,

lim
ε→0

Cε = V iωspmbs
im = ωs〈Zs, V 〉,

and the convergence is uniform in ε on relatively compact subsets of U\Σ.
Finally,

Dε =
1√
ε
〈V, Tr〉〈F ε

s , Xm〉〈F ε
s , Xl〉〈∇ε

Xl
Tr,ε, Xm〉ε

=
1√
ε
〈V, Tr〉

( √
εωspm

τs,ετs+1,ε

)( √
εωspl

τs,ετs+1,ε

)(
1

2
√

ε
br
lm

)

≡ 0 [by the antisymmetry of br
lm].

This concludes the proof. ut

Proposition 5.14. Let Hε be the Riemannian mean curvature of M ⊂ G
with respect to the metric 〈 , 〉ε. Then

lim
ε→0

Hε = H,

and the convergence is uniform for relatively compact subsets of U\Σ.

Proof. Take V = νε in the proof of Theorem 5.13. Then

1√
ε
〈νε, Ts〉 =

√
εωs.

The proof proceeds as the proof of Theorem 5.13. ut

The following “horizontal divergence theorem” can be obtained from The-
orem 5.13 and Proposition 5.8:

Corollary 5.15. Let M ⊂ U ⊂ G. Then if V ∈ C0(U\Σ),
∫

M

divH,MV + Y ⊥ (〈V, Ts〉) + ωs〈Zs, V 〉 dσH =
∫

M

H〈V, Y 〉 dσH . (5.3)

Proof. The Riemannian divergence theorem states
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∫

M

divε,MV dσε =
∫

M

Hε〈V, νε〉ε dσε.

The conclusion follows from Theorem 5.13 and Propositions 5.14 and 3.2. ut

Definition 5.16. The horizontal Laplace–Beltrami operator is defined by

∆H,Mf = divH,M∇M
H f = Ei (Eif) .

One can also obtain the following integration by parts formulas:

Corollary 5.17. Let f ∈ C1
0 (U\Σ(M)). Then

∫

M

Ei (f) + f
m−1∑
r=1

〈∇ErEi, Er〉 dσH = −
∫

M

ωsf〈Zs, Ei〉 dσH , (5.4)

∫

M

Y ⊥
s f dσH =

∫

M

ωsfH dσH , (5.5)

∫

M

Zsf dσH = −
∫

M

ωsf |Zs| dσH −
∫

M

fdivH,MZs dσH . (5.6)

In particular, if g ∈ C2
0 (U\Σ(M)),

∫

M

∆H,Mg dσH = −
∫

ωsZ
sg dσH −

∫

M

Ei (f)
m−1∑
r=1

〈∇Er
Ei, Er〉 dσH . (5.7)

Proof. First, one may recognize that

divH,MV = Ei (〈V, Ei〉) + 〈V, Em〉〈∇Ei
Em, Ei〉+H〈V, νH〉. (5.8)

This can be seen in the following calculation which uses Lemma 5.1:

divH,MV = 〈∇EiV,Ei〉
= Ei (〈V,Ei〉) + 〈V,Em〉〈∇EiEm, Ei〉

+ Ei (〈V, Tr〉) 〈Tr, Ei〉+ 〈V, Tr〉〈∇EiTr, Ei〉
+ Ei (〈V, νH〉) 〈νH , Ei〉+ 〈V, νH〉〈∇Ei

νH , Ei〉
= Ei (〈V,Ei〉) + 〈V,Em〉〈∇Ei

Em, Ei〉+H〈V, νH〉.

(This used the fact that {E1, . . . Em−1, νH , T1, . . . , Tk} is an orthonormal ba-
sis.) Plugging this information into equation (5.3), one obtains

∫

M

Ei (〈V,Ei〉) + 〈V,Em〉〈∇EiEm, Ei〉
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+ Y ⊥
s (〈V, Ts〉) + ωs〈Zs, V 〉 dσH =

∫

M

ωsH〈V, Ts〉 dσH . (5.9)

Since Zs ∈ HTM , we have Zs = 〈Zs, Ei〉Ei. Setting V = fEk, we obtain
(5.4). To obtain (5.5), let V = fTs. For (5.6) we set V = fZs. Finally, for
5.7 we set f = Eig in (5.4). ut

Remark 5.18. It is trivial to see that for H1, divH,MZ = 0. Further, for the
Heisenberg group, Hn, |Z| = 1.

Next, recall the definition of the second fundamental form.

Definition 5.19. Let M be an n-dimensional oriented hypersurface of a
Riemannian manifold G and εi, i = 1, . . . , n be an orthonormal basis for TM
at a point x ∈ M . Let ∇ be the Levi–Civita connection on TG, and let ν be
the unit normal. Then the second fundamental form is given by the n × n
symmetric matrix

Ai,j = 〈∇εiν, εj〉.

The following notion of a horizontal second fundamental form was given
in [18]. It is equivalent to previous definitions found in works such as [10].

Definition 5.20. Let M be an oriented hypersurface in G. Let Ei, i =
1, . . . , m−1, be an orthonormal basis for HTxM . Then the horizontal second
fundamental form is the (m + k − 1)× (m + k − 1) matrix

AH
ij = 〈∇Ei

νH , Ej〉.

Note that the horizontal second fundamental form is not, in general, sym-
metric. Note that

〈∇EiνH , Ej〉 − 〈∇Ej νH , Ei〉 = 〈 [Ei, Ej ], νH〉.

The quantity [Ei, Ej ] is a tangent vector, but it is not necessarily horizontal.
Therefore, one cannot conclude that 〈[Ei, Ej ], νH〉 = 0. This will be discussed
in more detail later.

The following quantities will be very useful in following calculations.

Lemma 5.21. The following statements hold:

i. 〈∇ε
Xj νε, Xk〉ε = Xj

(
pk

W

Wε

)
+

1
2

W

Wε
ωrb

r
kj,

ii. 〈∇ε
Ts,ενε, Xk〉ε =

√
εTs

(
pk

W

Wε

)
+

1
2
√

ε

W

Wε
plb

s
kl,

iii. 〈∇ε
Xj

νε, Tr,ε〉ε =
√

εXj

(
ωr

W

Wε

)
+

1
2
√

ε

W

Wε
br
jk,
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iv. 〈∇ε
Ts,ενε, Tr,ε〉ε = εTs

(
ωr

W

Wε

)
.

Proof. These statements follow directly from the definitions. We only prove
assertion i:

〈∇ε
Xj νε, Xk〉ε = Xj

(
pk

W

Wε

)
+ pm

W

Wε
〈∇ε

Xj Xm, Xk〉ε

+ Xj

(√
εωs

W

Wε

)
〈Ts,ε, Xk〉ε +

√
εωr

W

Wε
〈∇ε

Xj Tr,ε, Xk〉ε

= Xj

(
pk

W

Wε

)
+

1
2

W

Wε
ωrb

r
kj .

The proof is complete. ut
Introduce the notation which will be useful in the further calculations.

Consider Jε. It is written as

Jε = (ε)sJs,

where Js is independent of ε. For example, if

Jε = ε(2 + x) +
√

ε

(
2√

1− x2

)
,

then,

J1 = 2 + x, J1/2 =
2√

1− x2
.

Now, the second fundamental form will be computed with respect to the
ε-metric. To simplify the notation, we focus on the model case Hn. However,
the calculations can be generalized to Carnot groups of step 2.

Proposition 5.22. Let M be a C2 oriented hypersurface in Hn. Then

Aε
i,j =





W

Wε
A0

i,j , i, j = 1, . . . 2n− 1,

√
εA

1/2
i,j + 1√

ε
A
−1/2
i,j + o

(
ε3/2

)
, i = 1, . . . 2n− 1, j = 2n,

ε
W

Wε
A1

i,j + o
(
ε2

)
, i, j = 2n,

where
A0

i,j = AH
i,j +

1
2
ωξij

for i, j = 1, . . . 2n− 1, and for i = 1, . . . 2n− 1
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A
1/2
i,2n = Ei (ω) = A

1/2
2n,i = Y ⊥ (

pj

)
Ei,j − ω2〈Z,Ei〉,

A
−1/2
i,2n =

1
2
〈Z, Ei〉,

and

A1
2n,2n = Y ⊥ (ω) = 〈∇Y ⊥Y, T 〉.

Proof. Lemma 5.21 is used throughout the proof. First take i, j = 1, . . . m−1:

Aε
i,j = 〈∇ε

Eiνε, Ej〉ε = Ei,kEj,l〈∇ε
Xk

νε, Xl〉ε

= Ei,kEj,l

(
Xk

(
pl

W

Wε

)
+

1
2

W

Wε
ωblk

)

= Ej,lEi

(
pl

W

Wε

)
+

1
2

W

Wε
ωξij =

W

Wε

(
Ej,lEi

(
pl

)
+

1
2
ωξij

)

=
W

Wε

(
〈∇Ei

νH , Ej〉+
1
2
ωξij

)
=

W

Wε

(
AH

ij +
1
2
ωξij

)
.

Next, let i = 1, . . . m− 1. Then

Aε
i,2n = 〈∇ε

Eiνε, F
ε〉ε

=
√

ε
W

Wε

(
Ei,k〈Y ⊥, Xl〉〈∇ε

Xk
νε, Xl〉ε + Ei,k〈Y ⊥, Tε〉ε〈∇ε

Xk
νε, Tε〉ε

)

=
√

ε
W

Wε

(
− ωEi

( W

Wε

)
− ω

W

Wε
pjEi(pj) +

1
2

W

Wε
ω2〈Z, Ei〉

ωEi

( W

Wε

)
+

W

Wε
Ei(ω) +

1
2ε

W

Wε
〈Z, Ei〉

)

=
( W

Wε

)2(√
ε
(
Ei(ω) +

1
2
ω2〈Z, Ei〉

)
+

1√
ε

(1
2
〈Z, Ei〉

))

=
(
1− εω2

( W

Wε

)2)(√
ε
(
Ei(ω) +

1
2
ω2〈Z, Ei〉

)
+

1√
ε

(1
2
〈Z, Ei〉

))

=
√

εEi

(
ω
)

+
1√
ε

(1
2
〈Z, Ei〉

)

+ ε3/2
( W

Wε

)2(
− ω2

(
Ei(ω) +

1
2
ω2〈Z, Ei〉

)
+

1
2
ω4〈Z, Ei〉

)
.



196 N. Garofalo and C. Selby

The second equality is obtained by a similar calculation for 〈∇ε
F ενε, Ei〉ε.

Finally,

Aε
2n,2n = 〈∇ε

F ενε, F
ε〉ε = ε

( W

Wε

)2

〈∇ε
Y ⊥νε, Y

⊥〉ε

= ε
( W

Wε

)2(
− ωpmY ⊥

(
pm

W

Wε

)
+ Y ⊥

(
ω

W

Wε

)

+
W

Wε
pm〈∇ε

Y ⊥Xm, Y ⊥〉ε +
√

εω
W

Wε
〈∇ε

Y ⊥Tε, Y
⊥〉ε

)

= ε
( W

Wε

)2( W

Wε
Y ⊥

(
ω
)
− 1

ε

W

Wε
pmplωblm +

1
2

W

Wε
ω2pmplbml

)

= ε
( W

Wε

)3

Y ⊥(ω) = ε
W

Wε

(
1− εω2

( W

Wε

))
Y ⊥

(
ω
)

= ε
W

Wε
Y ⊥

(
ω
)
− ε2ω2

( W

Wε

)2

Y ⊥
(
ω
)
.

The proof is complete. ut

Let us make some remarks concerning the horizontal second fundamental
form. For i, j = 1, . . . , 2n− 1

Aε
i,j =

W

Wε

(
AH

ij +
1
2
ωsξ

s
ij

)

is symmetric for every ε, and therefore the limit must be symmetric. By
definition, ξij = −ξji. Therefore,

lim
ε→0

1
2

(
Aε

i,j + Aε
j,i

)
= AH

ij +
1
2
ωsξ

s
ij =

1
2

(
AH

ij + AH
ji

)
.

This leads to the following definition.

Definition 5.23. Let AH
ij = 〈∇EiνH , Ej〉. Then the symmetrized horizontal

second fundamental form is defined as

AH,s
ij =

1
2

(
AH

ij + AH
ji

)
= AH

ij +
1
2
ωsξ

s
ij .

Remark 5.24. Note that for i, j = 1, . . . , m− 1

〈∇Ei
νH , Ej〉 = −〈∇Ei

Ej , νH〉.

Then
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0 =
(
AH

ji +
1
2
ωsξji

)
−

(
AH

ij +
1
2
ωsξ

s
ij

)

=
(
− 〈∇Ej Ei, νH〉+

1
2
ωsξ

s
ji

)
−

(
− 〈∇EiEj , νH〉+

1
2
ωsξ

s
ij

)

= 〈 [Ei, Ej ], νH〉+ ωsξ
s
ji.

Therefore,
〈 [Ei, Ej ], νH〉 = ωsξ

s
ij .

We close this section with some useful observations. First, we note that

〈V, F ε
s 〉ε =

√
ε
(
ρε

s〈V, νH〉+ ρε
s

∑
q<s

ωq〈V, Tq〉
)

+
1√
ε

(λε
s〈V, Ts〉) .

Denote
F (1/2,ε)

s = ρε
s〈V, νH〉+ ρε

s

∑
q<s

ωq〈V, Tq〉 (5.10)

and
F (−1/2,ε)

s = λε
s〈V, Ts〉. (5.11)

In particular, in Hn,

〈V, F ε〉ε =
√

ε
W

Wε
(−ω〈V, νH〉) +

1√
ε

W

Wε
(〈V, T 〉)

=
√

ε
W

Wε
F1/2 +

1√
ε

W

Wε
F−1/2,

where

F1/2 = −ω〈V, νH〉, F−1/2 = 〈V, T 〉.

6 First and Second Variation Formulas for H-Perimeter

Using the geometric tools developed in Section 5, we can now derive first
and second variation formulas for the H-perimeter. Throughout the section,
M denotes an oriented C2 hypersurface in G. Note that the variations are
taken in neighborhoods away from characteristic points. This is necessary
because the horizontal Gauss map is not even defined on the characteristic
set. We note however that, using appropriate cut-offs, it is possible to extend
these formulas to some situations where the deformation is performed near
the characteristic set. It should also be mentioned that such formulas are
particularly useful in the study of the Bernstein problem and the latter is
concerned with noncharacteristic entire graphs.

Lemma 6.1. Let Ms = M + sV , where V ∈ C2
0 (U\Σ). Then
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√
ε

d

ds
σε(Ms)

converges uniformly as ε → 0 for s ∈ [−δ, δ], where δ > 0 is sufficiently small.

Proof. By a partition of unity argument, it suffices to establish the desired
conclusion when V is supported in a relatively compact open chart Us ⊂ Ms.
As in the proof of Proposition 3.2, one can write

√
εσε(Us) =

∫

Ω

√√√√
m∑

i=1

(ps
i )

2 + ε
k∑

l=1

(ωs
l )

2
dω, (6.1)

where

Ns =
m∑

i=1

ps
i Xi +

k∑

l=1

ωs
l Tl

is the normal vector to Ms. Let M be given by a parametrization θ : Ω → G
and V by a parametrization γ : Ω → G. Then Ms is given by the parametriza-
tion θ + sγ. Further, Ns is the determinant of a matrix with entries that are
the derivatives of θ + sγ with respect to variables in Ω. Therefore, the com-
ponents of Ns are polynomials in s. By the regularity of Ms, ps

i and ωs
l are

bounded on relatively compact subsets of U\Σ. One can compute,

√
ε

d

ds
σε(Us) =

∫

Ω

ps
i

d
dsps

i + εωl
s

d
dsωs

l√∑m
i=1 (ps

i )
2 + ε

∑k
l=1 (ωs

l )
2

dω

and conclude that the term

εωs
d
dsωs√∑m

i=1 (ps
i )

2 + ε
∑k

l=1 (ωs
l )

2

converges to zero uniformly since

ωs
l

d
dsωs

l√∑m
i=1 (ps

i )
2 + ε

∑k
l=1 (ωs

l )
2

is uniformly bounded for points in Ω and s ∈ [−δ, δ] by the preceding com-
ments. Note that

m∑

i=1

(ps
i )

2 > J,

for some J > 0 since the derivative of εσε(Us) is zero except in the support
of V . The terms
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ps
i

d
dsps

i√∑m
i=1 (ps

i )
2 + ε

∑k
l=1 (ωs

l )
2
, i = 1, . . . , m,

also converge uniformly as ε → 0, by the Dini convergence theorem. In par-
ticular, for each point in Us

ps
i

d
dsps

i√∑m
i=1 (ps

i )
2 + ε

∑k
l=1 (ωs

l )
2

is monotone increasing as ε → 0, and clearly the quantity converges pointwise
for s ∈ [−δ, δ], (u, v) ∈ Ω. This completes the proof. ut

Let M be an oriented Riemannian submanifold of the Riemannian mani-
fold N . Let V be a compactly supported vector field, and let

Mt = M + tV.

The first variation of the Riemannian volume can be found in [9].

Proposition 6.2 (first variation for Riemannian submanifolds).

d

dt
σ(Mt)|t=0 =

∫

M

Hg(V, ν) dσ,

where g is the metric on the ambient submanifold N , ν is the unit normal to
M , and dσ is the standard Riemannian surface measure on M .

Theorem 6.3 (first variation formula for the H-perimeter). Let M ⊂ G, a
Carnot group of step 2, where Ms is as in lemma 6.1. Then

d

ds
σH(Ms)|s=0 =

∫

M

H〈V, Y 〉 dσH .

Proof. Writing the Riemannian first variation formula in the present context
yields

d

ds
σε(Ms)|s=0 =

∫

M

Hε〈V, νε〉ε dσε.

The limit of the right-hand side follows directly from Corollary 5.14 and
Propositions 5.8 and 3.2. By Lemma 6.1 and Proposition 3.2, the left-hand
side converges to

d

ds
σH(Ms)|s=0.

The proof is complete. ut

We explicitly observe that the formula in Theorem 6.3 matches that found
in works such as [10] and [18]. Following a similar procedure, we next want
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to derive a second variation formula for the horizontal perimeter. We recall
the basic facts from Riemannian geometry. The formula stated below can be
derived from the results of [9].

Proposition 6.4. Let M , ν, and V be the same as in Proposition 6.2. Let
{E1, . . . , En} be an orthonormal basis for TM . Then

d2

ds2
σ(Ms)|s=0 =

∫

M

(divMV )2 +
n∑

i=1

(〈∇Ei
V, ν〉)2

−
n∑

i,j=1

〈∇EiV, Ej〉〈∇Ej V, Ei〉 −
n∑

i=1

Rm(V, Ei, Ei, V ) dσ.

In order to use this formula, we need to compute some pointwise identities
of some of the terms in the integrand.

Lemma 6.5. Let Ei be as in Proposition 6.4. Then

〈∇Ei
V, ν〉 = Ei (〈V, ν〉)− 〈V,Em〉Aim, (6.2)

〈∇EiV, Ej〉 = Ei (〈V, Ej〉) + 〈V, Em〉Γ j
im + 〈V, ν〉Aij , (6.3)

divMV = Ei (〈V, Ei〉) + H〈V, ν〉. (6.4)

Proof. One can write V = 〈V, Ei〉Ei + 〈V, ν〉ν, and use the fact that

∇X (fY ) = f∇XY + XfY

to obtain the first two statements. For the final statement,

divMV = Ei (〈V, Ei〉) + 〈V, Em〉〈∇EiV, Ei〉+ 〈V, ν〉〈∇Eiν, Ei〉
= Ei (〈V, Ei〉) + 〈V, Em〉Γ i

im + H〈V, ν〉.

Since this is a pointwise identity, one may assume that Ei is a coordinate
frame. Therefore, by symmetries of the Christoffel symbols,

Γ i
im = Γ i

mi = −Γ i
mi = 0.

The proof is complete. ut
We can now compute the second variation for the case of deformations

in the normal direction. The variation that will be used is V = hνε, where
h ∈ C2

0 (U\Σ). Therefore, V depends on ε and Lemma 6.1 cannot be directly
applied because the components of N ε

s (to be denoted ps,ε
i , i = 1, . . . , 2n, and

ωs, ε) may depend on ε. Therefore, one must explicitly calculate N ε
s in order

to observe the effect of this dependence on ε.

Lemma 6.6. Let Ms,ε = M + shνε, h ∈ C2
0 (U\Σ), s ∈ [−δ, δ]. Then
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lim
ε→0

√
εσε (Ms,ε) = σH(Ms).

Further,
d

ds

√
εσε(Ms,ε)

and
d2

ds2

√
εσε(Ms,ε)

converge uniformly as ε → 0 for s ∈ [−δ, δ].

Proof. For u ∈ Ω ⊂ R2n a point on M is denoted by

g(u) =
2n∑

i=1

gi(u)
∂

∂xi
+ g2n+1(u)

∂

∂t

and a point on Ms,ε is denoted by

gε
s(u) = g(u) + sh(g(u))νε(g(u))

=
(
gi + shνi

ε

) ∂

∂xi
+

(
g2n+1 + shν2n+1

ε

− 1
2

n∑

i=1

shνi
ε(g

n+i + shνn+i
ε ) +

1
2

n∑

i=1

shνn+i
ε (gi + shνi

ε)
) ∂

∂t
,

where
νi

ε = 〈νε, Xi〉, ν2n+1
ε = 〈νε, Tε〉ε.

Denote
xs,ε

i (u) = gi(u) + shνi
ε, i = 1, . . . , 2n,

and

ts,ε(u) = g2n+1 + shν2n+1
ε − 1

2

n∑

i=1

shνi
ε

(
gn+i + shνn+i

ε

)

+
1
2

n∑

i=1

shνn+i
ε

(
gi + shνi

ε

)

so that
gε

s = xs,ε
i

∂

∂xi
+ ts,ε ∂

∂t
.

Recall that
νε =

W

Wε
νH +

√
ε
W

Wε
ωTε.



202 N. Garofalo and C. Selby

The normal of Ms,ε is the determinant of the (2n+1)× (2n+1) matrix with
first row X1, . . . , X2n, Tε and remaining components consisting of 〈(gε

s)uj
, Xi〉

or 〈(gε
s)uj

, Tε〉ε for i, j = 1, . . . , 2n. Then

(gε
s)uj

= (xs,ε
i )uj

∂

∂xi
+ (ts,ε)uj

∂

∂t

= (xs,ε
i )uj

Xi(gε
s) +

1√
ε

(
(ts,ε)uj

+
1
2
(xs,ε

n+i(xi)uj
− xs,ε

i (xs,ε
n+i)uj

))
Tε.

It is easy to check that the uj derivatives of any component of νε converge
uniformly as ε → 0 by the same arguments as in Lemma 6.1. Since the com-
ponents of N ε

s are multiples of 〈(gs
ε )uj

, Xi〉, 〈(gs
ε )uj

, Tε〉ε and are bounded,
they must converge uniformly as ε → 0. Recall that, by the proof of Lemma
6.1, the components of N ε

s are polynomials in s. Recalling that

√
εσε(Ms,ε) =

∫

Ω

√√√√
2n∑

i=1

(ps,ε
i )2 + ε (ωs,ε)2 dω,

one can reach the conclusions from plugging in the derived formulas for ps,ε
i

and ωs,ε. ut
We can finally prove the main result of this section.

Theorem 6.7 (second variation formula for the H-perimeter). Let M ⊂ Hn

be a C2 hypersurface, and let Ms = M + sV , where V = hνH and h ∈
C1

0 (U\Σ(M)). Then

d2

ds2
σH(Ms)|s=0 =

∫

M

2n−1∑

i=1

|Ei(〈V, νH〉)|2 + 〈V, νH〉2(H2 −
2n−1∑

i,j=1

|AH,s
ij |2

− 〈Z, Xm〉Y ⊥ (pm)− Z (ω)− 2n− 2
4

ω2) dσH

=
∫

M

2n−1∑

i=1

|Ei(〈V, νH〉)|2

+ 〈V, νH〉2

H2 −

2n−1∑

i,j=1

|AH,s
ij |2 − 2Z

(
ω


− 2n + 2

4
ω2

)
dσH .

Proof. We use the above notation. For the sake of simplicity, terms converging
to zero uniformly are ignored. For example, the expression

(√
εA1/2 +

1√
ε
A−1/2

)2

is written as



Collapsing Riemannian Metrics 203

1
ε
(A−1/2)2 + 2A−1/2A1/2.

Let Ms,ε be as in Lemma 6.6. Denote Vε = hνε and V = hνH . By Propo-
sition 5.8, Vε → V . Note that the Riemannian second variation formula for
the variation Vε yields

d2

ds2

√
εσε(Ms,ε)|s=0 =

√
ε

∫

M

H2
ε 〈V, νε〉ε2 +

2n∑

i=1

|Eε
i (〈V, νε〉ε)|2

− 〈V, νε〉ε2
2n∑

i,j=1

(
Aε

i,j

)2 −
2n∑

i=1

Rmε(V, Eε
i , Eε

i , V ) dσε

=
√

ε

∫

M

Iε + IIε + IIIε + IVε dσε.

By Lemma 6.6, the left-hand side converges to

d2

ds2
σH(Ms)|s=0.

Next, the right-hand side is computed. First, Iε:

Iε =
2n∑

i=1

|Ei(〈V, νε〉ε)|2 =
2n−1∑

i=1

|Ei(〈V, νε〉)|2 + |F ε(〈V, νε〉)|2

=
2n−1∑

i=1

|Ei(〈V, νε〉)|2 + |√ε
W

Wε
Y ⊥ (〈V, νε〉) |2.

Thus,

lim
ε→0

Iε =
2n−1∑

i=1

|Ei(〈V, νH〉)|2.

Using Corollary 5.14 and Proposition 5.8, we find

lim
ε→0

H2
ε 〈V, νε〉ε2 = H2〈V, νH〉2.

Next, IIIε is computed:

IIIε = −〈V, νε〉ε2
( 2n−1∑

i,j=1

(
W

Wε
AH,s

ij

)2

+
2n−1∑

i=1

(√
εA

1/2
i,2n +

1√
ε
A
−1/2
i,2n

)2

+
2n−1∑

j=1

(√
εA

1/2
2n,j+ =

1√
ε
A
−1/2
2n,j

)2

+
(

ε
W

Wε
A1

2n,2n

)2 )
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= −〈V, νε〉ε2
( 2n−1∑

i,j=1

( W

Wε
AH,s

ij

)2

+ 2A
−1/2
i,2n A

1/2
i,2n + 2A

−1/2
2n,j A

1/2
2n,j

)

+
1
ε

(
− 2〈V, νε〉ε2

2n−1∑

i=1

(A−1/2
i,2n )2

)

= −〈V, νε〉ε2
( 2n−1∑

i,j=1

( W

Wε
AH,s

ij

)2

+ Z(ω) + 〈Z,Xl〉Y ⊥(pl)− 2ω2
)

+
1
ε

(
− 1

2
〈V, νε〉ε2

)
.

By the symmetry of Aij . this expression can be written as

IIIε = −〈V, νε〉ε2
( 2n−1∑

i,j=1

( W

Wε
AH,s

ij

)2

+ 2Z (ω)
)

+
1
ε

(
− 1

2
〈V, νε〉ε2

)
.

Next, Lemma 4.2 is used to calculate IVε:

V Iε = −〈V, νε〉ε2
( 2n−1∑

i=1

Rmε (νε, Ei, Ei, νε) + Rmε (νε, F
ε, F ε, νε)

)

= −〈V, νε〉ε2
(
ω2 2n− 1

4
+

3
4
ω2

( W

Wε

)2

− 1
ε

3
4

)

− 〈V, νε〉ε2
(1

ε

1
4
− 1

2
ω2

( W

Wε

)2

+
1
2
ω2

( W

Wε

)4)

=
1
ε

(1
2
〈V, νε〉ε2

)

− 〈V, νε〉ε2ω2
(2n− 1

4
+

3
4

( W

Wε

)2

− 1
2

( W

Wε

)2

+
1
2

( W

Wε

)4)
.

Note that the 1/ε terms from IIε and IVε cancel. Therefore,

lim
ε→0

IIIε + IVε = −〈V, νH〉2
( 2n−1∑

i,j=1

(
AH,s

ij

)2

+ Z (ω) + 〈Z, Xl〉Y ⊥ (pl)
)

− 〈V, νH〉2ω2
(2n− 2

4

)
,

and alternatively,
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lim
ε→0

IIIε + IVε = −〈V, νH〉2
( 2n−1∑

i,j=1

(
AH,s

ij

)2

+ 2Z (ω) +
2n + 2

4
ω2

)
.

Combining these quantities with the limits of Iε, IIε and applying Proposi-
tions 3.2, 5.8, we obtain the limit of the right-hand side. Thus, we obtain the
required conclusion (note that the convergence in ε is uniform by the same
type arguments previously stated). ut
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Sobolev Homeomorphisms and
Composition Operators

Vladimir Gol’dshtein and Alexander Ukhlov

Abstract We study the invertibility of bounded composition operators of
Sobolev spaces. We prove that if a homeomorphism ϕ of Euclidean domains D
and D′ generates, by the composition rule ϕ∗f = f◦ϕ, a bounded composition
operator of the Sobolev spaces ϕ∗ : L1

∞(D′) → L1
p(D), p > n − 1, has finite

distortion and the Luzin N -property, then the inverse ϕ−1 generates the
bounded composition operator from L1

p′(D), p′ = p/(p−n + 1), into L1
1(D

′).

1 Introduction

We consider homeomorphisms ϕ : D → D′ of the Euclidean domains D, D′ ⊂
Rn, n > 2, generating bounded composition operators on Sobolev spaces. We
say that a homeomorphism ϕ : D → D′ possesses the (p, q)-composition
property, 1 6 q 6 p 6 ∞, if it generates a bounded composition operator
ϕ∗ : L1

p(D
′) → L1

q(D) by the chain rule ϕ∗(f) := f ◦ ϕ.
Homeomorphisms generating bounded composition operators of Sobolev

spaces L1
1(D

′) and L1
1(D) (possess the (1, 1)-composition property) were in-

troduced by V. G. Maz’ya [14] as a class of sub-areal mappings. His pioneering
work established a connection between geometrical properties of homeomor-
phisms and the corresponding Sobolev spaces. This study was extended in
the monograph [15], where the theory of multipliers was applied to the change
of variable problem in Sobolev spaces.
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Homeomorphisms possessing the (n, n)-composition property also admit a
direct geometric description. As was proved in [22], the class of such homeo-
morphisms coincides with the well-known class of quasiconformal mappings.
It is known that the mappings that are inverse to the quasiconformal home-
omorphisms are also quasiconformal and have the same (n, n)-composition
property. But this invertibility property is correct only for p = n. If we assume
that the inverse homeomorphism possesses the same (p, p)-composition prop-
erty as an original homeomorphism for p 6= n, then we have a bi-Lipschitz
homeomorphism (in terms of interior geodesic metrics). This was proved for
p > n in [23], for n− 1 < p < n in [5], and for 1 6 p < n in [12]. A geometric
descriptions of homeomorphisms possessing the (p, p)-composition property
has been done in [4] only for p > n− 1.

New effects arise when we study composition operators in Sobolev spaces
that decrease the integrability of weak first order derivatives. This problem
was studied in a connection with the theory of mappings of finite distortion
in [20] and in a connection with the embedding theorems in [3]. It was proved
[20] that if a homeomorphism ϕ : D → D′ possesses the (p, q)-composition
property with n − 1 < q 6 p < ∞, then the inverse homeomorphism ϕ−1 :
D′ → D possesses the (q′, p′)-composition property with q′ = q/(q − n + 1),
p′ = p/(p− n + 1).

In this paper, we study the invertibility of a composition operator in the
limit case p = ∞.

Theorem A. Assume that a homeomorphism ϕ : D → D′ has finite
distortion, the Luzin N -property (the image of a set measure zero is a set
measure zero) and generates a bounded composition operator

ϕ∗ : L1
∞(D′) → L1

q(D), q > n− 1.

Then the inverse mapping ϕ−1 : D′ → D generates the bounded composition
operator

(ϕ−1)∗ : L1
q′(D) → L1

1(D
′), q′ = q/(q − n + 1).

Any homeomorphism with the (p, q)-composition property belongs to the
Sobolev class W 1

1,loc (cf., for example [20]). Therefore, the “invertibility prob-
lem” for composition operators in Sobolev spaces is connected with the reg-
ularity of Sobolev homeomorphisms, which was studied by many authors. In
particular, as is proved in [16], if a mapping ϕ ∈ W 1

n,loc(D) and J(x, ϕ) > 0
for almost all x ∈ D, then ϕ−1 belongs to W 1

1,loc(D
′).

The local regularity of plane homeomorphisms in the Sobolev space W 1
1 (D)

was studied in [9]. Recently [10], in the case Rn, n > 3, it was proved that
if the norm of the derivative |Dϕ| belongs to the Lorentz space Ln−1,1(D)
and a mapping ϕ : D → D′ has finite distortion, then the inverse mapping
belongs to the Sobolev space W 1

1,loc(D
′) and has finite distortion.



Sobolev Homeomorphisms and Composition Operators 209

2 Composition Operators in Sobolev Spaces

We define the Sobolev space L1
p(D), 1 6 p 6 ∞, equipped with the seminorm,

as a space of locally summable, weakly differentiable functions f : D → R
such that

‖f | L1
p(D)‖ = ‖∇f | Lp(D)‖, 1 6 p 6 ∞.

A function f belongs to L1
p,loc(D) if f ∈ L1

p(K) for every compact subset

K ⊂ D. The Sobolev space
◦
L1

p(D) is the closure of C∞0 (D) in L1
p(D). As

usual, C∞0 (D) denotes the space of infinitely smooth functions with compact
support.

Note that smooth functions are dense in L1
p(D), 1 6 p < ∞ (cf., for

example [13, 1]). If p = ∞, we can only assert that for arbitrary function
f ∈ L1

p(D) there exists a sequence of smooth functions {fk} converges locally
uniformly to f and ‖fk | L1

∞(D)‖ → ‖f | L1
∞(D)‖ (cf. [1]).

A mapping ϕ : D → Rn belongs to L1
p(D), 1 6 p 6 ∞, if its coordinate

functions ϕj belong to L1
p(D), j = 1, . . . , n. In this case, the formal Jacobi ma-

trix Dϕ(x) =
(

∂ϕi

∂xj
(x)

)
, i, j = 1, . . . , n, and the Jacobian J(x, ϕ) = detDϕ(x)

are well defined at almost all points x ∈ D. The norm |Dϕ(x)| of Dϕ(x) is
the norm of the corresponding linear operator Dϕ(x) : Rn → Rn defined by
the matrix Dϕ(x). We use the same notation for the matrix and the corre-
sponding linear operator.

In the theory of mappings with bounded mean distortion, additive set func-
tions play an important role. Recall that a nonnegative mapping Φ defined
on open subsets of D is a finitely quasiadditive set function [25] if

1) for any x ∈ D there exists δ, 0 < δ < dist(x, ∂D), such that 0 6
Φ(B(x, δ)) < ∞ (hereinafter, B(x, δ) = {y ∈ Rn : |y − x| < δ});

2) for any finite collection Ui ⊂ U ⊂ D, i = 1, . . . , k, of mutually disjoint

open sets
k∑

i=1

Φ(Ui) 6 Φ(U).

It is obvious that the last inequality can be extended to a countable col-
lection of mutually disjoint open sets in D, so that a finitely quasiadditive
set function is also countable quasiadditive.

If, instead of the second condition, we suppose that for any finite collection
Ui ⊂ D, i = 1, . . . , k, of mutually disjoint open subsets of D

k∑

i=1

Φ(Ui) = Φ(U),

then such a set function is said to be finitely additive. If the last equality can
be extended to a countable collection of mutually disjoint open subsets of D,
then such a set function is said to be countable additive.
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A nonnegative mapping Φ defined on open subsets of D is called a
monotone set function [25] if Φ(U1) 6 Φ(U2), where U1 ⊂ U2 ⊂ D are open
sets.

Note that a monotone (countable) additive set function is the (countable)
quasiadditive set function.

We formulate an auxiliary result from [25] in the following convenient way.

Proposition 2.1. Let a monotone finitely additive set function Φ be defined
on open subsets of a domain D ⊂ Rn. Then for almost all x ∈ D the volume
derivative

Φ′(x) = lim
δ→0,Bδ3x

Φ(Bδ)
|Bδ|

is finite and for any open set U ⊂ D

∫

U

Φ′(x) dx 6 Φ(U).

We say that a mapping ϕ : D → D′ generates a bounded composition
operator

ϕ∗ : L1
p(D

′) → L1
q(D), 1 6 q 6 p 6 ∞,

if for every f ∈ L1
p(D

′) we have f ◦ ϕ ∈ L1
q(D) and

‖ϕ∗f | L1
q(D)‖ 6 K‖f | L1

p(D
′)‖.

Theorem 2.1. A homeomorphism ϕ : D → D′ between two domains D, D′ ⊂
Rn generates a bounded composition operator

ϕ∗ : L1
∞(D′) → L1

q(D), 1 < q < +∞,

if and only if ϕ belongs to the Sobolev space L1
q(D).

Proof. Necessity. Substituting the test functions fj(y) = yj ∈ L1
∞(D′), j =

1, . . . , n, in the inequality

‖ϕ∗f | L1
q(D)‖ 6 K‖f | L1

∞(D′)‖,

we see that ϕ belongs to L1
q(D).

Sufficiency. Let f ∈ L1
∞(D′) ∩ C∞(D′). Then

‖ϕ∗f | L1
q(D)‖ =

(∫

D

|∇(f ◦ ϕ)|q dx

) 1
q

6
(∫

D

|Dϕ|q|∇f |q(ϕ(x)) dx

) 1
q
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6
(∫

D

|Dϕ)|q dx

) 1
q

‖f | L1
∞(D′)‖ = ‖ϕ | L1

q(D)‖ · ‖f | L1
∞(D′)‖.

For an arbitrary function f ∈ L1
∞(D′) we consider a sequence of smooth

functions fk ∈ L1
∞(D′) such that

lim
k→∞

‖fk | L1
∞(D′)‖ = ‖f | L1

∞(D′)‖

and fk converges locally uniformly to f in D′. Then the sequence ϕ∗fk con-
verges locally uniformly to ϕ∗f in D and is a bounded sequence in L1

q(D).
Because of the reflexivity of L1

q(D), 1 < q < ∞, there exists a subsequence
fkl

∈ L1
q(D) weakly converging to f ∈ L1

q(D); moreover,

‖ϕ∗f | L1
q(D)‖ 6 lim inf

l→∞
‖ϕ∗fkl

| L1
q(D)‖.

Passing to limit as l → +∞ in the inequality

‖ϕ∗fkl
| L1

q(D)‖ 6 K‖fkl
| L1

∞(D′)‖,

we obtain
‖ϕ∗f | L1

q(D)‖ 6 K‖f | L1
∞(D′)‖.

The proof is complete. ut
The following theorem establishes the “localization” property of the com-

position operator in spaces of functions with compact support and/or its
closure in L1

∞.

Theorem 2.2. Suppose that a homeomorphism ϕ : D → D′ between two
domains D,D′ ⊂ Rn generates a bounded composition operator

ϕ∗ : L1
∞(D′) → L1

q(D), 1 6 q < +∞.

Then there exists a bounded monotone countable additive function Φ(A′) de-

fined on open bounded subsets of D′ such that for every f ∈
◦
L1
∞(A′)

∫

ϕ−1(A)

|∇(f ◦ ϕ)|q dx 6 Φ(A′)ess supy∈A′ |∇f |q(y).

Proof. Define Φ(A′) as follows (cf. [20, 24])

Φ(A′) = sup
f∈

◦
L1∞(A′)

(∥∥ϕ∗f | L1
q(D)

∥∥
∥∥f |

◦
L1∞(A′)

∥∥

)q

.
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Let A′1 ⊂ A′2 be bounded open subsets of D′. Extending functions of the

space
◦
L1
∞(A′1) by zero to the set A′2, we obtain the inclusion

◦
L1
∞(A′1) ⊂

◦
L1
∞(A′2).

It is obvious that
‖f |

◦
L1
∞(A′1)‖ = ‖f |

◦
L1
∞(A′2)‖

for every f ∈
◦
L1
∞(A′1). Since

Φ(A′1) = sup
f∈

◦
L1∞(A′1)

(∥∥ϕ∗f | L1
q(D)

∥∥
∥∥f |

◦
L1∞(A′1)

∥∥

)q

= sup
f∈

◦
L1∞(A′1)

(∥∥ϕ∗f | L1
q(D)

∥∥
∥∥f |

◦
L1∞(A′2)

∥∥

)q

6 sup
f∈

◦
L1∞(A′2)

(∥∥ϕ∗f | L1
q(D)

∥∥
∥∥f |

◦
L1∞(A′2)

∥∥

)q

= Φ(A′2),

the set function Φ is monotone.
Consider open disjoint subsets A′i, i ∈ N, of the domain D′ such that

A′0 =
∞⋃

i=1

A′i. Choose arbitrary functions fi ∈
◦
L1
∞(A′i) such that

∥∥ϕ∗fi | L1
q(D)

∥∥ >
(

Φ(A′i)
(

1− ε

2i

)) 1
q ∥∥fi |

◦
L1
∞(A′i)

∥∥

and ∥∥fi |
◦
L1
∞(A′i)

∥∥ = 1,

where i ∈ N and ε ∈ (0, 1) is a fixed number. Setting gN =
N∑

i=1

fi, we find

∥∥ϕ∗gN | L1
q(D)

∥∥ >
( N∑

i=1

(
Φ(A′i)

(
1− ε

2i

)) ∥∥fi |
◦
L1
∞(A′i)

∥∥q
)1/q

=
( N∑

i=1

Φ(A′i)
(
1− ε

2i

)) 1
q
∥∥∥∥gN |

◦
L1
∞

( N⋃

i=1

A′i
)∥∥∥∥

>
( N∑

i=1

Φ(A′i)− εΦ(A′0)
) 1

q
∥∥∥∥gN |

◦
L1
∞

( N⋃

i=1

A′i
)∥∥∥∥

since the sets where ∇ϕ∗fi do not vanish are disjoint. By the last inequality,
we have
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Φ(A′0)
1
q > sup

∥∥ϕ∗gN | L1
q(D)

∥∥
∥∥ gN |

◦
L1∞

( N⋃
i=1

A′i
)∥∥

>
( N∑

i=1

Φ(A′i)− εΦ(A′0)
) 1

q

,

where the upper bound is taken over all above functions

gN ∈
◦
L1
∞

( N⋃

i=1

A′i
)
.

Since both N and ε are arbitrary, we have

∞∑

i=1

Φ(A′i) 6 Φ
( ∞⋃

i=1

A′i
)
.

The inverse inequality can be proved directly. Indeed, choose functions fi ∈
◦
L1
∞(A′i) such that

∥∥fi |
◦
L1
∞(A′i)

∥∥ = 1. Setting g =
∞∑

i=1

fi, we find

∥∥ϕ∗g | L1
q(D)

∥∥ 6
( ∞∑

i=1

Φ(A′i)
∥∥fi |

◦
L1
∞(A′i)

∥∥q
)1/q

=
( ∞∑

i=1

Φ(A′i)
) 1

q
∥∥∥∥gN |

◦
L1
∞

( ∞⋃

i=1

A′i
)∥∥∥∥

since the sets where∇ϕ∗fi do not vanish are disjoint. From the last inequality
we have

Φ

( ∞⋃

i=1

A′i

) 1
q

6 sup

∥∥ϕ∗g | L1
q(D)

∥∥
∥∥ g |

◦
L1∞

( ∞⋃
i=1

A′i
)∥∥

6
( ∞∑

i=1

Φ(A′i)
) 1

q

,

where the upper bound is taken over all functions g ∈
◦
L1
∞

( ∞⋃
i=1

A′i
)
.

By the definition of Φ,

‖ϕ∗f | L1
q(D)‖p 6 Φ(A′)‖f |

◦
L1
∞(A′)‖q

Since the support of f ◦ ϕ is contained in ϕ−1(A′), we have
∫

ϕ−1(A)

|∇(f ◦ ϕ)|q dx 6 Φ(A′)ess supy∈A′ |∇f |q(y).

The theorem is proved. ut
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Recall some basic facts about p-capacity. Let G ⊂ Rn be an open set, and
let E ⊂ G be a compact set. For 1 6 p 6 ∞ the p-capacity of the ring (E, G)
is defined as

capp(E, G) = inf
{∫

G

|∇u|p : u ∈ L1
p(G) ∩ C∞0 (G), u > 1 on E

}
.

Functions u ∈ L1
p(G)∩C∞0 (G), u > 1 on E, are called admissible for the ring

(E, G).
We need the following estimate of the p-capacity [11].

Lemma 2.1. Let E be a connected closed subset of an open bounded set
G ⊂ Rn, n > 2, and let n− 1 < p < ∞. Then

capn−1
p (E, G) > c

(diam E)p

|G|p−n+1
,

where c is a constant depending only on n and p.

We define the class BV L of mappings with finite variation. We say
that a mapping ϕ : D → Rn belongs to the class BVL(D) (i.e., has
finite variation on almost all straight lines) if it has finite variation on almost
all straight lines l parallel to the coordinate axis: for any finite number of
points t1, . . . , tk in such a line l

k−1∑

i=0

|ϕ(ti+1)− ϕ(ti)| < +∞.

For a mapping ϕ with finite variation on almost all straight lines the partial
derivatives ∂ϕi/∂xj , i, j = 1, . . . , n, exists almost everywhere in D.

The following assertion was announced in [21].

Theorem 2.3. Suppose that a homeomorphism ϕ : D → D′ generates a
bounded composition operator ϕ∗ : L1

∞(D′) → L1
q(D), q > n − 1. Then the

inverse homeomorphism ϕ−1 : D′ → D belongs to the class BVL(D′).

Proof. Take an arbitrary n-dimensional open parallelepiped P such that P ⊂
D′ and the edges of P are parallel to the coordinate axes. Let us show that
ϕ−1 has finite variation on almost all intersections of P with lines parallel to
the xn-axis.

Let P0 be the projection of P onto the subspace xn = 0, and let I be the
projection of P onto the xn-axis. Then P = P0×I. The monotone countable-
additive function Φ determines a monotone countable additive function of
open sets A ⊂ P0 by the rule Φ(A,P0) = Φ(A× I). For almost all z ∈ P0 the
expression

Φ′(z, P0) = lim
r→0

[
Φ(Bn−1(z, r), P0)

rn−1

]
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is finite [18] (here, Bn−1(z, r) is the (n− 1)-dimensional ball of radius r > 0
centered at the point z).

The n-dimensional Lebesgue measure Ψ(U) = |ϕ−1(U)|, where U is an
open set in D′, is a monotone countable additive function. Therefore, it also
determines a monotone countable additive function Ψ(A,P0) = Ψ(A × I)
defined on open sets A ⊂ P0. Hence Ψ ′(z, P0) is finite for almost all points
z ∈ P0.

Choose an arbitrary point z ∈ P0, where Φ′(z, P0) < +∞ and Ψ ′(z, P0) <
+∞. On the section Iz = {z} × I of the parallelepiped P , we take arbitrary
mutually disjoint closed intervals ∆1, . . . , ∆k of length b1, . . . , bk respectively.
Let Ri denote the open set of points the distance from which to ∆i is smaller
than a given number r > 0:

Ri = {x ∈ G : dist(x,∆i) < r}.

Consider the ring (∆i, Ri). Let r > 0 be such that r < cbi for i =
1, . . . , k, where c is a sufficiently small constant. Then the function ui(x) =
dist(x,∆i)/r is admissible for the ring (∆i, Ri).

By Theorem 2.2,

‖ϕ∗ui | L1
q(D)‖q 6 Φ(A′)‖ui |

◦
L1
∞(A′)‖q

for every ui, i = 1, . . . , k.
Hence for every ring (∆i, Ri), i = 1, . . . , k,

cap
1
q
q (ϕ−1(∆i), ϕ−1(Ri)) 6 Φ(Ri)

1
q cap∞(∆i, Ri).

The function ui(x) = dist(x,∆i)/r is admissible for the ring (∆i, Ri), and
we obtain the upper estimate

cap∞(∆i, Ri) 6 |∇ui| = 1/r.

Using the lower bound for the capacity of the ring (Lemma 2.1), we obtain
the inequality

(
(diam ϕ−1(∆i))q/(n−1)

|ϕ−1(Ri)|(q−n+1)/(n−1)

) 1
q

6 c1Φ(Ri)
1
q
1
r

which implies

diamϕ−1(∆i) 6 c2

( |ϕ−1(Ri)|
rn−1

) q−n+1
q

(
Φ(Ri)
rn−1

)n−1
q

.

Taking the sum with respect to i = 1, . . . , k, we find
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k∑

i=1

diamϕ−1(∆i) 6 c2

k∑

i=1

( |ϕ−1(Ri)|
rn−1

) q−n+1
q

(
Φ(Ri)
rn−1

)n−1
q

.

Hence

k∑

i=1

diamϕ−1(∆i) 6 c2

( k∑

i=1

|ϕ−1(Ri)|
rn−1

) q−n+1
q

( k∑

i=1

Φ(Ri)
rn−1

)n−1
q

.

Using the Bezikovich type theorem [7] for the estimate of Φ in terms of the
multiplicity of a cover, we obtain

k∑

i=1

diamϕ−1(∆i) 6 c3

( |ϕ−1(
⋃k

i=1 Ri)|
rn−1

) q−n+1
q

(
Φ(

⋃k
i=1 Ri)

rn−1

)n−1
q

.

Hence

k∑

i=1

diamϕ−1(∆i)

6 c3

( |ϕ−1(Bn−1(z, r), P0)|
rn−1

) q−n+1
q

(
Φ(Bn−1(z, r), P0)

rn−1

)n−1
q

.

Since Φ′(z, P0) < +∞ and Ψ ′(z, P0) < +∞, we find

k∑

i=1

diamϕ−1(∆i) < +∞.

Therefore, ϕ−1 ∈ BVL(D′). ut

3 Proof of the Main Result

Recall the change of variable formula for the Lebesgue integral [8]. Let a
mapping ϕ : D → Rn belong to W 1

1,loc(D). Then there exists a measurable
set S ⊂ D, |S| = 0, such that the mapping ϕ : D \ S → Rn possesses the
Luzin N -property and the change of variable formula

∫

E

f ◦ ϕ(x)|J(x, ϕ)| dx =
∫

Rn\ϕ(S)

f(y)Nf (E, y) dy

holds for any measurable set E ⊂ D and nonnegative Borel measurable func-
tion f : Rn → R. Here, Nf (y,E) is the multiplicity function defined as the
number of preimages of y under the mapping f in E.
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If a mapping ϕ possesses the Luzin N -property (the image of a set of
measure zero has measure zero), then |ϕ(S)| = 0 and the second integral can
be written as the integral over Rn. If a homeomorphism ϕ : D → D′ belongs
to the Sobolev space W 1

n,loc(D), then ϕ possesses the Luzin N -property and
the change of variable formula holds [19].

As in [17] (cf. also [10]), we introduce the measurable function

µ(y) =





( | adj Dϕ|(x)
|J(x, ϕ)|

)

x=ϕ−1(y)

if x ∈ D \ S and J(x, ϕ) 6= 0,

0 otherwise.

Since the homeomorphism ϕ has finite distortion, the function µ(y) is well
defined almost everywhere in D′.

The following lemma was proved (but not formulated) in [10] under an
additional assumption that |Dϕ| belongs to the Lorentz space Ln−1,n(D).

Lemma 3.1. Let a homeomorphism ϕ : D → D′, ϕ(D) = D′ belong to
the Sobolev space L1

q(D) for some q > n − 1. Then the function µ is locally
integrable in D′.

Proof. Using the change of variable formula for the Lebesgue integral [8] and
the Luzin N -property of ϕ, we obtain the equality

∫

D′

µ(y) dy =
∫

D′\ϕ(S)

µ(y) dy =
∫

D\S

|µ(ϕ(x))|J(x, ϕ)| dx =
∫

D

| adj Dϕ|(x) dx.

Applying the Hölder inequality, for every compact subset F ′ ⊂ D′ we have
∫

F ′

µ(y) dy 6
∫

F

| adj Dϕ|(x) dx 6 C

∫

F

|Dϕ|n−1(x) dx,

where F ′ = ϕ(F ). Therefore, µ belongs to L1,loc(D′) since ϕ belongs to
L1

q(D), q > n− 1. Hence ϕ ∈ L1
n−1,loc(D). ut

Proof of Theorem A. We show that ϕ−1 ∈ ACL(D′). Since the absolute con-
tinuity is a local property, it suffices to show that ϕ−1 belongs to ACL on ev-
ery compact subset of D′. Consider an arbitrary cube Q′ ∈ D′, Q′ ∈ D, with
edges parallel to the coordinate axes. We set Q = ϕ−1(Q′). For i = 1, . . . n
we denote Yi = (x1, . . . , xi−1, xi+1, . . . , xn),

Fi(x) = (ϕ1(x), . . . , ϕi−1(x), ϕi+1(x), . . . , ϕn(x))

and Q′
i is the intersection of Q′ with Yi = const.

Using the change of variable formula and the Fubini theorem [2], we obtain
the following estimate
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∫

Fi(Q)

Hn−1(dYi)
∫

Q′i

µ(y) H1(dy) =
∫

Q′

µ(y) dy =
∫

Q

| adjDϕ|(x) dx < +∞.

Hence for almost all Yi ∈ Fi(Q)
∫

Q′i

µ(y) H1(dy) < +∞.

Let ap Jϕ(x) be an approximate Jacobian of the trace of ϕ on the set
ϕ−1(Q′i) [2]. Consider a point x ∈ Q at which there exists a nondegenerated
approximate differential ap Df(x) of the mapping ϕ : D → D′. Let L : Rn →
Rn be a linear mapping induced by this approximate differential apDf(x).
Denote by P the image of the unit cube Q0 under the linear mapping L and
by Pi the intersection of P with the image of the line xi = 0. Denote by di

the length of Pi. Then

di · | adjDFi|(x) = |Q0| = |J(x, ϕ)|.

So, since di = ap Jϕ(x), for almost all x ∈ Q \Z, Z = {x ∈ D : J(x, ϕ) = 0},
we have

ap Jϕ(x) =
|J(x, ϕ)|

| adj DFi|(x)
.

So, for an arbitrary compact set A′ ⊂ Q′
i and almost all Yi ⊂ Fi(Q) the

following inequality holds:

H1(ϕ−1(A′)) 6
∫

ϕ−1(A′)

| adj Dϕ|(x)
| adj DFi|(x)

H1(dx)

=
∫

ϕ−1(A′)

| adj Dϕ|(x)
|J(x, ϕ)| · |J(x, ϕ)|

| adj DFi|(x)
H1(dx)

=
∫

ϕ−1(A′)

µ(ϕ(x)) ap Jϕ(x) H1(dx).

Using the change of variable formula for the Lebesgue integral [2], we find

H1(f−1(A′)) 6
∫

A′

µ(y) H1(dy) < +∞.

Therefore, the mapping ϕ−1 is absolutely continuous on almost all lines in
D′and is weakly differentiable.

Since the homeomorphism ϕ possesses the Luzin N -property, the preimage
of a set of positive measure is a set of positive measure. Hence, for the volume
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derivative of the inverse mapping we have

Jϕ−1(y) = lim
r→0

|ϕ−1(B(y, r))|
|B(y, r)| > 0

almost everywhere in D′. So J(y, ϕ−1) 6= 0 for almost all points y ∈ D. The
integrability of the q′-distortion follows from the inequality

|Dϕ−1|(y) 6 |Dϕ(x)|n−1
/|J(x, ϕ)|

which holds for almost all points y = ϕ(x) ∈ D′.
Indeed, with the help of the change of variable formula, we have

∫

D′

( |Dϕ−1(y)|q′
|J(y, ϕ−1)|

) 1
q′−1

dy =
∫

D′

( |Dϕ−1(y)|
|J(y, ϕ−1)|

) q′
q′−1

|J(y, ϕ−1)| dy

6
∫

D

( |Dϕ−1(ϕ(x))|
|J(ϕ(x), ϕ−1)|

) q′
q′−1

dx

6
∫

D

|Dϕ(x)|q dx < +∞

since ϕ belongs to L1
q(D) in view of Theorem 2.1.

The boundedness of the composition operator follows from the integrability
of p′-distortion [20]. ut
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Extended Lp Dirichlet Spaces

Niels Jacob and René L. Schilling

Abstract In order to develop a nonlinear Lp potential theory for gener-
ators of Markov processes, we propose a definition of extended Dirichlet
spaces in an Lp setting. We study these spaces in the context of general-
ized Bessel potential spaces which arise from the Γ -transform of a given Lp

sub-Markovian semigroup. First considerations on related variational capac-
ities are presented.

1 Introduction

Maz’ya’s research showed that capacities are an essential and powerful tool
in the study of Sobolev and related function spaces (cf. the important mono-
graph [18] by Maz’ya). A further seminal contribution of his was the initiation
of nonlinear potential theory (cf. the survey by Maz’ya and Khavin [19] and
the references therein).

Our interest in both topics grew out of investigations on Dirichlet forms.
Dirichlet spaces were originally introduced by Beurling and Deny [1, 2] as an
approach to potential theory based on the notion of energy. In the hands of
Fukushima [6] (cf. also [7, 10]) and Silverstein [22], Dirichlet forms became
central to stochastic analysis. The fact that with a regular Dirichlet space we
can associate a Hunt process and then base a stochastic calculus on Hilbert
space methods, led to unforseen progress in the 1970s and 1980s.
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The construction of a transition function when starting with a regular
Dirichlet form depends heavily on the notion of sets of capacity zero and the
existence of quasicontinuous modifications of elements in the given Dirichlet
space (E ,F). The “usual” capacity is the variational capacity cap1,2(·) de-
fined with the help of the bilinear form E1(u, v) = E(u, v) + 〈u, v〉L2 . Despite
its enormous success and its generality, this approach has one obvious short-
coming: the existence of exceptional sets and, therefore, the lack of pointwise
notions.

The original approach of Beurling and Deny uses the functional space
generated in a certain sense by the form E , whereas nowadays we start with
E on the domain of E1 := E + 〈·, ·〉L2 which is always a subspace of L2. In
some cases, especially in the case of transient Dirichlet forms, starting with
(E ,F), F = D(E1), the corresponding extended Dirichlet space Fe is studied
and is related to the original construction of Beurling and Deny.

In a series of papers, the authors, partially in co-authorship with Farkas
or Hoh, started to investigate systematically the Lp-theory corresponding to
Dirichlet forms (cf. [4, 5, 11, 14, 15]). Our investigations were stimulated
by pioneering ideas of Malliavin [17], and, in particular, by Fukushima and
Kaneko [9, 16, 8], to get a better control on exceptional sets using (r, p)-
capacities. In this paper, we continue this line of research; we are especially
interested in Lp versions of extended Dirichlet spaces. In order to achieve a
certain self-contained presentation, we discuss in Section 2 why an Lp ap-
proach should lead to more regularity and a better control of exceptional
sets. In Section 3, we collect some results obtained so far and we include
some minor extensions. In Section 4, we give a definition of an extended Lp

Dirichlet space and investigate some of its properties.
Our notation will be fairly standard or self-explanatory. In all other cases,

our basic reference text is the treatise [12].

2 The Case for an Lp Theory for Dirichlet Forms

Let (Tt)t>0 be a symmetric sub-Markovian semigroup on L2(X,m), where
X is a locally compact Hausdorff space and m is a Borel measure with full
support. We tacitly assume that all semigroups are strongly continuous and
contractive on the respective Banach spaces. We write (A,D(A)) for the in-
finitesimal generator of the semigroup and (E ,F) for the associated Dirichlet
form. As usual, F = D(E1), where E1(u, v) = E(u, v) + 〈u, v〉L2 . Note that
Tt|L2∩Lp has for every p ∈ (0,∞) an extension to Lp such that (Tt)t>0 is a
sub-Markovian semigroup on Lp(X, m). Moreover, (Tt)t>0 is, on each Lp, an
analytic semigroup. A proof of the first result is given by Davies [3], and the
second result is due to Stein [23]. Combining both results yields
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Tt (Lp(X, m)) ⊂
⋂

k>1

D
(
(−A)k

)
, (2.1)

where (A,D(A)) denotes the generator of (Tt)t>0 as semigroup in Lp. It is im-
portant to observe that (2.1) reduces statements about Ttf , f ∈ Lp(X, m), to
statements about elements from

⋂
k>1 D((−A)k). In particular, if we happen

to know that we have an embedding D((−A)k0) ↪→ Cb(X) for some k0 ∈ N,
we find that f ∈ Lp(X, m) implies Ttf ∈ Cb(X). For any Borel set B ∈ B(X)
with m(B) < ∞, we conclude that the equivalence class of Tt1B ∈ Lp(X, m)
contains a unique, continuous representative; this means that we may define
a transition function

pt(x,B) := Tt1B(x) for all x ∈ X. (2.2)

This enables us to construct a corresponding Markov process without any
exceptional set.

If X = Rn and m is Lebesgue measure, we know that a large class of
(symmetric) pseudo-differential operators −q(x,D) generates sub-Markovian
semigroups. Quite often we have

D
(
q(x, D)k

)
= Hψ,2k(Rn), (2.3)

where ψ : Rn → R is a fixed continuous negative definite function. If ψ(ξ) >
c0 |ξ|ρ0 for some constants c0, ρ0 > 0 and sufficiently large values of |ξ| > R0,
Sobolev’s imbedding theorem implies that Hψ,2k(Rn) ⊂ C∞(Rn) if k is large
enough. Recall that ψ : Rn → R is a continuous negative definite function
if ψ(0) > 0 and ξ 7→ e−tψ(ξ) is, for each t > 0, positive definite in the usual
sense. Moreover, u is in the anisotropic Bessel potential space Hψ,s(Rn),
s > 0, if u ∈ L2(Rn) and

‖u‖2Hψ,s :=
∫

Rn

(1 + ψ(ξ))2 |û(ξ)|2 dξ < ∞.

The inclusion (2.3) requires some regularity for the symbol x 7→ −q(x, ξ) of
the generator −q(x,D); even in the case of differential operators this regular-
ity is not guaranteed and, indeed, it is of interest to reduce the regularity of
the “coefficients.” Nevertheless, in many cases where a second order elliptic
differential operator −L(x,D) in divergence form extends to a generator A
of an analytic Lp sub-Markovian semigroup, we find that

⋂
k>1 D((−A)k) ⊂

W 1,p(Rn). If we work on a smooth domain G and we subject −L(x,D) to
certain boundary conditions, we can get

⋂
k>1 D((−A)k) ⊂ W 1,p(G). Again,

a Sobolev type imbedding theorem yields for large enough p, i.e., p > n,
W 1,p(Rn) ⊂ Cb(Rn) or W 1,p(G) ⊂ Cb(G). Similar results hold for more gen-
eral, nonlocal operators as is easily seen by combining subordination in the
sense of Bochner with complex interpolation results [13].
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It is clear that not all cases are covered by such an approach. In the next
section, we discuss how (r, p)-capacities can be used to improve the situation.

3 Bessel Potential Spaces and (r, p)-Capacities

We always denote by (Tt)t>0 a strongly continuous, sub-Markovian contrac-
tion semigroup on Lp(X, m) for some fixed p ∈ (1,∞). Its infinitesimal gen-
erator is denoted by (A,D(A)), and we assume that the dual semigroup
(T ∗t )t>0 is again sub-Markovian on the space Lp′(X,m) with p′ = p

p−1 . For
the generators we clearly have

∫

X

(Au) · v dm =
∫

X

u ·A∗v dm

for all u ∈ D(A) and v ∈ D(A∗) ⊂ Lp′(X, m). The Γ -transform of (Tt)t>0 is
defined by the Bochner integral

Vru :=
1

Γ
(

r
2

)
∫ ∞

0

t
r
2−1 e−t Ttu dt, u ∈ Lp(X, m). (3.1)

One way to read (3.1) is to see (Vr)r>0 as subordinate (in the sense of
Bochner) to (Tt)t>0 (cf., for example, [20] or [4]). This makes it obvious
that (Vr)r>0 is a sub-Markovian semigroup on Lp(X,m). Since the Vr are
injective, we can define Bessel potential spaces by

Fr,p := Vr(Lp), ‖f‖Fr,p
= ‖u‖Lp , where f = Vru. (3.2)

From [4] we know that

Fr,p = D((1−A)r/2), Vr = (1−A)−r/2, ‖f‖Fr,p = ‖(1−A)r/2f‖Lp ,

and we can show (cf. [5]) that for r ∈ (0, 1] and f ∈ D(A)

1
3
(‖(−A)rf‖Lp + ‖f‖Lp

)
6 ‖(1−A)rf‖Lp 6

(‖(−A)rf‖Lp + ‖f‖Lp

)
. (3.3)

We now modify (3.1) by introducing a parameter λ ∈ (0, 1] so that

Vr,λu :=
1

Γ
(

r
2

)
∫ ∞

0

t
r
2−1 e−λt Ttu dt, u ∈ Lp(X, m). (3.4)

Using λ−A = λ
(
1− 1

λ A
)

together with (3.3), we yield
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1
3
(‖(−A)rf‖Lp + λr ‖f‖Lp

)
6 ‖(λ−A)rf‖Lp

6
(‖(−A)rf‖Lp + λr ‖f‖Lp

)
(3.5)

and deduce that the norms

‖(λ−A)rf‖Lp , ‖(1−A)rf‖Lp , ‖(−A)rf‖Lp + ‖f‖Lp

are equivalent for all λ > 0. It is clear that the comparison constants depend
on λ. Consequently,

Fr,p;λ := Vr,λ(Lp) = Fr,p, Vr,λ = (λ−A)−r/2. (3.6)

Later on, we are interested in the limiting case as λ → 0.
Let us introduce the corresponding Lp energy forms

E(r,p)
λ (f, g) :=

∫

X

Jp

(
(λ−A)r/2f

) · (λ−A)r/2g dm, 0 6 λ 6 1, (3.7)

where Jp : Lp → Lp′ , 1
p + 1

p′ = 1, is the duality map induced by

jp(x) = x |x|p−2. We use the shorthand E(r,p)
λ (f) = E(r,p)

λ (f, f) for the di-
agonal terms. Note that E(r,p)

λ is for λ > 0 and (r, p) 6= (1, 2) different from
E(r,p) + λ〈·, ·〉Lp , but (3.5) guarantees that E(r,p)

λ (f) and E(r,p)(f) + λ‖f‖2Lp

are always comparable. As domain of E(r,p)
λ we choose Fr,p. Because of (3.5),

E(r,p)
0 is indeed defined on Fr,p but it could well be possible to define E(r,p)

0

for elements f with f 6∈ Lp(X, m), hence f 6∈ Fr,p.
For λ > 0 the functional E(r,p)

λ is strictly convex, coercive, and Gâteaux
differentiable. The Gâteaux derivative at f ∈ Fr,p is given by

A(p)
r,λf = (λ−A∗)r/2

(∣∣(λ−A)r/2f
∣∣p−2 · (λ−A)r/2f

)
(3.8)

(cf. [11]). As in [11], one can show that A(p)
r,λ : Fr,p → F∗r,p is uniformly

monotone and for every unbounded set coercive. However, the constant in
the uniform monotonicity estimate depends on λ. More precisely,

〈
A(p)

r,λf −A(p)
r,λg, f − g

〉
L2

> 22−p

∫

X

∣∣(λ−A)r/2(f − g)
∣∣p dm

> c(λ) ‖f − g‖p
Fr,p

.

In addition, A(p)
r,λ is hemicontinuous.

We are mainly interested in the case where p is large. Without loss of
generality, we will, from now on, assume that p > 2. For open sets G ⊂ X
we define
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Γr,p(G) := {f ∈ Fr,p : f > 1G m-a.e.} (3.9)

and the capacity

capr,p,λ(G) := inf {Er,p
λ (f) : f ∈ Γr,p(G)} . (3.10)

For arbitrary A ⊂ X

capr,p,λ(A) := inf
{
capr,p,λ(G) : G open and A ⊂ G

}

then defines a Choquet capacity. Using standard arguments [9], one proves

Theorem 3.1. For 2 6 p < ∞ and every open set G ⊂ X with capr,p,λ(G) <
∞ there exists a unique equilibrium potential fG,λ ∈ Fr,p such that fG,λ > 1G

m-a.e. and
capr,p,λ(G) = ‖fG,λ‖Fr,p

.

Moreover, there exists a unique uG,λ ∈ Lp(X, m), uG,λ > 0 m-a.e., with
fG,λ = Vr,λuG,λ.

The equilibrium potential is characterized (cf. [11]) by the following in-
equalities

〈
A(p)

r,λfG,λ, φ− fG,λ

〉
L2

> 0 for all φ ∈ Γr,p(G)

or, equivalently,

Er,p
λ (fG,λ, φ− fG,λ) > 0 for all φ ∈ Γr,p(G).

Following [19], we introduce the nonlinear potential operator

U (p)
r,λ := (A(p)

r,λ)−1 : F∗r,p → Fr,p

which is given by

U (p)
r,λu := Vr,λ

(|V ∗
r,λu|p′−2 · V ∗

r,λu
)
. (3.11)

It follows (cf. [11]) that fG,λ = U (p)
r,λuG,λ.

Definition 3.1. We say that Fr,p has the truncation property if all Lipschitz
continuous functions Φ with Lipschitz constant 1 operate on Fr,p and do not
increase the Fr,p norm, i.e., if for all f ∈ Fr,p

Φ(f) ∈ Fr,p and E(r,p)(Φ(f)) + ‖Φ(f)‖2Lp 6 E(r,p)(f) + ‖f‖2Lp .

Note that Fr,p always has the truncation property for r 6 1. As in [11],
we deduce that
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capr,p,λ(G) = E(r,p)
λ (fG,λ, φ) for all φ ∈ Fr,p with φ|G = 1 m-a.e.

With the techniques from [14] it is possible to investigate the relation of
capr,p,λ to other capacities associated with (Tt)t>0 or U (p)

r,λ .
The following monotonicity result was (with λ = 1) proved by Fukushima

and Kaneko [9]

capr,p,λ(A) 6 caps,q,λ(A) for all r 6 s and p 6 q. (3.12)

Kaneko [16] (cf. also [12, Vol. 3]) succeeded to associate Hunt processes with
certain Lp sub-Markovian semigroups. In this construction, exceptional sets
are measured in terms of (r, p)-capacities. For large values of p it may hap-
pen that capr,p(A) = 0 already implies that A = ∅. This means that no
exceptional sets enter at all in the construction of a process. Again we see
that the Lp approach leads to higher regularity results and allows us to avoid
exceptional sets.

4 Extended Lp-Dirichlet Spaces

For f, g ∈ Fr,p we know that

lim
λ→0+

E(r,p)
λ (f, g) = E(r,p)

0 (f, g). (4.1)

Note that E(r,p)
0 (f, g) need not be a definite form and it might be happen

that (for some extension)

(−A)r/2f ∈ Lp(X, m) while f 6∈ Lp(X, m).

In fact, any homogeneous second order elliptic differential operator on Rn

with constant coefficients has a kernel that contains all constant and all lin-
ear functions on Rn which are both not in Lp(Rn, dx). For p = 2, and any
symmetric bilinear form on L2(X, m) given by a Beurling–Deny representa-
tion without killing and local terms,

E(f, g) =
∫∫

X×X

(
f(x + y)− f(x)

)(
g(x + y)− g(x)

)
J(dx, dy), (4.2)

we find, that E is well defined and zero for all constant functions—but these
are not in L2(X,m) unless m(X) < ∞. Thus, it is a reasonable question
to find and to investigate E(r,p)

0 on its natural domain. Whenever Fr,p is
contained in an “exterior world,” this becomes a bit easier. For example,
consider all measurable functions u for which E(r,p)

0 (u, u) is finite. In the case
of translation invariant forms on L2(Rn, dx) which are uniquely determined
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by some negative definite ψ, natural candidates would be all u ∈ S ′(Rn) such
that

√
|ψ| û ∈ L2(Rn, dx).

In this section, we want to construct the Lp analogue of an extended
Dirichlet space using the classical approach as in [7] or [10]. This means we
start with elements in Fr,p and construct a suitable space of measurable
functions onto which we extend E(r,p)

0 .
Let (Tt)t>0 and (A,D(A)) be as in Section 3. Assume that r ∈ (0, 1] and

2 6 p < ∞. Note that −(−A)r generates for every r ∈ (0, 1] again a sub-
Markovian semigroup, and we write

(
β+(−A)r/2

)−1, β > 0, for the resolvent
operators of the square roots −(−A)r/2. These operators coincide with the
Γ -transforms Vr,β of the semigroup generated by −(−A)r (cf. (3.4)). It is
well known that

(
β + (−A)r/2

)−1 can be represented as

(
β + (−A)r/2

)−1
u(x) =

∫

X

u(y) ρβ,r(x, dy)

with a sub-Markovian kernel βρβ,r(x, dy). In particular,
(
β + (−A)r/2

)−1

extends to L∞(X, m) (cf., for example, [21]). Consider the Yosida approxi-
mation of (−A)r/2,

(−A)r/2
β := β(−A)r/2

(
β + (−A)r/2

)−1 = β − β2
(
β + (−A)r/2

)−1

which we can rewrite in the form

(−A)r/2
β f(x) = β

∫

X

(
f(x)− f(y)

)
βρβ,r(x, dy) + β

(
1− βρβ,r(x,X)

)
f(x).

(4.3)
This shows, in particular, that we can define (−A)r/2

β on L∞(X, m) and not
only on Lp(X,m). As in [10, (1.3.16)], we introduce on Fr,p

E(r,p),(β)(f, g) :=
∫

Jp

(
(−A)r/2

β f
) · (−A)r/2

β g dm, f, g ∈ Fr,p. (4.4)

In particular, we have

E(r,p),(β)(f) := E(r,p),(β)(f, f)

=
∫

X

∣∣∣(−A)r/2
β f

∣∣∣
p

dm

=
∫

X

∣∣∣∣β
∫

X

(
f(x)− f(y)

)
βρβ,r(x, dy)

∣∣∣∣
p

m(dx)

=
∥∥(−A)r/2

β f
∥∥p

Lp .

Lemma 4.1. For f ∈ Fr,p and all 0 < β 6 α < ∞ we have
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E(r,p),(β)(f) 6 E(r,p),(α)(f).

In particular,

E(r,p)(f) = lim
λ→0

E(r,p)
λ (f) = sup

β>0
E(r,p),(β)(f) ∈ [0,∞] (4.5)

is well defined.

Proof. On Fr,p, we have

(−A)r/2
β = β

(
β + (−A)r/2

)−1(−A)r/2.

Since β
(
β+(−A)r/2

)−1 is an Lp contraction, we conclude that E(r,p),(β)(f) 6
E(r,p)(f) < ∞.

For α > β we find

(−A)r/2
β = β(−A)r/2

(
β + (−A)r/2

)−1

=
β

α
· (α + (−A)r/2

)(
β + (−A)r/2

)−1 (−A)r/2
α .

Moreover, we have for the Lp-Lp operator norm
∥∥∥∥
∣∣∣∣
β

α
· (α + (−A)r/2

)(
β + (−A)r/2

)−1
∥∥∥∥
∣∣∣∣ =

β

α

∥∥∥∥
∣∣∣∣(α− β)

(
β + (−A)r/2

)−1 + 1
∥∥∥∥
∣∣∣∣

6 β

α

(
(α− β)

1
β

+ 1
)

= 1,

which proves the monotonicity of β 7→ E(r,p),(β)(f).
Since (−A)r/2

β is the Yosida approximation of the operator (−A)r/2, we
know that

Lp- lim
β

(−A)r/2
β f = (−A)r/2f

for all f ∈ Fr,p. This proves (4.5). ut

Since we can extend (−A)r/2
β to L∞(X, m), we can define

Dr,p :=
{

u ∈ L∞(X,m) : sup
β>0

E(r,p),(β)(u) < ∞
}

and extend E(r,p) from Fr,p ∩ L∞(X, m) onto Dr,p by

E(r,p)(u) := sup
β>0

E(r,p),(β)(u), u ∈ Dr,p.

In order to proceed, we need the notion of bounded pointwise convergence,
bp-convergence. We say that a sequence (fj)j∈N of functions fj : X → R
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converges boundedly pointwise to a function f : X → R if supj∈N |fj(x)| 6
c < ∞ for every x ∈ X and limj→∞ fj = f m-a.e. We use fj

bp−−−→
j→∞

f as a

shorthand.

Definition 4.1. The space Fbp
r,p consists of all measurable functions f : X → R

with the property that there is a sequence (fj)j∈N ⊂ Fr,p which is an E(r,p)

Cauchy sequence and which converges in bp-sense to f , i.e.,

lim
j,k→∞

E(r,p)(fj − fk) = 0 and fj
bp−−−→

j→∞
f.

Any such sequence (fj)j∈N is called an approximating sequence of f ∈ Fbp
r,p.

We can now define a first extension of (E(r,p),Fr,p). Since all elements of
Fbp

r,p are bounded functions, this is yet an intermediate step.

Theorem 4.1. Let f ∈ Fbp
r,p, and let (fj)j∈N ⊂ Fr,p be any approximating

sequence. Then
lim

j→∞
E(r,p)(fj) (4.6)

exists and does not depend on the choice of the approximating sequence.
In particular, Fbp

r,p ⊂ Dr,p and (4.6) defines an extension of E(r,p) onto
Fbp

r,p which again is denoted by E(r,p).

Proof. Let f ∈ Fbp
r,p, and let (fj)j∈N be an approximating sequence. Then we

have
∣∣∣E(r,p)(fj)1/p − E(r,p)(fk)1/p

∣∣∣ =
∣∣∣
∥∥(−A)r/2fj

∥∥
Lp −

∥∥(−A)r/2fk

∥∥
Lp

∣∣∣
6

∥∥(−A)r/2(fj − fk)
∥∥

Lp

= E(r,p)(fj − fk)1/p.

Since (fj)j∈N is an E(r,p) Cauchy sequence, we conclude that (E(r,p)(fj))j∈N
is a Cauchy sequence in R and

(
(−A)r/2fj

)
j∈N is a Cauchy sequence in

Lp(X,m). This shows that both limits

lim
j→∞

E(r,p)(fj) and Lp- lim
j→∞

(−A)r/2fj

exist. Using the definition of bp-convergence we can adapt the argument of
[10, pp. 35–6]. By dominated convergence, we get

(
lim

k→∞
fk

)
= lim

k→∞
(
β + (−A)r/2

)−1
fk,

which implies
(−A)r/2

β

(
lim

k→∞
fk

)
= lim

k→∞
(−A)r/2

β fk.
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Let K ⊂ X be compact. Consider Lp(K) := Lp(X,1K ·m) as a subspace of
Lp(X) = Lp(X,m). Using the Fatou lemma, we get

∥∥(−A)r/2
β (fj − f)

∥∥
Lp(K)

=
∥∥(−A)r/2

β

(
fj − lim

k→∞
fk

)∥∥
Lp(K)

=
∥∥ lim

k→∞
(−A)r/2

β

(
fj − fk

)∥∥
Lp(K)

6 lim inf
k→∞

∥∥(−A)r/2
β

(
fj − fk

)∥∥
Lp(X)

6 lim inf
k→∞

∥∥(−A)r/2
(
fj − fk

)∥∥
Lp(X)

.

For the last estimate we use that fj , fk ∈ Fr,p and β
(
β + (−A)r/2

)−1 is a
contraction on Lp(X). This shows that for every ε > 0 we can find some
Nε ∈ N such that

∥∥(−A)r/2
β (fj − f)

∥∥
Lp(K)

6 ε for all j > Nε.

Since Nε does not depend on β or K, we can use the monotone convergence
theorem to arrive at

∥∥(−A)r/2
β (fj − f)

∥∥
Lp(X)

= sup
K⊂X

∥∥(−A)r/2
β (fj − f)

∥∥
Lp(K)

6 ε

for all β > 0, j > Nε. This, in turn, shows that

sup
β>0

∥∥(−A)r/2
β (fj − f)

∥∥
Lp(X)

6 ε for all j > Nε,

and we conclude that fj , f ∈ Dr,p. By the definition of Dr,p, we find for the
extension of E(r,p) to Dr,p that

E(r,p)(fj − f) = lim
β→∞

∥∥(−A)r/2
β (fj − f)

∥∥
Lp(K)

6 ε for allj > Nε,

implying that limj→∞ E(r,p)(fj − f) = 0, i.e., limj→∞ E(r,p)(fj) does not
depend on the approximating sequence and (4.6) defines an extension of
E(r,p) to Fbp

r,p. ut

Corollary 4.1. Fr,p ∩ L∞(X, m) = Fbp
r,p ∩ Lp(X,m).

Proof. The inclusion Fr,p ∩ L∞(X, m) ⊂ Fbp
r,p ∩ Lp(X, m) is obvious.

Conversely, we pick f ∈ Fbp
r,p∩Lp(X,m). Let (fj)j∈N be an approximating

sequence. Since (fj)j∈N is an E(r,p) Cauchy sequence, we see from the very
definition that limj→∞(−A)r/2fj = w in Lp(X, m). Since β

(
β + (−A)r/2

)−1

is a bounded operator on Lp(X,m), we get

Lp- lim
j→∞

(−A)r/2β
(
β + (−A)r/2

)−1
fj = β

(
β + (−A)r/2

)−1
w.
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On the other hand, we can use the integral representation (4.3) of (−A)r/2
β =

(−A)r/2β
(
β + (−A)r/2

)−1 and find from bp-convergence and the dominated
convergence theorem that

lim
j→∞

(−A)r/2β
(
β + (−A)r/2

)−1
fj(x)

= lim
j→∞

[
β

∫

X

(
fj(x)− fj(y)

)
βρβ,r(x, dy) + β

(
1− ρβ,r(x,X)

)
fj(x)

]

= β

∫

X

(
f(x)− f(y)

)
βρβ,r(x, dy) + β

(
1− ρβ,r(x,X)

)
f(x)

= (−A)r/2β
(
β + (−A)r/2

)−1
f(x).

Since f ∈ Lp(X, m), the last expression makes sense and we get β
(
β +

(−A)r/2
)−1

w = (−A)r/2β
(
β + (−A)r/2

)−1
f almost everywhere. Conse-

quently,

lim
β→∞

(−A)r/2β
(
β + (−A)r/2

)−1
f = lim

β→∞
β
(
β + (−A)r/2

)−1
w = w

in Lp(X, m), and our claim follows from the closedness of the operator
(−A)r/2 and the simple observation that f ∈ D

(
(−A)r/2

)
= Fr,p if and only

if (−A)r/2
β f = (−A)r/2

(
β + (−A)r/2

)−1
f converges in Lp as β →∞. ut

The following theorem contains a further characterization of Fbp
r,p.

Theorem 4.2.

Fbp
r,p =

{
f : X → R : f is measurable,

∃ (fj)j∈N ⊂ Fr,p, sup
j∈N

E(r,p)(fj) < ∞, fj
bp−−−→

j→∞
f
}

.

Proof. Since an E(r,p) Cauchy sequence is bounded, Fbp
r,p is clearly included in

the set on the right-hand side. Conversely, let (fj)j∈N ⊂ Fr,p be a sequence
such that

sup
j∈N

E(r,p)(fj) = c < ∞ and fj
bp−−−→ f.

By the definition of bp-convergence, we have supj ‖fj‖L∞ 6 κ. Since
E(r,p)(fj) = ‖vj‖p, where vj = (−A)r/2fj , the Banach–Alaoglu theorem
shows that there is a subsequence (vn(k))k∈N converging weakly in Lp(X, m)
to some v ∈ Lp(X, m). By the Banach–Saks theorem, we find that the Cesàro
means

un(k) :=
1
k

k∑

j=1

vn(j)
k→∞−−−−→ v.
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converge strongly to v. With gk := 1
k

∑k
j=1 fn(j) we find (−A)r/2gk = un(k)

as well as

E(r,p)(gk)1/p =
∥∥(−A)r/2gk

∥∥
Lp 6 1

k

k∑

j=1

∥∥(−A)r/2fn(j)

∥∥
Lp

=
1
k

k∑

j=1

E(r,p)(fn(j))1/p 6 1
k

k∑

j=1

c1/p = c1/p.

By construction, gk ∈ Fr,p and

E(r,p)(gk − g`) = ‖un(k) − un(`)‖p
Lp

k,`→∞−−−−−→ 0.

It is obvious that the Cesàro means gk inherit the bp-convergence from the
sequence (fj)j∈N,

|gk| =
∣∣∣∣∣∣
1
k

k∑

j=1

fj(x)

∣∣∣∣∣∣
6 1

k

k∑
1

‖fj‖L∞ 6 κ

and

gk(x) =
1
k

k∑

j=1

fj(x) k→∞−−−−→ f(x).

Thus, f ∈ Fr,p with approximating sequence (gk)k∈N. ut

Remark 4.1. If we write Fe for the “usual” extended L2 Dirichlet space as in
[10], then it is not hard to see that Fe ∩ L∞(X, m) = Fbp

1,2. This means that
our extension is compatible with the traditional setup.

So far, all functions f ∈ Fbp
r,p are necessarily bounded. In order to abandon

this technical condition, we use a truncation technique. For this we need to
assume that Fr,p has the truncation property (cf. Definition 3.1). This is
always the case where r 6 1. We define for any measurable function f and
all c > 0 the truncation operator Θc by

Θcf(x) := (−c) ∨ f(x) ∧ c. (4.7)

Definition 4.2. The extended Dirichlet space of (E(r,p),Fr,p) is given by

F e
r,p :=

{
f : X → R : f is measurable,

Θjf ∈ Fbp
r,p, j ∈ N, and sup

j∈N
E(r,p)(Θjf) < ∞

}
.

Note that E(r,p) is defined on Fbp
r,p. Since ΘjΘj+1f = Θjf , we find
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E(r,p)(Θjf) = E(r,p)(ΘjΘj+1f) 6 E(r,p)(Θj+1f),

which allows us to extend E(r,p) onto F e
r,p by

E(r,p)(f) := sup
j∈N

E(r,p)(Θjf) = lim
j→∞

E(r,p)(Θjf). (4.8)

The next result states that our construction coincides with the “usual” defi-
nition of an extended Dirichlet space in L2.

Theorem 4.3. The extended Dirichlet space Fe
r,p consists of all measurable

functions f : X → R which admit an approximating sequence (fj)j∈N ⊂ Fr,p

such that
fj

j→∞−−−→ f a.e. and sup
j∈N

E(r,p)(fj) < ∞. (4.9)

Proof. Assume that f satisfies the conditions stated in the theorem for some
approximating sequence (fj)j∈N ⊂ Fr,p. By assumption, Θkfj ∈ Fr,p and,

since limj→∞Θkfj = Θkf a.e. and |Θkfj | 6 k, we know that Θkfj
bp−−−→

j→∞
Θkf . Because of the truncation property, E(r,p)(Θkfj) 6 E(r,p)(fj) for all k.
Thus, Θkf ∈ Fbp

r,p. Moreover, limk→∞Θkf = f a.e. and

E(r,p)(Θkf) = lim
j→∞

E(r,p)(Θkfj) 6 lim inf
j→∞

E(r,p)(fj) 6 sup
j∈N

E(r,p)(fj) < ∞,

where we used (4.9) for the last estimate. This shows that f ∈ Fe
r,p.

Conversely, let f ∈ F e
r,p. By definition, Θkf ∈ Fbp

r,p for all k ∈ N. Therefore,
we can find for each k ∈ N a sequence (gk,j)j∈N ⊂ Fr,p such that

lim
j→∞

gk,j = Θkf, lim
j→∞

E(r,p)(gk,j) = E(r,p)(Θkf).

For k ∈ N fixed we can select subsequences (gk,j(n))n∈N ⊂ (gk,j)j∈N such that
∣∣∣E(r,p)(gk,j(n))− E(r,p)(Θkf)

∣∣∣ 6 2−k for all n > k.

The diagonal sequence (gk,j(k))k∈N satisfies gk,j(k) ∈ Fr,p and limk→∞ gk,j(k) =
f a.e. Since f ∈ F e

r,p, we find for every k ∈ N

E(r,p)(gk,j(k)) 6 sup
n>k

E(r,p)(gk,j(n))

6 sup
n>k

∣∣∣E(r,p)(gk,j(n))− E(r,p)(Θkf)
∣∣∣ + E(r,p)(Θkf)

6 2−k + sup
k∈N

E(r,p)(Θkf) < ∞.

This shows that f has an approximating sequence which satisfies the condi-
tions stated in (4.9). ut
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Remark 4.2. The Banach–Saks argument used in the proof of Theorem 4.2
shows that we may replace (4.9) in Theorem 4.3 by the seemingly stronger
assertion

fj
j→∞−−−→ f a.e. and lim

j,k→∞
E(r,p)(fj − fk) = 0. (4.9′)

Corollary 4.2. We have F e
r,p ∩ Lp(X,m) = Fr,p.

Proof. The inclusion Fr,p ⊂ F e
r,p∩Lp(X,m) is obvious. Assume that f ∈ F e

r,p

as well as f ∈ Lp(X, m). By the definition of the extended Dirichlet space
(cf. Definition 4.2), we know that Θjf ∈ Fbp

r,p and supj∈N E(r,p)(Θjf) < ∞.
The Banach-Saks argument used in the proof of Theorem 4.2 shows that the
Cesàro means of some subsequence (Θj(k)f)k∈N ⊂ (Θjfj)j∈N,

Σnf :=
1
n

n∑

k=1

Θj(k)f,

are an E(r,p) Cauchy sequence.
On the other hand, f ∈ Lp(X, m) implies that both Θjf and Σnf con-

verge in Lp(X, m) to f . Moreover, as Θjf ∈ Lp(X,m), we get Θjf ∈
Fbp

r,p ∩ Lp(X, m) and, by Corollary 4.1, Θjf ∈ Fr,p.
Thus, Σnf ∈ Fr,p which tells us that

lim
`,n→∞

∥∥(−A)r/2
(
Σ`f −Σnf

)∥∥
Lp = lim

`,n→∞
E(r,p)

(
Σ`f −Σnf

)
= 0.

Since Lp-limn→∞Σnf = f and (−A)r/2 is a closed operator, we finally see
that f ∈ D

(
(−A)r/2

)
= Fr,p. ut

5 The Limiting Case λ → 0 and Transience

For λ > 0 and f ∈ Fr,p we find from [5, Proposition 1.4.9 and Remark 1.4.11]
that

∣∣∣E(r,p)
λ (f)1/p − E(r,p)(f)1/p

∣∣∣ =
∣∣∣
∥∥(λ−A)r/2f

∥∥
Lp −

∥∥(−A)r/2f
∥∥

Lp

∣∣∣
6

∥∥[
(λ−A)r/2 − (−A)r/2

]
f
∥∥

Lp

6 λr/2 ‖f‖Lp ,

and therefore limλ→0 E(r,p)
λ (f) = E(r,p)(f) for all f ∈ Fr,p.

Moreover, it is easy to see that for all f from the domain of (λ − A)r/2

and A(p)
r,λ respectively
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(λ−A)r/2f
λ→0−−−→ (−A)r/2f, A(p)

r,λf
λ→0−−−→ A(p)

r f.

Here, A(p)
r is defined on Fr,p by

A(p)
r f = (−A∗)r/2 ◦ Jp ◦ (−A)r/2f = (−A∗)r/2

(∣∣(−A)r/2f
∣∣p−2 · (−A)r/2f

)
.

A close inspection of the proof of Lemma 2.1 in [11] reveals that the operator
A(p)

r is on Fr,p the Gâteaux derivative of the functional

f 7→ 1
p

∫

X

∣∣(−A)r/2f
∣∣p dm.

If we switch to the extension F e
r,p and try to extend the considerations made

for (E(r,p)
λ ,Fr,p) in Section 3 to (E(r,p),Fe

r,p), we run into a problem: f 7→(E(r,p)(f)
)1/p need not be definite for f ∈ F e

r,p. To overcome this problem,
we recall the notion of transience [15].

Definition 5.1. The form (E(r,p),Fr,p) is said to be transient if there exists
some G ∈ L1(X, m) such that G > 0 m-a.e. and

[∫

X

|f | ·Gdm

]p

6 E(r,p)(f) for all f ∈ Fr,p.

For a transient form (E(r,p),Fr,p) and f, g ∈ Fr,p we get
〈
A(r,p)f −A(r,p)g, f − g

〉
> 22−p E(r,p)(f − g) > 22−p〈|f − g|, G〉p. (5.1)

This shows that A(r,p) : Fr,p → F∗r,p is uniformly monotone with respect to
E(r,p), coercive on unbounded sets, and convex.

Because of transience, f 7→ E(r,p)(f) is a norm on F e
r,p and (F e

r,p, E(r,p)) is
a Banach space. Therefore, all properties of A(r,p) on Fr,p still hold on F e

r,p.
In particular, the minimization problem

Find for an open set G ⊂ Rn

cape
r,p(G) = inf

{E(r,p)(f) : f ∈ Γ e
r,p(G)

}
, (5.2)

where Γ e
r,p(G) =

{
u ∈ F e

r,p : u > 1G m-a.e.
}

can now be treated with variational methods in the F e
r,p-context in exactly

the same way as we could solve (3.9), (3.10) for Fr,p. Since Γr,p(G) ⊂ Γ e
r,p(G),

we have

cape
r,p(G) 6 lim inf

λ→0
capr,p,λ(G). (5.3)
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At the moment, however, it is an open problem to find conditions which allow
us to extend Fukushima’s construction of a Markov process associated with a
regular Dirichlet form to the case (E(r,p),F e

r,p) with cape
r,p as related capacity.
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Characterizations for the Hardy
Inequality

Juha Kinnunen and Riikka Korte

Abstract Necessary and sufficient conditions for the validity of a multidi-
mensional version of the Hardy inequality are discussed. A characterization
through a boundary Poincaré inequality is considered.

1 Introduction

We discuss necessary and sufficient conditions for the validity of the following
multidimensional version of the Hardy inequality. Let Ω be an open subset
of Rn, and let 1 < p < ∞. We say that the p-Hardy inequality holds in Ω if
there is a uniform constant cH such that

∫

Ω

( |u(x)|
δ(x)

)p

dx 6 cH

∫

Ω

|∇u(x)|p dx (1.1)

for all u ∈ W 1,p
0 (Ω), where δ(x) = dist(x, ∂Ω).

By density arguments, it suffices to consider (1.1) for compactly supported
smooth functions u ∈ C∞0 (Ω).

Sufficient Lipschitz and Hölder type boundary conditions under which the
Hardy inequality holds were obtained by Nečas [41], Kufner [26], Kufner and
Opic [42]. In [37, Chapter 2], Maz’ya gave capacitary characterizations of
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the Hardy inequality (cf. Section 2). Ancona [2] in the case p = 2, n > 2,
Lewis [31], and Wannebo [49] in the case p > 1, n > 2 proved that the Hardy
inequality holds if the complement of Ω satisfies the uniform capacity density
condition

capp

(
(Rn \Ω) ∩B(x, r), B(x, 2r)

)
> cT capp

(
B(x, r), B(x, 2r)

)
(1.2)

for all x ∈ Rn \ Ω and r > 0. The definition and properties of variational
capacity can be found in [37, Chapter 2] or [16, Chapter 2]. If (1.2) holds, we
say that Rn \Ω is uniformly p-thick or p-fat.

The class of open sets whose complements satisfy the uniform capacity
density condition is relatively large. Every nonempty Rn \ Ω is uniformly
p-thick for p > n, and hence the condition is nontrivial only if p 6 n. In
particular, in the case p > n, the Hardy inequality holds for every proper
open subset of Rn. Hence it suffices to consider the case 1 < p 6 n.

The capacity density condition has several applications in the theory of
partial differential equations. It is stronger than the Wiener criterion

∫ 1

0

(
capp

(
(Rn \Ω) ∩B(x, r), B(x, 2r)

)

capp

(
B(x, r), B(x, 2r)

)
)1/(p−1)

dr

r
= ∞

characterizing regular boundary points for the Dirichlet problem for the p-
Laplace equation. Sufficiency was proved by Maz’ya [36] and necessity was
established by Lindqvist and Martio [32] in the case p > n − 1 and by
Kilpeläinen and Malý [19] in the case 1 < p 6 n.

HajÃlasz [13] showed that the capacity density condition is sufficient for
the validity of a pointwise version of the Hardy inequality, in terms of the
Hardy–Littlewood maximal function. A similar result was also obtained in
[21]. Recently Lehrbäck [27] showed that the pointwise Hardy inequality is
equivalent to the uniform thickness of the complement (cf. also [22]).

In this paper, we also consider a characterization through a boundary
Poincaré inequality.

In the bordeline case p = n, there are several characterizations of the
Hardy inequality. In this case, rather surprisingly, certain analytic, metric,
and geometric conditions turn out to be equivalent. Ancona [2] proved that
uniform p-thickness is also necessary for the validity of the Hardy inequality
when p = n = 2, and Lewis [31] generalized this result for p = n > 2.
Sugawa [46] proved that, in the case p = n = 2, the Hardy inequality is
equivalent to the uniform perfectness of the complement. This result was
recently generalized [23] for other values of n.

We outline the main points of the argument in this work and discuss other
characterizations of Hardy inequalities in the borderline case.

The following variational problem is naturally related to the p-Hardy in-
equality. Consider the Rayleigh quotient
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λp = λp(Ω) = inf

{[ ∫

Ω

|∇u(x)|p dx

] / [ ∫

Ω

( |u(x)|
δ(x)

)p

dx

] }
, (1.3)

where the infimum is taken over all u ∈ W 1,p
0 (Ω). Note that λp(Ω) > 0 if and

only if the p-Hardy inequality holds in Ω. This approach have attracted a lot
of attention (cf., for example, [3, 4, 5, 7, 8, 33, 34, 12, 35, 43, 45, 44, 47, 48]).

Hardy [14, 15] observed that, in the one-dimensional case,

λp = (1− 1/p)p

and the minimum is not attained in (1.3) In higher dimensions, the constant
λp generally depends on p and Ω.

Note that u ∈ W 1,p
0 (Ω) is a minimizer of (1.3) if and only if it is a weak

solution to the nonlinear eigenvalue problem

div(|∇u(x)|p−2∇u(x)) + λp
|u(x)|p−2u(x)

δ(x)p
= 0. (1.4)

Ancona [2] characterized the Hardy inequality for p = 2 via supersolutions,
called strong barriers of (1.4). In this paper, we generalize this characteriza-
tion for other values of p.

We also consider the selfimproving phenomena related to the Hardy in-
equalities. It is easy to see that if Rn \ Ω is uniformly p-thick, then it is
uniformly q-thick for every q > p as well. Lewis [31] showed that p-thickness
has a deep selfimproving property: p-thickness implies the same condition for
some smaller value of p. For another proof we refer to [40].

The Hardy inequality is selfimproving as well. Indeed, as Koskela and
Zhong [25] showed, if the Hardy inequality holds for some value of p, then it
also holds for other sufficiently close values of p. In contrast with the capacity
density condition, the Hardy inequality can fail for some values of p. Indeed,
in a punctured ball, the p-Hardy inequality holds for p 6= n and does not hold
for p = n. More generally, as was shown in [25], the Hardy inequality cannot
hold if the boundary contains (n − p)-dimensional parts. Roughly speaking,
the Hardy inequality can hold if the complement of the domain is either large
or small in a neighborhood of each boundary point.

Many arguments related to the Hardy inequality are based on general
principles and some of them apply on metric measure spaces (cf. [6, 18, 23,
22]). The Hardy inequalities are studied in Carnot–Carathéodory spaces [11]
and in Orlicz–Sobolev spaces [9, 10].

2 Maz’ya Type Characterization

In this section, we describe a characterization of the Hardy inequality in terms
of inequalities connecting measures and capacities. Recall the definition of
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variational capacity. Let Ω be an open subset of Rn, and let K be a compact
subset of Ω. The variational p-capacity of K with respect to Ω is defined as
follows:

capp(K, Ω) = inf
∫

Ω

|∇u(x)|p dx,

where the infimum is taken over all u ∈ C∞0 (Ω) such that u(x) > 1 for every
x ∈ K. The same quantity is obtained if the infimum is taken over compactly
supported continuous functions in W 1,p

0 (Ω) instead of smooth functions.
The proof the following result is based on an elegant truncation argument

[37, p.110] (cf. [37, Chapter 2] and [38] for more information about such
characterizations and [39, 20] for generalizations).

Theorem 2.1. An open set Ω satisfies the p-Hardy inequality if and only if
there is a constant cM such that

∫

K

δ(x)−p dx 6 cM capp(K, Ω) (2.1)

for every compact subset K of Ω.

Proof. Assume that the p-Hardy inequality holds in Ω. Let u ∈ C∞0 (Ω) be
such that u(x) > 1 for every x ∈ K. By (1.1),

∫

K

δ(x)−p dx 6
∫

Ω

( |u(x)|
δ(x)

)p

dx 6 cH

∫

Ω

|∇u(x)|p dx.

Taking the infimum over all such functions u, we obtain (2.1) with cM = cH .
Then assume that (2.1) holds. By a density argument it is enough to prove

(1.1) for compactly supported smooth functions in Ω. Let u ∈ C∞0 (Ω). For
k ∈ Z denote

Ek = {x ∈ Ω : |u(x)| > 2k}.
By (2.1), we have

∫

Ω

( |u(x)|
δ(x)

)p

dx 6
∞∑

k=−∞
2(k+1)p

∫

Ek\Ek+1

δ(x)−p dx

6 cM

∞∑

k=−∞
2(k+1)p capp(Ek, Ω) 6 cM2p

∞∑

k=−∞
2(k+1)p capp(Ek+1, Ek).

Introduce uk : Ω → [0, 1] as

uk(x) =





1 if |u(x)| > 2k+1,
|u(x)|

2k
− 1 if 2k < |u(x)| < 2k+1,

0 if |u(x)| 6 2k.
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Then uk ∈ W 1,p
0 (Ω) is a continuous function, uk = 1 in Ek+1, and uk = 0 in

Rn \Ek. Therefore, we can apply take it for a test function for the capacity:

capp(Ek+1, Ek) 6
∫

Ek\Ek+1

|∇uk(x)|p dx 6 2−pk

∫

Ek\Ek+1

|∇u(x)|p dx.

Consequently,

∞∑

k=−∞
2(k+1)p capp(Ek+1, Ek) 6 2p

∞∑

k=−∞

∫

Ek\Ek+1

|∇u(x)|p dx

= 2p

∫

Ω

|∇u(x)|p dx,

and the claim follows with cH = 22pcM . ut
Remark 2.1. A result of Koskela and Zhong [25] shows that the Hardy in-
equality is an open ended condition in the following sense: If the Hardy
inequality holds in Ω for some 1 < p < ∞, then there exists ε > 0 such that
the Hardy inequality holds in Ω for every q with p− ε < q < p + ε (relative
the weighted case cf. [24]). This implies that the Maz’ya type condition (2.1)
is an open ended condition as well. Indeed, if (2.1) holds, then there are c > 0
and ε > 0 such that

∫

K

δ(x)−q dx 6 c capq(K,Ω)

for all q with p− ε < q < p + ε.

3 The Capacity Density Condition

In this section, we consider a sufficient condition for the Hardy inequality in
terms of the uniform thickness of complements (cf. (1.2)). The capacity den-
sity condition has a deep selfimproving property, essential in many aspects.
The following result is due to Lewis [31, Theorem 1] (cf. also [2] and [40,
Section 8]).

Theorem 3.1. If Rn \Ω is uniformly p-thick, then there is q < p such that
Rn \Ω is uniformly q-thick.

Assume that Rn \Ω is uniformly p-thick. Let u ∈ C∞0 (Ω). Denote

A =
{
y ∈ B(x, r) : u(y) = 0

}
.

By a capacitary version of a Poincaré type inequality, there is c = c(n, p)
such that
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( 1
|B(x, r)|

∫

B(x,r)

|u(y)|p dy
)1/p

6
(

c

capp

(
A ∩B(x, r), B(x, 2r)

)
∫

B(x,r)

|∇u(y)|p dy

)1/p

6 c r

(
1

|B(x, r)|
∫

B(x,r)

|∇u(y)|p dy

)1/p

. (3.1)

Such inequalities were studied in [37, Chapter 10] (cf. also [1, Chapter 8]).
We also need the equality [37, Section 2.2.4]

capp

(
B(x, r), B(x, 2r)

)
= c rn−p,

where c = c(n, p)
The inequality (3.1) implies the pointwise estimate

|u(x)| 6 c δ(x)
(
MΩ(|∇u|p)(x)

)1/p (3.2)

for every x ∈ Ω with c = c(n, p). The restricted Hardy–Littlewood maximal
function is defined as

MΩf(x) = sup
1

|B(x, r)|
∫

B(x,r)

|f(y)| dy,

where the supremum is taken over r > 0 such that r 6 2δ(x). Such pointwise
Hardy inequalities were considered in [13, 21] (cf. also [11, 24]). By Theorem
3.1, the pointwise Hardy inequality (3.2) also holds for some q < p. Inte-
grating this inequality over Ω and using the maximal function theorem, we
have

∫

Ω

( |u(x)|
δ(x)

)p

dx 6 c

∫

Ω

(
MΩ(|∇u|q)(x)

)p/q
dx 6 c

∫

Ω

|∇u(x)|p dx

for every u ∈ C∞0 (Ω) with c = c(n, p, q).
This proof relies heavily on a rather deep Theorem 3.1. Wannebo [49]

gave a more direct proof in the case where the complement of the domain
is uniformly thick (cf. also [50, 51, 52]). Following to Wannebo, one should
first use a Poincaré type inequality (3.4) and the a Whitney type covering
argument to show that

∫

{x∈Ω:2−k−1<δ(x)<2−k}
|u(x)|p dx 6 c2−kp

∫

{x∈Ω:δ(x)62−k+1}
|∇u(x)|p dx

for every k ∈ Z. Multiplying both sides by δ(x)−p−β , with β > 0, and sum-
ming up over k, we obtain the weighted Hardy inequality
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∫

Ω

|u(x)|p
δ(x)p+β

dx 6 c

β

∫

Ω

|∇u(x)|p
δ(x)β

dx. (3.3)

Applying this inequality to
u(x)δ(x)β/p

with sufficiently small β > 0, we obtain the unweighted p-Hardy inequality.
Weighted Hardy inequalities were also studied in [30, 28, 29].

The pointwise Hardy inequality is not equivalent to the Hardy inequality.
For example, the punctured ball satisfies the pointwise Hardy inequality only
if p > n, whereas the usual Hardy inequality holds for 1 < p < n. A recent
result of Lehrbäck [27] shows that uniform thickness is not only sufficient,
but also necessary for the pointwise Hardy inequality. Before formulating the
result, we recall a definition from [27]. An open set Ω in Rn satisfies an inner
boundary density condition with exponent α if there exists a constant c > 0
such that

Hα
∞

(
B(x, 2δ(x)) ∩ ∂Ω

)
> cδ(x)α

for every x ∈ Ω. Here,

Hα
∞(E)

{ ∞∑

i=1

rα
i : E ⊂

∞⋃

i=1

B(xi, ri)

}

is the spherical Hausdorff content of a set E. We formulate the main result
of [27].

Theorem 3.2. The following conditions are equivalent:

(1) The set Rn \Ω is uniformly p-thick.

(2) The set Ω satisfies the pointwise Hardy inequality with some q < p.

(3) There exists α with n−p < α 6 n so that Ω satisfies the inner boundary
density condition with exponent α.

Note that if conditions (1)–(3) hold for some parameter, then they also
hold for all larger parameters. However, the Hardy inequality does not share
this property with them.

Remark 3.1. A recent result of [22] shows that condition (2) in Theorem
3.2 can be replaced with the pointwise p-Hardy inequality. By Theorem 3.1,
the pointwise p-Hardy inequality implies the pointwise q-Hardy inequality for
some q < p. This means that the pointwise Hardy inequality is a selfimproving
property. It would be interesting to obtain a direct proof, without the use of
Theorem 3.1, for this selfimproving result.

We present yet another characterization of uniform thickness through a
boundary Poincaré inequality of type (3.1).

Theorem 3.3. The set Rn \Ω is uniformly p-thick if and only if
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∫

B(x,r)

|u(y)|p dy 6 c rp

∫

B(x,r)

|∇u(y)|p dy (3.4)

for every x ∈ Rn \Ω and u ∈ C∞0 (Ω).

Proof. The uniform p-thickness implies (3.4) by the capacitary version of the
Poincaré inequality (3.1).

To prove the reverse implication, let u ∈ C∞0 (B(x, 2r)) be such that u(x) =
1 for every x ∈ (Rn \Ω) ∩B(x, r). If

1
|B(x, r/2)|

∫

B(x,r/2)

|u(y)|p dy > 1
2p

,

then, by the standard Poincaré inequality, we have

1
2p
|B(x, r/2)| 6 c

∫

B(x,2r)

|u(y)|p dylec rp

∫

B(x,2r)

|∇u(y)|p dy,

which implies ∫

B(x,2r)

|∇u(y)|p dy > c rn−p.

Assume that

1
|B(x, r/2)|

∫

B(x,r/2)

|u(y)|p dy <
1
2p

.

It is clear that

|B(x, r/2)| 6 2p−1

( ∫

B(x,r/2)

|u(y)|p dy +
∫

B(x,r/2)

|1− u(y)|p dy

)

and, consequently,
∫

B(x,r/2)

|1− u(y)|p dy > 21−p|B(x, r/2)| −
∫

B(x,r/2)

|u(y)|p dy > crn.

Let v = (1 − u)ϕ, where ϕ ∈ C∞0 (B(x, r)) is a cutoff function such that
ϕ = 1 in B(x, r/2). Then v ∈ C∞0 (Ω) and, by (3.4), we have

∫

B(x,r/2)

|1− u(y)|p dy =
∫

B(x,r/2)

|v(y)|p dy 6 c rp

∫

B(x,r/2)

|∇v(y)|p dy

6 c rp

∫

B(x,2r)

|∇u(y)|p dy.

It follows that ∫

B(x,2r)

|∇u(y)|p dy > c rn−p.
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Taking the infimum over all such functions u, we conclude that

Cap

(
(Rn \Ω) ∩B(x, r), B(x, 2r)

)
> c rn−p.

Hence Ω is uniformly p-thick. ut
Remark 3.2. Again, by Theorem 3.1, we conclude that the boundary Poincaré
inequality 3.4 implies the same inequality for some q < p. Hence the boundary
Poincaré inequality is a selfimproving property.

4 Characterizations in the Borderline Case

In the borderline case p = n, there are several characterizations for the Hardy
inequality. We begin with the following metric definition. A set Rn \ Ω is
uniformly perfect if it contains more than one point and there is a constant
cP > 1 such that for any x ∈ Rn \Ω and r > 0

Rn \Ω) ∩ (
B(x, cP r) \B(x, r)

) 6= ∅,

whenever (Rn \Ω) \B(x, cP r) 6= ∅ (cf. [17, 46] for details).
We give four variants of characterization for the Hardy inequality in the

borderline case. Needless to say that by Theorem 2.1, Theorem 3.2, and
Theorem 3.3 we have four more characterizations.

Theorem 4.1. The following conditions are quantitatively equivalent:

(1) Ω satisfies the n-Hardy inequality,

(2) Rn \Ω is uniformly perfect,

(3) Rn \Ω is uniformly n-thick,

(4) Rn \Ω is uniformly (n− ε)-thick for some ε > 0.

Proof. The scheme of the proof is as follows. Conditions (3) and (4) are
equivalent in view of Theorem 3.1. The fact that (3) and (4) imply (1) can be
shown as above. The equivalence of (1) and (3) was proved by Ancona [2] for
n = 2 and by Lewis [31] for n > 2. Sugawa [46] proved that conditions (1)–
(4) are equivalent for n = 2. This result was recently generalized for n > 2
in [23].

The first step of the proof is to show that the n-Hardy inequality im-
plies the uniform perfectness (and unboundedness) of the complement. The
method is indirect. First, assume that Rn \ Ω is not uniformly perfect with
some large constant M > 1. This means that there exists x0 ∈ Rn \ Ω and
r0 > 0 such that B(x0,Mr0) \B(x0, r0) is contained in Ω. The test function
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u(x) =





( |x− x0|
r0

− 1
)

+

if |x− x0| 6 2r0,

1 if 2r0 < |x− x0| < Mr0

2
,(

2− 2
|x− x0|

Mr0

)

+

if |x− x0| > Mr0

2

shows that if Ω satisfies the n-Hardy inequality with some constant cH , then
cH > c log M .

The following step is to show that the uniform perfectness of the comple-
ment further implies a boundary density condition similar to condition (3)
in Theorem 3.2. More precisely, there exists α > 0 such that

Hα
∞(B(x0, r0) \Ω) > crα

0 (4.1)

for any x0 ∈ Rn \ Ω and r0 > 0. For the argument to work it is essential
that B(x0, r0) \Ω is compact. Indeed, there are uniformly perfect countable
sets with zero Hausdorff-dimension. To estimate the Hausdorff content of the
set, we take a cover F for B(x0, r0) \Ω with balls B(x, r). By compactness,
we can choose a finite cover F . We can also assume that the balls in F are
centered in B(x0, r0)\Ω, which can increase (4.1) at most by factor 2α. Next,
we reduce the number of balls in F in such a way that the sum

∑

B(x,r)∈F
rα (4.2)

does not increase: suppose that Rn \Ω is uniformly perfect with constant M .
If α > 0 is sufficiently small, the elementary inequality

rα + sα > (r + s + 2M min{r, s})α

holds for all r, s > 0. If there exists balls B(x, r) and B(y, s) in F such that
r 6 2s and B(x,Mr) ∩B(y, s) 6= ∅, then

B(x, r) ∪B(y, s) ⊂ B(z, r + s + 2M min{r, s})

for some z ∈ {x, y}. Thus, we can replace the original balls B(x, r) and B(y, s)
by a single ball of larger radius so that the sum (4.2) does not increase. We
continue this replacement procedure until there are no balls satisfying the
condition left. Since F is finite, the process terminates in a finite number of
steps.

Let a ball B(x1, r1) ∈ F contain x0. By the uniform perfectness of Rn \Ω,
the set

A1 \Ω =
(
B(x1,Mr1) \B(x1, r1)

) \Ω

is not empty. There are two possibilities: A1 intersects either the complement
of B(x0, r0) or some ball B(x2, r2) ∈ F . In the first case, r1 > r0/(M + 1).



Characterizations for the Hardy Inequality 249

In the second case, we know that r2 6 r1/2; otherwise, the balls B(x1, r1)
and B(x2, r2) could been replaced by a single ball in the above iteration. We
continue in the same way: For a ball B(xk, rk)

Ak = B(xk,Mrk) \B(xk, rk)

intersects either the complement of B(x0, r0) or some ball B(xk+1, rk+1) ∈ F
with radius rk+1 6 rk/2. This procedure terminates when the first alternative
occurs. This happens after a finite number of steps since F is finite. Let K be
an index at which the iteration stops. Since x0 ∈ B(x1, r1) and B(xK ,MrK)
intersects the complement of B(x0, r0), we have

r0 6
K∑

i=1

(M + 1)ri 6 (M + 1)
K∑

i=1

21−ir1 6 2(M + 1)r1.

Thus, r1 > r0/(2(M + 1)) and

∑

B(x,r)∈F
rα > rα

1 > rα
0

2(M + 1)
.

Since this holds for all covers of B(x0, r0)\Ω, we obtain a lower bound for its
Hausdorff α-content depending only on the uniform perfectness constant M .
The uniform estimate for the Hausdorff α-content further implies the uniform
p-thickness for every p > n− α (cf., for example, [16, Lemma 2.31]). ut
Remark 4.1. Theorem 4.1 gives a relatively elementary proof of Theorem 3.1
with p = n. It is of interest to obtain an elementary proof for other values of
p as well.

5 Eigenvalue Problem

This section gives a characterization of the p-Hardy inequality in terms of
weak supersolutions to the nonlinear eigenvalue problem (1.4). This general-
izes Proposition 1 of [2], where the result for p = 2 was established. We recall
that v ∈ W 1,p

loc (Ω) is a weak solution to the problem (1.4) if

∫

Ω

(
|∇v(x)|p−2∇v(x) · ∇ϕ(x)− λp

|v(x)|p−2v(x)
δ(x)p

ϕ(x)
)

dx = 0 (5.1)

for all ϕ ∈ C∞0 (Ω) and a weak supersolution if the integral in (5.1) is non-
negative for ϕ > 0.
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Theorem 5.1. Let 1 < p < ∞. The inequality (1.1) holds with a finite cH if
and only if there is a positive eigenvalue λp = λp(Ω) > 0 and a positive weak
supersolution v ∈ W 1,p

0 (Ω) to the problem (1.4) in Ω.

Proof. First, suppose that there exists a positive weak supersolution v to the
problem (1.4). Take u ∈ C∞0 (Ω). We can assume that u > 0 in Ω. Let ε > 0.
We take

ϕ(x) =
u(x)p

(v(x) + ε)p−1

for a test function. It follows that

λp

∫

Ω

u(x)pv(x)p−1

δ(x)p(v(x) + ε)p−1
dx 6

∫

Ω

|∇v(x)|p−2∇v(x) · ∇ϕ(x) dx

= (1− p)
∫

Ω

|∇v(x)|p(v(x) + ε)−pu(x)p dx

+ p

∫

Ω

u(x)p−1(v(x) + ε)1−p|∇v(x)|p−2∇v(x) · ∇u(x) dx

6 (1− p)
∫

Ω

∣∣∣∣
u(x)∇v(x)
v(x) + ε

∣∣∣∣
p

dx + p

∫

Ω

∣∣∣∣
u(x)∇v(x)
v(x) + ε

∣∣∣∣
p−1

|∇u(x)| dx.

Using the Young inequality, we conclude that

p

∫

Ω

∣∣∣∣∣
u(x)∇v(x)
v(x) + ε

∣∣∣∣∣

p−1

|∇u(x)| dx

6 (p− 1)
∫

Ω

∣∣∣∣
u(x)∇v(x)
v(x) + ε

∣∣∣∣
p

dx +
∫

Ω

|∇u(x)|p dx.

Combining these estimates, passing to the limit as ε → 0, and taking into
account the Lebesgue dominated convergence theorem, we find

∫

Ω

(
u(x)
δ(x)

)p

dx 6 1
λp

∫

Ω

|∇u(x)|p dx.

Thus, Ω satisfies the p-Hardy inequality with constant cH = 1/λp.
To prove the opposite implication, we assume that Ω satisfies the p-Hardy

inequality with some finite constant cH . Let λp < 1/cH . Introduce the func-
tion space

X = {f ∈ Lp
loc(Ω) : ∇f ∈ Lp(Ω), fδ−1 ∈ Lp(Ω)}

equipped with the norm

‖f‖X =
∥∥∥f

δ

∥∥∥
Lp(Ω)

+ ‖∇f‖Lp(Ω).
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Since Ω satisfies the p-Hardy inequality, X = W 1,p
0 (Ω) and the norms are

equivalent. Therefore, X is a reflexive Banach space. We define the operator
T : X → X∗ by

(Tf, g) =
∫

Ω

|∇f(x)|p−2∇f(x) · ∇g(x) dx− λp

∫

Ω

|f(x)|p−2f(x)
δ(x)p

g(x) dx,

where f, g ∈ X. We will apply the following result from functional analysis.
Let T : X → X∗ satisfy the following boundedness, demicontinuity, and
coercivity properties:

(i) T is bounded,

(ii) if fj → f in X, then (Tfj , g) → (Tf, g) for all g ∈ X,

(iii) if (fj) is a sequence in X with ‖fj‖X →∞ as j →∞, then

(Tfj , fj)
‖fj‖X

→∞.

Then for every f ∈ X∗ there is v ∈ X such that Tv = f .

Now, we check these conditions. Condition (i) holds because

‖Tf‖X∗ = sup
‖g‖X61

(Tf, g)

= sup
‖g‖X61

∣∣∣∣∣
∫

Ω

|∇f(x)|p−2∇f(x) · ∇g(x) dx− λp

∫

Ω

|f(x)|p−2f(x)
δ(x)p

g(x) dx

∣∣∣∣∣

6 sup
‖g‖X61

[
‖∇f‖p−1

Lp(Ω)‖∇g‖Lp(Ω) + λp

∥∥∥f

δ

∥∥∥
p−1

Lp(Ω)

∥∥∥g

δ

∥∥∥
Lp(Ω)

]

6 (1 + λp)‖f‖p−1
X ‖g‖X .

Assume that fj → f in X and g ∈ X. By the Hölder inequality,

|(Tfj , g)− (Tf, g)| =
∣∣∣∣
∫

Ω

(|∇fj(x)|p−2∇fj(x)−∇f(x)|p−2∇f(x)) · ∇g(x) dx

− λp

∫

Ω

|fj(x)|p−2fj(x)− |f(x)|p−2f(x)
δ(x)p

g(x) dx

∣∣∣∣
6 (p− 1)‖fj − f‖X max{‖fj‖p−2

X , ‖f‖p−2
X }‖g‖X → 0

as fj → f in X. Thus, the second condition is satisfied. Finally, let (fj)j be
a sequence in X such that ‖fj‖X →∞ as j →∞. By the Hardy inequality,
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(Tfj , fj) =
∫

Ω

(
|∇fj(x)|p − λp

|fj(x)|p
δ(x)p

)
dx > (1− λpcH)

∫

Ω

|∇fj(x)|p dx

> 1− λpcH

1 + cH
‖fj‖p

X .

Hence
(Tfj , fj)
‖fj‖X

→∞, as j →∞. Thus, condition (iii) is also satisfied.

We fix a function w ∈ X∗ such that w > 0 and w 6≡ 0. Then there
exists v ∈ X = W 1,p

0 (Ω) such that Tv = w. This means that v is a weak
supersolution to the problem (1.4). Moreover, v is positive since

0 6 (Tv, v−) =
∫

Ω

|∇v(x)|p−2∇v(x) · ∇v−(x) dx

− λp

∫

Ω

|v(x)|p−2v(x)v−(x)δ(x)−p dx

= −
∫

Ω

|∇v−(x)|p dx + λp

∫

Ω

v−(x)pδ(x)−p dx

6 (λp − 1/cH)
∫

Ω

v−(x)pδ(x)−p dx 6 0.

Here, v−(x) = −min(v(x), 0) is the negative part of v. Now, the strict posi-
tivity of v follows from the weak Harnack inequality. ut

Remark 5.1. The eigenvalue problem (1.4) has the following stability prop-
erty. If there is a positive eigenvalue λp = λp(Ω) > 0 and a positive weak
supersolution to the problem (1.4) in Ω, then there is ε such that for every q
with p− ε < q < p + ε there is an eigenvalue λq = λq(Ω) > 0 and a positive
weak supersolution to the problem (1.4) with p replaced by q in Ω. This fact
directly follows from the selfimproving result for the Hardy inequality (cf.
Remark 2.1).
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Geometric Properties of Planar
BV -Extension Domains

Pekka Koskela, Michele Miranda Jr., and
Nageswari Shanmugalingam

Dedicated to Professor Vladimir G. Maz’ya

Abstract We investigate geometric properties of those planar domains that
are extension for functions with bounded variation. We start from a character-
ization of such domains given by Burago–Maz’ya and prove that a bounded,
simply connected domain is a BV -extension domain if and only if its com-
plement is quasiconvex. We further prove that the extension property is a
bi-Lipschitz invariant and give applications to Sobolev extension domains.

1 Introduction

Let Ω ⊂ R2 be a domain and 1 6 p 6 ∞. Recall that

BV (Ω) = {u ∈ L1(Ω) : |Du|(Ω) < ∞},
where

|Du|(Ω) = sup
{∫

Ω

u div v dx : v = (v1, v2) ∈ C∞0 (Ω;R2), |v| 6 1}
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and
W 1,p(Ω) = {u ∈ Lp(Ω) : ∇u ∈ Lp(Ω,R2)}.

Here, ∇u is the distributional gradient of u. We employ these spaces with
the norms

‖u‖BV (Ω) = ‖u‖L1(Ω) + |Du|(Ω)

and
‖u‖W 1,p(Ω) = ‖u‖Lp(Ω) + ‖∇u‖Lp(Ω).

From the discussion in [3] and [11]

|Du|(Ω) = inf
{

lim inf
k→∞

∫

Ω

|∇uk|dx : uk ∈ W 1,1
loc (Ω), uk → u in L1(Ω)

}
,

(1.1)
where we also may replace W 1,1

loc (Ω) with C∞(Ω).
In this paper, we study geometric properties of those bounded, simply

connected planar domains Ω that are extension domains for BV or for W 1,1.
We say that a domain Ω ⊂ R2 is a BV -extension domain if there exists a
constant c and an extension operator T : BV (Ω) → BV (R2), not necessarily
linear, so that Tu|Ω = u and ‖Tu‖BV (R2) 6 c‖u‖BV (Ω) for each u ∈ BV (Ω).
Replacing BV by W 1,p above gives the definition of a W 1,p-extension domain.
In the case p > 1, W 1,p-extension domains admit a linear extension operator,
but it appears to be unknown if this holds for p = 1 or for BV -extension
domains. For other possible definitions of extension domains see Section 2
below.

The geometry of bounded, simply connected W 1,p-extension domains for
p = 2 is well understood. Indeed, this class of domains coincides with the
thoroughly investigated class of quasidisks (cf. [14, 4, 5, 8]) that allows us
for a number of geometric characterizations. For p > 2, one also has rather
good geometric criteria for the extension property [9]. In the remaining range
1 6 p < 2 for bounded, simply connected domains, it is known that Ω has
to be a so-called John domain (cf. [4, 12]), but no geometric characterization
is available. Finally, Burago and Maz’ya [2] have given a characterization
for an extension property related to BV in terms of extendability of sets of
finite perimeter in the domain. In fact, this seminal result by Burago and
Maz’ya was the first characterization for Sobolev type extensions and should
be viewed as the predecessor of all the results mentioned above.

Our first result that partly relies on the work of Burago and Maz’ya [2]
(cf. also [11, Section 6.3.5]) gives a concrete characterization for bounded,
simply connected BV -extension domains.

Theorem 1.1. Let Ω ⊂ R2 be a bounded, simply connected domain. Then Ω
is a BV -extension domain if and only if there exists a constant C > 0 such
that for all x, y ∈ R2 \Ω there is a rectifiable curve γ ⊂ R2 \Ω connecting x
and y with length `(γ) 6 C |x− y|. That is, Ω is a BV -extension domain if
and only if the complement of Ω is quasiconvex.
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As a corollary of this theorem and Lemma 2.4 we obtain a new necessary
condition for a bounded, simply connected domain to be a W 1,1-extension
domain.

Corollary 1.2. Let Ω ⊂ R2 be a bounded, simply connected domain that is
a W 1,1-extension domain. Then the complement of Ω is quasiconvex.

Simple examples such as a slit disk show that the quasiconvexity of the
complement does not characterize W 1,1-exendability. However, it is easy to
check that the quasiconvexity of the complement of Ω is a stronger require-
ment than Ω being a John domain or the complement of Ω being of bounded
turning [4]. Note also that the complement of a quasidisk is quasiconvex.
Consequently, the claim of Corollary 1.2 holds also in the W 1,2-extension
setting. We conjecture that it, in fact, holds for all 1 6 p 6 2.

Our second corollary deals with the invariance of the extension property
under bi-Lipschitz mappings of Ω onto Ω′. This may seem trivial as bi-
Lipschitz mappings preserve the spaces in question. The novelty here is that
our bi-Lipschitz mapping is a priori only defined in the domain in question
and extendability requires information in the entire plane.

Corollary 1.3. Let Ω ⊂ R2 be a bounded, simply connected domain that is a
BV -extension domain (or a W 1,1-extension domain), and let f : Ω → Ω′ ⊂
Rn be a bi-Lipschitz mapping. Then Ω′ is also a BV -extension domain (or a
W 1,1-extension domain).

Corollary 1.3 leaves open the case 1 < p 6 ∞, but the analog holds also
in this case by a recent result from [6]. We conjecture that the assumption
that Ω be simply connected in Corollary 1.3 is superfluous.

This paper is organized as follows. In Section 2, we give necessary prelim-
inaries and discuss an alternative definition for an extension domain. Section
3 contains proofs of the main results stated above. Finally, in Section 4, we
discuss the meaning of Theorem 1.1 in a special case and briefly comment on
possible generalizations of our result.

2 Preliminaries

The notation used in this paper is as follows. Given x ∈ R2 and r > 0,
the (open) disk centered at x with radius r is denoted by Br(x), and S(x, r)
denotes its boundary ∂Br(x). The 2-dimensional Lebesgue measure of a mea-
surable set A ⊂ R2 is denoted by |A|.

Burago and Maz’ya [2] consider extension operators for

BVl(Ω) = {u ∈ L1
loc(Ω) : |Du|(Ω) < +∞}.
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They provide a necessary and sufficient condition for the existence of an
extension operator Tl : BVl(Ω) → BVl(R2) such that for all u ∈ BVl(Ω)

|DTl(u)|(R2) 6 c|Du|(Ω). (2.1)

We call such a domain a BVl-extension domain. If E ⊂ R2 is a measurable set
whose characteristic function χE lies in BVl(Ω), then we say that E has finite
perimeter in Ω and denote P (E, Ω) := |DχE |(Ω). From the Burago–Maz’ya
characterization and the subadditivity property of the perimeter measure of
a given set it follows that it is necessary and sufficient to know that for every
set E ⊂ Ω of finite perimeter P (E, Ω) in Ω there is a set F ⊂ R2 of finite
perimeter such that F ∩Ω = E and P (F,R2) 6 C P (E, Ω).

Let us begin by pointing out that a bounded domain is a BV -extension do-
main in our sense if and only if it is a BVl-extension domain. This can be seen,
for example, via a modification of an argument of Herron and Koskela [7].

Lemma 2.1. A bounded domain Ω ⊂ R2 is a BV -extension domain if and
only if it is a BVl-extension domain.

Towards the proof, we record a Poincaré type inequality resulting from
the compactness of a suitable embedding. It can be obtained by combining
some results in [11, Sections 6.1.7, 3.2.3, 3.5.2] For the convenience of the
reader we give a simple proof below. Recall that a normed space X is said
to be embed compactly into another normed space Y if there is a bounded
embedding map ι : X → Y such that whenever (ak)k is a norm-bounded
sequence in X, the limit limj ι(akj ) exists in Y for some subsequence (akj )j .
We call this embedding natural if ι can be taken to be the identity map.

We continue with a simple observation.

Lemma 2.2. Suppose that Ω ⊂ R2 is a domain such that BV (Ω) embeds
naturally compactly in L1(Ω). Then |Ω| < ∞.

Proof. We define a function mΩ : [0,∞) → R by setting

mΩ(r) = |Ω ∩Br(0)|. (2.2)

Then mΩ ∈ Liploc([0, +∞)) (with mΩ(r) 6 πr2). Therefore, mΩ is differen-
tiable almost everywhere and, by the coarea formula applied to the function
u(x) = (|x| − r)/h in the annular region Ω ∩ Br+h(0) \ Br(0), at almost all
points r of differentiability of mΩ we have

m′
Ω(r) = P (Br(0), Ω). (2.3)

Let I be the set of all r > 0 that are points of differentiability of mΩ and for
which (2.3) holds. We claim that

lim inf
I3r→+∞

m′
Ω(r)

mΩ(r)
= 0.
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In fact, if there are positive numbers M and rM so that m′
Ω(r)/mΩ(r) > M

for all r > rM , then mΩ(r) > mΩ(rM )eM(r−rM ), which contradicts (2.2).
From the above discussion it follows that there exists C > 0 and a sequence

(rn)n from I with rn → ∞ such that P (Brn(0), Ω) = m′
Ω(rn) 6 CmΩ(rn).

We define a sequence of functions by setting

un =
1

mΩ(rn)
χΩ∩Brn (0).

Then ‖un‖L1(Ω) = 1 and

|Dun|(Ω) =
1

mΩ(rn)
P (Brn

, Ω) 6 C.

If the area of Ω were infinite, the sequence (un)n would converge uniformly
to the zero function, and so this would be the only potential L1-limit of a
subsequence of (un)n. Since ‖un‖L1(Ω) = 1, we would conclude that there is
no subsequence that converges in L1(Ω), which contradicts our assumption.

ut
In the next result and in what follows, for sets A with 0 < |A| < +∞ we

write
uA =

∫

A

u dx =
1
|A|

∫

A

u dx,

whenever u ∈ L1(A).

Lemma 2.3. If Ω ⊂ R2 is a domain and BV (Ω) embeds naturally compactly
into L1(Ω), then there is a constant C > 0 such that whenever u ∈ BV (Ω),

∫

Ω

|u− uΩ | dx 6 C |Du|(Ω). (2.4)

Proof. By Lemma 2.2 and the hypothesis of this lemma, the measure of Ω
must necessarily be finite. Suppose that for every positive integer n there is
a function un ∈ BV (Ω) such that

∫

Ω

|un − (un)Ω | dx > n |Dun|(Ω).

Replacing un with

(∫

Ω

|un − (un)Ω | dx

)−1

(un − (un)Ω),

we may also assume that
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‖un‖L1(Ω) = 1 and (un)Ω =
∫

Ω

un dx = 0.

Then, by the above assumption, |Dun|(Ω) 6 n−1, and so the sequence (un)
is bounded in BV (Ω), and hence there exists w ∈ L1(Ω) such that unj

→ w
in L1(Ω) for some subsequence (unj )j . Because

lim
n→∞

|Dun|(Ω) = 0,

we have w ∈ BV (Ω) with |Dw|(Ω) = 0. As Ω is connected, it follows (using
the Poincaré inequality for BV cf. [3, 11]) that w is constant on Ω. On the
other hand, ∫

Ω

w dx = lim
j

∫

Ω

unj dx = 0,

but ∫

Ω

|w| dx = lim
j

∫

Ω

|unj | dx = 1,

which is impossible if w is a constant function. This leads to a contradiction.
ut

Proof of Lemma 2.1. First suppose that Ω is a bounded BVl-extension do-
main, and let Tl : BVl(Ω) → BVl(R2) be the bounded extension operator.
Since BV (Ω) ⊂ BVl(Ω), for every f ∈ BV (Ω) the function Tlf belongs to
BVl(R2), with |DTlf |(R2) 6 C|Df |(Ω). Let B be a ball in R2 such that Ω
is a relatively compact subdomain of B. Let c0 = (Tlf)B . By the Poincaré
inequality,

∫

B

|Tlf − c0| dx 6 C diam(B)|DTlf |(B) 6 C diam(B)|Df |(Ω).

Thus,

|c0| 6
∫

Ω

|f − c0| dx +
∫

Ω

|f | dx

6 1
|Ω|

∫

B

|Tlf − c0| dx +
∫

Ω

|f | dx

6 C|Ω|−1 diam(B)
(
|Df |(Ω) +

∫

Ω

|f | dx

)
.

Fix a Lipschitz function η : R2 → [0, 1] with compact support in B such that
η = 1 on Ω. We define our extension operator E : BV (Ω) → BV (R2) by
setting Ef = η Tlf . Now,
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∫

R2
|Ef | dx 6

∫

B

|Tlf | dx

6
∫

B

|Tlf − c0| dx + |B| |c0|

6 C diam(B)
(
|Df |(Ω) + |B||Ω|−1|Df |(Ω) + |B|

∫

Ω

|f | dx
)

6 C0 ‖f‖BV (Ω).

Furthermore,

|DEf |(R2) 6 |DTlf |(B) +
∫

R2
|Tlf‖∇η| dx

6 C |Df |(Ω) + C

∫

B

|Tlf − c0| dx + C|B| |c0|

6 C1 ‖f‖BV (Ω).

This proves that E is bounded, and hence Ω is a BV -extension domain.
Now suppose that Ω is a bounded BV -extension domain. Let T : BV (Ω) →

BV (R2) be an extension operator. Fix a ball B so that Ω ⊂ B. By the Rellich
theorem for BV (cf. [3, 11]), T (BV (Ω))

∣∣
B

embeds naturally compactly into
L1(B). Especially, BV (Ω) embeds naturally compactly into L1(Ω). Hence,
by Lemma 2.3, we have a constant C > 0 for which the inequality (2.4)
is satisfied by every u ∈ BV (Ω). For u ∈ BVl(Ω) and every positive in-
teger n we set un(x) = max{−n,min{n, u(x)}}. Then un ∈ BV (Ω) with
|Dun|(Ω) 6 |Du|(Ω) and un → u pointwise. Let

cn =
∫

Ω

un dx.

Then un − cn ∈ BV (Ω), and, by the inequality (2.4),

‖un − cn‖BV (Ω) 6 C |Dun|(Ω) 6 C |Du|(Ω).

Hence, by the compactness of the embedding BV (Ω) into L1(Ω), there is
a subsequence (unk

− cnk
)k converging in L1(Ω) to a function w ∈ L1(Ω).

Passing to a further subsequence if necessary, we may also assume that unk
−

cnk
→ w pointwise almost everywhere in Ω as well. Since unk

→ u pointwise
in Ω, it follows that the sequence (cnk

)k of real numbers converges to some
c0 ∈ R. Therefore, w = u − c0, u ∈ L1(Ω) and hence u ∈ BV (Ω), and
unk

− cnk
→ u− c0 in L1(Ω). Furthermore,

c0 =
∫

Ω

u dx.
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Because u ∈ BV (Ω), we have Tu ∈ BV (R2), but it is not clear if we can
control the BVl norm of Tu purely in terms of the BVl norm of u. To fix this,
we modify our extension operator by setting by E(u) = T (u− c0)+ c0, where

c0 =
∫

Ω

u dx.

Then E : BVl(Ω) → BVl(R2). Moreover,

|DE(u)|(R2) = |DT (u− c0)|(R2) 6 C ‖u− c0‖BV (Ω) 6 C |Du|(Ω),

where we again used the inequality (2.4) to obtain the last inequality. This
completes the proof. ut

For the sake of completeness, we include a simple proof for the following
connection between Sobolev- and BV -extension domains.

Lemma 2.4. A W 1,1-extension domain is necessarily a BV -extension do-
main.

Proof. Let Ω be a W 1,1-extension domain, with a bounded extension operator
T : W 1,1(Ω) → W 1,1(R2), and let u ∈ BV (Ω). Then there is a sequence
(uk)k ⊂ W 1,1(Ω) such that uk → u in L1(Ω),

∫

Ω

|∇uk|dx 6 2|Du|(Ω),
∫

Ω

|uk|dx 6 2
∫

Ω

|u|dx,

lim
k

∫

Ω

|∇uk|dx = |Du|(Ω).

Let vk = Tuk ∈ W 1,1(R2).
Since ‖uk‖W 1,1(Ω) 6 2‖u‖BV (Ω), we see that ‖vk‖W 1,1(R2) 6 C ‖u‖BV (Ω).

Again, fix a ball Bj(0) so that Ω is a relatively compact subdomain of Bj(0).
By the Rellich theorem, there is a subsequence (v(j)

k )k that converges in
L1(Bj(0)) and almost everywhere in Bj(0) to some function wj ∈ L1(Bj(0)).
We repeat the argument for this subsequence and Bj+1(0), and continue by
induction. Then the diagonal sequence (v(k)

k )k converges almost everywhere
to a function w with w = wl on Bl(0), l > j, and the convergence holds also
with respect to L1(Bl(0)). It follows that ‖vk‖L1(Bl(0)) 6 C ‖u‖BV (Ω) for all
l > j and, consequently, w ∈ L1(R2) with the same bound. Secondly,

∫

R2
|∇vk

k | 6 2‖u‖BV (Ω),
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and it thus easily follows that w ∈ BV (R2) with the desired norm bound.
The claim follows when we set E(u) = w. ut

In [2], Burago and Maz’ya gave a characterization of BVl-extension do-
mains. A general Euclidean spaces version of the following result can be found
in [2] or [11, p. 314]. A more general metric space version of this statement
was recently given in [1].

Theorem 2.5 (Burago–Maz’ya). A domain Ω ⊂ R2 is a BVl-extension
domain if and only if there is a constant C > 0 such that whenever E ⊂ Ω
is a Borel set of finite perimeter in Ω,

τΩ(E) 6 C P (E,Ω), (2.5)

where τΩ(E) = inf{P (F,R2 \Ω) : F ∩Ω = E}.
Note that

P (F,R2 \Ω) = inf{P (F, U) : U is open and R2 \Ω ⊂ U}.

The following lemma of Burago–Maz’ya [2] gives an analogous charac-
terization for a variant of bounded BV -extension domains (cf. also [11, Sec-
tion 6.3.5]). For a self-contained proof of this lemma in a more general setting,
also see [1].

Lemma 2.6. If Ω ⊂ R2 is a bounded domain, then there is a bounded exten-
sion map T : BV (Ω) → BVl(R2) if and only if there exist constants C, δ > 0
such that for all Borel sets E ⊂ Ω of finite perimeter in Ω with diam (E) 6 δ

τΩ(E) 6 C P (E,Ω).

The next lemma allows us to approximate sets of finite perimeter by
smooth sets of finite perimeter. The statement and proof of this theorem
for domains in Rn can be found in [11, Section 6.1.3]. Recall that for sets F
and G their symmetric difference is denoted by F∆G.

Lemma 2.7. If F ⊂ R2 is a set of finite perimeter, then there exist sets Fk ⊂
R2 such that ∂Fk is smooth, χFk

→ χE in L1
loc(R2), and limk P (Fk,R2) =

P (F,R2). Furthermore, this sequence can be chosen so that

Fk∆F ⊂
⋃

x∈∂F

B1/k(x). (2.6)

Recall that by the isoperimetric inequality in R2, if F is a set of finite
perimeter, then either |F | or |R2 \ F | is finite. If |F | is finite, the expres-
sion (2.6) follows from the construction in [11] of Fk as certain level sets of
smooth convolution approximations of χF . If |R2 \ F | is finite, then (2.6)
follows from setting Fk to be the complement of the construction in [11] that
approximates R2 \ F .
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Suppose that ∂Fk is smooth in R2. If Fk is bounded (or its complement
is bounded), then the number of connected components of ∂Fk is finite. If
both Fk and its complement are unbounded, then there can be infinitely (but
countably) many components, but only finitely many ones can intersect any
given disc. If ∂Fk is only assumed to be smooth in a domain Ω, then the
corresponding analog is that the connected components cannot accumulate
in any compact part of Ω, though they could accumulate toward ∂Ω.

From now on, we use the abbreviation ∂F ∩ Ω ∈ C∞ for the statement
that ∂F ∩Ω is smooth.

Lemma 2.8. Let Ω ⊂ R2 be a bounded domain. Suppose that there is a
constant C > 0 such that for every closed set F ⊂ R2 with ∂F ∩ Ω ∈ C∞
there exists a set F̂ ⊂ R2 with F̂ ∩Ω = F ∩Ω and

|DχF̂ |(R2) 6 C|DχF |(Ω).

Then Ω is a BV -extension domain.

Proof. By Lemma 2.1, it suffices to show that Ω is a BVl-extension domain,
i.e., Ω satisfies the Burago–Maz’ya condition of Lemma 2.5.

Let E be any set such that χΩ 6= χE ∈ BV (Ω). Then, by [11, Sec-
tion 6.1.3], there exists a sequence (Fk)k of sets in Ω so that ∂Fk ∩Ω ∈ C∞
and

χFk
→ χE in L1(Ω), |DχFk

|(Ω) → |DχE |(Ω). (2.7)

By the regularity of Fk, we may assume that Fk is closed. Now, by hypothesis,
there exist sets F̂k so that F̂k ∩Ω = Fk ∩Ω and

|DχF̂k
|(R2) 6 C|DχFk

|(Ω). (2.8)

By (2.7) and (2.8), we get

lim sup
k

|DχF̂k
|(R2) 6 C|DχE |(Ω).

By the Rellich theorem applied to balls containing Ω and an application
of a diagonalization argument, we may assume that there is F∞ such that
χF̂k

→ χF∞ in L1
loc(R2). For this set, by the lower semicontinuity of the BVl

norm, we have

|DχF∞ |(R2) 6 lim sup
k

|DχF̂k
|(R2) 6 C|DχE |(Ω).

Since for every k we have F̂k ∩ Ω = Fk ∩Ω, we conclude that χF∞∩Ω = χE

almost everywhere. Thus, such an extension χF∞ of χE proves that Ω satisfies
the Burago–Maz’ya condition (2.5). ut

We will need a lower bound for the perimeters of certain sets. The following
lemma provides a suitable one.
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Lemma 2.9. Let E ⊂ R2 be an open set with finite perimeter. Suppose that
there exist two curves γ1, γ2 : [0, 1] → R2 with γ1([0, 1]) ⊂ E and γ2([0, 1]) ⊂
R2 \ E with min{|γ1(1)− γ1(0)|, |γ2(1)− γ2(0)|} > τ . Then P (E,R2) > 2τ .

Proof. Let us first assume that E is an open, bounded, connected smooth
subset of R2, and let x, y ∈ E. Then P (E) > 2|x− y|. In fact, if we consider

t1 = inf{t ∈ R : x + t(y − x) ∈ E},
t2 = sup{t ∈ R : x + t(y − x) ∈ E}

with our hypothesis on E, the points xi = x + ti(y − x), i = 1, 2, belong to
the same connected component β of ∂E and they divide it into two curves
β1 and β2 each with length l(βi) > |x1 − x2|, and then

P (E) > l(β1) + l(β2) > 2|x1 − x2| > 2|x− y|.

If now E is any open set with finite perimeter, then either E or R2 \ E
has finite area. Let us assume that |R2 \ E| < +∞. We then consider F =
R2 \ E and the curve γ2 (in the case |E| < +∞, we have to consider γ1).
By assumption, δ = dist (γ2, E) > 0. Let Fk be an approximation of F
obtained as in Lemma 2.7, with k > 2/δ. With this choice, the curve γ2 is
eventually contained in one of the connected components F̃ε of Fε. Now, by
the discussion in the previous paragraph,

P (E) = P (F ) = lim
k→∞

P (Fk) > lim sup
k→∞

P (F̃k) > 2τ. ut

Lemma 2.10. Let Ω ⊂ R2 be a BVl-extension domain. Then there exist
constants c, c1, c2 ∈ (0, 1) and r0 > 0 such that for any x ∈ ∂Ω and 0 < r < r0

|Ω ∩Br(x)| > c|Br(x)|. (2.9)

Moreover, for each connected component E of Ω ∩ Br(x) that intersects
Br/5(x)

|E| > c1|Br(x)| and H1(Ω ∩ ∂E) > c2 r.

Proof. We choose r0 > 0 such that whenever x ∈ ∂Ω and 0 < r < r0,
Ω \Br(x) contains a connected subset of diameter at least r0.

Suppose that there exists a sequence (xk)k ⊂ ∂Ω, 0 < rk < r0, and a
sequence εk → 0 such that there is a connected component Ek of Ω∩Brk

(xk)
intersecting Brk/5(xk) with

|Ek| = εk|Brk
(xk)| = πεkr2

k.

Since
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|Ek| =
∫ rk

0

H1(Ek ∩ ∂Bt(xk))dt,

there exists t ∈ [rk/2, rk] such that

P (Bt(xk) ∩ Ek, Ω) = H1(Ek ∩ ∂Bt(xk)) 6 2πεkrk. (2.10)

Observe that as Ek contains a curve connecting a point in S(xk, rk) to some
point in S(xk, rk/5), it is clear that Ek ∩Bt(xk) contains a curve connecting
some point in S(xk, t) to a point in S(xk, rk/5). Hence the extension Êk of
Ek∩Bt(xk) has a connected component of diameter at least 3rk/10. Further-

more, as rk < r0 and Êk ∩Ω = Ek ∩Bt(xk) ⊂ Br(xk), it follows that R2 \ Êk

also contains a connected set of diameter at least 3rk/10. It therefore follows
by Lemma 2.9 that P (Êk,R2) > 3rk/10. This means that

P (Êk,R2)
P (Ek ∩Bt(xk), Ω)

=
P (Êk,R2)

H1(Ek ∩ ∂Bt(xk))
> 3rk

20πεkrk
=

3
20πεk

.

Letting k → ∞ and recalling that εk → 0, we obtain a contradiction with
the extension property.

Now, fix a connected component E of Br(x) ∩ Ω that intersects Br/5(x).
Then, by the above argument and the BV -extension property with an exten-
sion Ê of E given by the BV -extension property,

C > P (Ê,R2)
H1(Ω ∩ ∂E)

=
P (Ê,R2)
P (E,Ω)

> 3r

10P (E, Ω)
,

which completes the proof. ut
We complete this section by pointing out that Lemmas 2.1, 2.3–2.8, as

well as their proofs given here, hold in higher dimensional Euclidean spaces
as well.

3 Proofs of the Results

Proof of Theorem 1.1. We first prove the quasiconvexity of a bounded, sim-
ply connected BVl-extension domain. The same for BV -extension domains
then follows from Lemma 2.1.

Suppose that Ω is a bounded, simply connected BVl-extension domain.
It suffices to prove the quasiconvexity estimate for all x, y ∈ ∂Ω such that
d(x, y) 6 r0 for some fixed r0 > 0 (recall that we assume the domain to
be bounded). Let δ0 > 0 be the constant from Lemma 2.6, and let r0 =
min{δ0, diam(Ω)}/(2C), where C is the maximum of all the constants from
the previous section. We denote by Lxy the line segment joining x and y. If
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Lxy ∩Ω is empty, then we can set γ = Lxy. Hence we may assume that Lxy

intersects Ω.
Since Ω is an open set, Lxy∩Ω is the disjoint union of countably many line

segments Lxiyi , i ∈ I ⊂ N, with end points xi, yi ∈ ∂Ω. Let Lxiyi be one of
them. Because Ω is simply connected, Ω \Lxiyi has exactly two components,
say E1 and E2. Assume that |E1| 6 |E2|. Since Ω ∩ ∂E1 = Lxiyi and hence
P (E1, Ω) = H1(Lxiyi

) = |xi − yi|, by Theorem 2.5 and subadditivity of
the perimeter measure, there is a set F ⊂ R2 of finite perimeter such that
F ∩Ω = E1 and

P (F,R2) 6 C |xi − yi|. (3.1)

By Lemma 2.7, there is a sequence of smooth sets Fk with χFk
→ χF

both in L1
loc(R2) and pointwise almost everywhere, P (Fk,R2) → P (F,R2),

Fk∆F ⊂ ⋃
x∈∂F B(x, 1/k), and as vector-valued signed Radon measures,

DχFk
converge weakly to DχF .

Since Fk is smooth, ∂Fk consists of countably many smooth simple loops
βk,1, . . . (these curves are loops because they are of finite length). Recall from
the discussion following the statement of Lemma 2.7 that the sets Fk are
certain level sets of convolution approximations to χF . Hence for sufficiently
large k (by passing to a subsequence if necessary) we may assume that ∂Fk ⊂⋃

x∈∂F B(x, 1/k) and one of the loops βk,1, . . ., say βk,1, has the property that
all of the line segment Lxi,yi

except perhaps a 1/k-neighborhood of xi and
yi lies in a 1/k-neighborhood of βk,1, i.e.,

βk,1 ⊂
⋃

x∈∂F

B(x, 1/k) (3.2)

and
Lxi,yi \ (B(xi, 1/k) ∪B(yi, 1/k)) ⊂

⋃

x∈βk,1

B(x, 1/k). (3.3)

Furthermore,
`(βk,1) 6 P (Fk,R2) 6 2 P (F,R2),

and so we can use the Arzela–Ascoli theorem (and pass to a further subse-
quence if necessary) to obtain a loop β such that βk,1 → β uniformly and
`(β) 6 2P (F,R2). By (3.2) and (3.3), it follows that Lxi,yi ⊂ β and β ⊂ ∂F .
Hence β ∩Ω = Lxi,yi . Furthermore, by the inequality (3.1),

`(β) 6 2P (F,R2) 6 2C P (E, Ω) = 2C |xi − yi|.

Since β is a loop containing E1 and not containing E2, by [10, Theorem 5.
p. 513]) there is a simple subloop β0 containing Lxi,yi

. The curve γi :=
β0 \ Lxi,yi

⊂ R2 \ Ω with `(γi) 6 (2C − 1)|xi − yi| is a curve in R2 \ Ω
connecting xi to yi.

The concatenated curve γ = (Lxy\Ω)∗i∈I βi is a curve in R2\Ω connecting
x and y, with
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`(γ) 6 `(Lxy) +
∑

i∈I

`(βi) 6 |x− y|+
∑

i∈I

C |xi − yi| 6 (1 + C) |x− y|.

Next suppose that R2 \Ω is quasiconvex. By Lemma 2.8, we only need to
verify the extension property for the characteristic functions of sets E ⊂ R2

such that ∂E ∩Ω is smooth. Therefore, P (E, Ω) = P (E, Ω) = P (int(E), Ω),
and so without loss of generality we may assume that int(E)∩Ω = E ∩Ω is
open. Again, without loss of generality we may assume that E ⊂ Ω and that
E is connected; recall that only a finite number of the components of ∂E ∩Ω
can intersect a given relatively compact open set U ⊂ Ω and P (E, Ω) can
be computed as the supremum of the perimeters P (E, U) over all such U.
From the smoothness of E it follows that Ω ∩ ∂E consists of a collection of
closed curves in Ω and a collection of at most a countable union of smooth
curves γi, i ∈ I ⊂ N, with end points xi, yi ∈ ∂Ω (indeed, if ∂E ∩ ∂Ω is
empty, i.e., no such points xi, yi exist, then E or R2 \ E is the extension of
E or Ω \ E respectively, and we need not do anything). Again, without loss
of generality, we may assume that |E| 6 |Ω \ E| since otherwise we replace
E with Ω \ E. By assumption, there is a curve βi ⊂ R2 \ Ω connecting xi

and yi with `(βi) 6 C|xi − yi|. The concatenated curve γi ∗ βi is a simple
loop (Jordan curve) in R2. Let Fi be the bounded subset of R2 enclosed by
this loop. Since E is connected, if E ∩ Fi 6= ∅, then E ⊂ Fi. Let J be the
collection of all indices i ∈ I for which this holds. If J is not empty, then we
define

F :=
( ⋂

i∈J

Fi

)
\

( ⋃

i∈I\J
Fi

)
\ (all regions bounded by loops lying in Ω).

If J is empty, then we set

F := R2 \
( ⋃

i∈I

Fi

)
\ (all regions bounded by loops lying in Ω).

With the above selection of F , we see that F∩Ω = E, and, by the construction
of the curves βi, we have

P (F,R2) 6
∑

i∈I

`(γi ∗ βi) =
∑

i∈I

`(γi) +
∑

i∈I

`(βi)

6
∑

i∈I

`(γi) + C
∑

i∈I

|xi − yi| 6
∑

i∈I

`(γi) + C
∑

i∈I

`(γi) = (1 + C)P (E, Ω),

which completes the proof. ut

Proof of Corollary 1.2. The claim follows from Lemma 2.4 and Theorem 1.1.
ut

We record the following recent result by Väisälä [13, Section 2.8].
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Lemma 3.1 (Väisälä, 2008). If Ω is a bounded, simply connected planar
domain whose complement is quasiconvex, and if Ω′ is a planar domain with
f : Ω → Ω′ a bi-Lipschitz mapping, then there are open sets U ⊃ Ω, V ⊃ Ω′,
and a bi-Lipschitz mapping F : U → V such that F = f on Ω.

Proof of Corollary 1.3. By Theorem 1.1 and Corollary 1.2, the complement
of Ω is quasiconvex. Hence, by the above lemma, the bi-Lipschitz map f on Ω
can be extended to a bi-Lipschitz map F on a neighborhood U of the compact
set Ω. Hence if Ω is a BV -extension domain (or W 1,1-extension domain) and
u is a function in BV (Ω′) (or W 1,1(Ω′) respectively), then u◦f is in the class
BV (Ω) (or W 1,1(Ω) respectively), and hence can be extended to a function
T (u ◦ f) that lies in the class BV (R2) (or W 1,1(R2) respectively), with norm
controlled by the norm of u. Thus, T (u ◦ f) ◦F−1 lies in the class BV (V ) (or
W 1,1(V ) respectively), where V = F (U) is a neighborhood of the compact
set Ω′, with norm controlled by the norm of T (u◦f), and hence by the norm
of u.

Let η : R2 → [0, 1] be an L-Lipschitz function with compact support in V
such that η = 1 on Ω′. Let E(u) := η T (u ◦ f) ◦ F−1. Then E(u) ∈ BV (R2)
(or in W 1,1(R2) respectively). Note that

‖E(u)‖L1(R2) 6 ‖T (u ◦ f) ◦ F−1‖L1(V ) 6 C‖u‖X ,

where X = BV (Ω′) (or X = W 1,1(Ω′) respectively). Furthermore,

|DE(u)|(V ) 6 Lip(η)‖T (u ◦ f) ◦ F−1‖L1(V ) + |DT (u ◦ f) ◦ F−1|(V )
6 C‖u‖X ,

where Lip η = sup |η(x)− η(y)|/|x− y|, the supremum taken over all distinct
pairs of points x, y ∈ R2. This completes the proof. ut

4 Examples

The characterization given by Theorem 1.1 is easy to verify for planar Jordan
domains. We now explore some specific examples of bounded, simply con-
nected planar BV -extension domains by answering the following question.
Suppose that Ω ⊂ R2 is a bounded BVl-extension domain. Let γ ⊂ Ω be a
curve such that Ω \ γ is also a domain. When is Ω \ γ also a BV -extension
domain? It follows from Theorem 1.1 that γ has to be a rectifiable curve.
However, the rectifiability of γ by itself does not guarantee the BV -extension
property of Ω \ γ, as the following example demonstrates.

Example 4.1. Let Ω = (−a, a)× (−2, 2) be a rectangular region centered at
the origin, where a =

∑∞
j=1

1
j3 . Further, let γ : [0, 1) → Ω with γ(0) = (1, 0)

be defined as follows: for each n ∈ N with n > 2
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γ(1− 1/n) =
( n∑

j=1

1/j3, 0
)
,

and the open interval (1− 1/n, 1− 1/(n + 1)) ⊂ [0, 1] is mapped to the curve
obtained by joining two segments, the line segment joining (

∑n
j=1 1/j3, 0)

and (1/(2n + 2)3 +
∑n

j=1 1/j3, 1/n2), and the line segment joining (1/(2n +
2)3 +

∑n
j=1 1/j3, 1/n2) and (

∑n+1
j=1 1/j3, 0). This γ is a saw-tooth curve for

which the height of the nth tooth, 1/n2, is substantially larger than the
width 1/n3 of the tooth. It can be seen that γ is rectifiable and Ω \ γ is not
a BV -extension domain.

Example 4.2. Let Ω = (0, 2) × (−2, 2), and let γ be the curve given by
γ : (0, 1] → Ω, γ(t) = (t2, t). Again it can be seen, via the use of sets

Et = {(x, y) ∈ Ω : 0 < y < t, 0 < x < y2},

that Ω \ γ is not a BV -extension domain, even though γ is rectifiable.
The following answer to the above question is a corollary to Theorem 1.1.

Here, δΩ(x) = dist(x, ∂Ω) for x ∈ Ω.

Corollary 4.3. Suppose that Ω ⊂ R2 is a bounded, simply connected BV -
extension domain and γ is a curve in Ω so that Ω\γ is also a simply connected
domain. Then Ω \ γ is a BV -extension domain if and only if the following
two conditions hold for γ.

(i) There is a constant C > 0 such that for all x, y ∈ γ and for all subcurves
γxy of γ with end points x and y, we have `(γxy) 6 C |x − y| (i.e., γ is
quasiconvex).

(ii) There is a constant C > 0 such that for all x, y ∈ γ and a subcurve
γxy of γ with end points x and y, we have |x − y| 6 C max{δΩ(x), δΩ(y)}
(i.e., γ satisfies a double cone condition in Ω).

If γ is not rectifiable, then Ω\γ is not a BV -extension domain as R2\(Ω\γ),
and hence γ, has to be quasiconvex. This is in contrast to the fact that ∂Ω
need not be rectifiable even if Ω is a BV -extension domain; as shown by the
von Koch snowflake domain, which is a uniform domain and hence (cf. [8])
is a W 1,1- and further a BV -extension domain. It should be noted that the
assumption that Ω \ γ is a domain ensures that γ does not have loops. The
first condition above ensures that γ is quasiconvex. Observe that the curve in
Example 4.1 fails to satisfy this condition, though it does satisfy the second
condition. Note also that the curve in Example 4.2 fails to satisfy the second
condition of the above corollary, but does satisfy the first condition. Hence
both conditions above are essential in the above result, though if γ does not
intersect the boundary of Ω, the second condition will follow from the first
condition.

The conclusion of the corollary remains valid if we replace the condition
that Ω \ γ is a simply connected domain with the condition that Ω \ γ is
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a domain; however, in this case, the result is not a direct consequence of
Theorem 1.1.

Remark 4.4. Lemma 2.1 fails for some unbounded domains. For example, the
domain

Ω = {(x, y) ∈ R2 : |y| > x if x > 0 and |y|+ 1 > −x if x 6 −1}

is a BV -extension domain because it has uniformly Lipschitz boundary, but
is not a BVl-extension domain as the set E = {(x, y) ∈ Ω : y > 0} has
no extension satisfying the Burago–Mazya characterization. Therefore, The-
orem 1.1 might fail for unbounded, simply connected domains. However, the
actual proof of this theorem demonstrates that the complement of a planar
simply connected domain is quasiconvex if and only if the domain itself is
a BVl-extension domain. The above example also shows that if Ω is an un-
bounded, simply connected planar domain, the conclusion of Corollary 1.2
may fail. The domain in the above counterexample has the property that
the complement of the domain in R2 is not connected; however, the exam-
ple Ω = (0,∞) × (0, 1) ⊂ R2 also is a BV -extension domain, but is not a
BVl-extension domain, even though R2 \ Ω is indeed connected. If Ω ⊂ R2

is such that R2 \ Ω is connected, then the proof of Theorem 1.1 also shows
that R2 \ Ω is quasiconvex if and only if Ω is a BVl-extension domain. We
point out here that, in this case, there is no reason to assume that Ω needs
to be simply connected.
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13. Väisälä, J.: Holes and maps of Euclidean spaces. Conform. Geom. Dyn. 12,
58–66 (2008)

14. Vodop’yanov, S.K., Gol’dshtein, V.M., Latfullin, T.G.: Criteria for extension
of functions of the class L1

2 from unbounded plane domains. Sib. Math. J. 20,
298–301 (1979)



On a New Characterization of Besov
Spaces with Negative Exponents

Moshe Marcus and Laurent Véron

Dedicated to Vladimir G. Maz’ya with high esteem

Abstract It is proved that for all 1 < q < ∞ any negative Besov spaces
B−s,q(Σ) can be described by an integrability condition on the Poisson po-
tential of its elements.

1 Introduction

Let B denote the unit N -ball, and let Σ = ∂B. If µ is a distribution on Σ,
we denote by P(µ) its Poisson potential in B, i.e.,

P(µ)(x) = 〈µ, P (x, .)〉Σ ∀ x ∈ B, (1.1)

where 〈 , 〉Σ denotes the pairing between distributions on Σ and functions
in C∞(Σ). In the particular case where µ is a measure, this can be written
as follows

P(µ)(x) =
∫

Σ

P (x, y)dµ(y) ∀ x ∈ B. (1.2)

In [3], it is proved that for q > 1 the Besov space W−2/q,q(Σ) is character-
ized by an integrability condition on P(µ) with respect to a weight function
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involving the distance to the boundary, and more precisely that there exists
a positive constant C = C(N, q) such that for any distribution µ on Σ

C−1‖µ‖W−2/q,q(Σ) 6
(∫

B

|P(µ)|q(1− |x|)dx

)1/q

6 C‖µ‖W−2/q,q(Σ). (1.3)

The aim of this article is to prove that for all 1 < q < ∞ any negative
Besov spaces B−s,q(Σ) can be described by an integrability condition on the
Poisson potential of its elements. More precisely, we prove

Theorem 1.1. Let s > 0, q > 1, and let µ be a distribution on Σ. Then

µ ∈ B−s,q(Σ) ⇐⇒ P(µ) ∈ Lq(B; (1− |x|)sq−1dx).

Moreover, there exists a constant C > 0 such that for any µ ∈ B−s,q(Σ),

C−1‖µ‖B−s,q(Σ) 6
(∫

B

|P(µ)|q(1− |x|)sq−1dx

)1/q

6 C‖µ‖B−s,q(Σ). (1.4)

The key idea for proving such a result is to use a lifting operator which
reduces the estimate question to an estimate between Besov spaces with pos-
itive exponents. In one direction, the main technique relies on interpolation
theory between domain of powers of analytic semigroups. In the other direc-
tion, we use a new representation formula for harmonic functions in a ball.
Similar type of results, with more complicated proofs, have alreadty been
obtained in the case of harmonic functions in a half space (cf. [3, Theorem
1.14.4]).

2 The Left-Hand Side Inequality (1.4)

We recall that for 1 6 p < ∞, r /∈ N, r = k + η with k ∈ N and 0 < η < 1,

Br,p(Rd) =

{
ϕ ∈ W k,p(Rd) :

∫

Rd

∫

Rd

|Dαϕ(x)−Dαϕ(y)|p
|x− y|d+ηp

dxdy < ∞

∀ α ∈ Nd, |α| = k

}

with the norm

‖ϕ‖p
Br,p = ‖ϕ‖p

W k,p +
∑

|α|=k

∫

Rd

∫

Rd

|Dαϕ(x + y)−Dαϕ(x)|p
|y|d+ηp

dxdy.

When r ∈ N,
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Br,p(Rd) =
{

ϕ ∈ W r−1,p(Rd) :

∫

Rd

∫

Rd

|Dαϕ(x + 2y) + Dαϕ(x)− 2Dαϕ(x + y)|p
|y|p+d

dxdy < ∞

∀ α ∈ Nd, |α| = r − 1
}

with the norm

‖ϕ‖p
Br,p = ‖ϕ‖q

W k,p

+
∑

|α|=r−1

∫

Rd

∫

Rd

|Dαϕ(x + 2y) + Dαϕ(x)− 2Dαϕ(x + y)|p
|y|p+d

dxdy.

The relation of the Besov spaces with integer order of differentiation and the
classical Sobolev spaces is the following [2], [1]

Br,p(Rd) ⊂ W r,p(Rd) if 1 6 p 6 2,

W r,2(Rd) = Br,2(Rd),
W r,p(Rd) ⊂ Br,p(Rd) if p > 2.

(2.1)

Since for rN∗ and 1 6 p < ∞ the space B−r,p(Rd) is the space of derivatives
of Lp(Rd)-functions, up to the total order k, for noninteger r, r = k + η with
k ∈ N and 0 < η < 1 B−r,p(Rd) can be defined by using the real interpolation
method [2] by

[
W−k,p(Rd), W−k−1,p(Rd)

]
η,p

= B−r,p(Rd).

The spaces B−r,p(Rd), or 1 < p < ∞ and r > 0 can also be defined by duality
with B−r,p′(Rd). The Sobolev and Besov spaces W k,p(Σ) and Br,p(Σ) are
defined by using local charts from the same spaces in RN−1.

Now, we present the proof of the left-hand side inequality in the case
N > 3. However, with minor modifications, the proof applies also to the case
N = 2 (cf. Remark 3.1 below). Let (r, σ) ∈ [0,∞) × SN−1 (with SN−1 ≈
Σ) be spherical coordinates in B. We put t = − ln r. Suppose that µ ∈
B−s,q(SN−1). Let u = P(µ). Denote by ũ the function u expressed in terms
of the coordinates (t, σ). Then

urr +
N − 1

r
ur +

1
r2

∆σu = 0 in (0, 1)× SN−1 (2.2)

and
ũtt − (N − 2)ũt + ∆σũ = 0 in (0,∞)× SN−1. (2.3)

Then the right inequality in (1.4) takes the form
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∫ ∞

0

∫

SN−1
|ũ|q (1− e−t)sq−1e−Ntdσ dt 6 C ‖µ‖q

B−s,q(SN−1) . (2.4)

Clearly, it suffices to establish this inequality in the case µ ∈ M(SN−1) (or
even µ ∈ C∞(SN−1)), which is assumed in the sequel. We define k ∈ N∗ by

2(k − 1) 6 s < 2k, (2.5)

with the restriction s > 0 if k = 1. We denote by B the elliptic operator of
order 2k

B =
(

(N − 2)2

4
−∆σ

)k

and call f the unique solution of

µ = Bf in SN−1.

Then f ∈ W 2k−s,q(SN−1) since B is an isomorphism between the spaces
B2k−s,q(SN−1) and B−s,q(SN−1). Put v = P(f) in B. Then v satisfies the
same equation as u in (0, 1) × SN−1. Let ṽ denote this function in terms of
the coordinates (t, σ). Then

L̃ṽ := ṽtt − (N − 2)ṽt + ∆σ ṽ = 0 in R+ × SN−1,

ṽ
∣∣
t=0

= f in SN−1.
(2.6)

Since the operator B commutes with ∆σ and ∂/∂t, and this problem has a
unique solution which is bounded near t = ∞, it follows that

P(Bf) = Bṽ. (2.7)

Hence
ũ = P(µ) = P(Bf) = Bṽ. (2.8)

If v∗ := e−t(N−2)/2ṽ, then

v∗tt −
(N − 2)2

4
v∗ + ∆σv∗ = 0 in R+ × SN−1,

v∗(0, ·) = f in SN−1.

(2.9)

Note that

v∗ = etA(f), where A = −
(

(N − 2)2

4
I −∆σ

)1/2

⇐⇒ A2k = B,

where etA is the semigroup generated by A in Lq(SN−1). By the Lions–Peetre
real interpolation method [2],
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[
W 2k,q(SN−1), Lq(SN−1)

]
1−s/2k,q

= B2k−s,q(SN−1).

Since D(A2) = W 2,q(SN−1),

D(A2k) = W 2k,q(SN−1).

The semigroup generated by A is analytic as any semigroup generated by the
square root of a closed operator. Therefore, by [4, p. 96],

‖f‖q
W 2k−s,q ∼ ‖f‖q

Lq(SN−1) +
∫ ∞

0

(
t(2kqs/2kq)

∥∥A2kv∗
∥∥

Lq(SN−1)

)q dt

t

∼ ‖f‖q
Lq(SN−1) +

∫ 1

0

(
ts

∥∥A2kv∗
∥∥

Lq(SN−1)

)q dt

t

= ‖f‖q
Lq(SN−1) +

∫ 1

0

(
tse−t(N−2)/2 ‖Bṽ‖Lq(SN−1)

)q dt

t
(2.10)

where the symbol ∼ denotes equivalence of norms. Therefore, by (2.10),

‖f‖q
W 2k−s,q(Sn−1) > C ‖f‖q

Lq(SN−1)

+ C

∫ 1

0

(
tse−t(N−2)/2 ‖ũ‖Lq(SN−1)

)q dt

t

> C ‖f‖q
Lq(SN−1) + C

∫ 1

0

‖ũ‖q
Lq(SN−1) e−Nttsq−1dt. (2.11)

Furthermore,
∫ ∞

0

‖ũ‖q
Lq(SN−1)(1− et)sq−1e−Ntdt

6 C

∫ 1

0

‖ũ‖q
Lq(SN−1) (1− e−t)sq−1e−Ntdt

6 C

∫ 1

0

‖ũ‖q
Lq(SN−1) e−Nttsq−1dt. (2.12)

This is a consequence of the inequality
∫

∂Br

|u|qdS 6 (r/ρ)N−1

∫

∂Bρ

|u|qdS,

which holds for 0 < r < ρ, for every harmonic function u in B. By a straight-
forward computation, this inequality implies that
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∫

|x|<1

|u|q(1− r) dx 6 c(γ)
∫

γ<|x|<1

|u|q(1− r) dx,

for every γ ∈ (0, 1).
In view of the definition of f ,

‖µ‖q
B−s,q(Sn−1) ∼ ‖f‖q

W 2k−s,q(Sn−1) . (2.13)

Therefore, the right-hand side inequality (2.4) follows from (2.11), (2.12), and
(2.13).

3 The Right-Hand Side Inequality (1.4)

Suppose that µ is a distribution on SN−1 such that P(µ) ∈ Lq(B; (1−|x|sq−1).
Then we claim that µ ∈ B−s,q(SN−1) and

C−1‖µ‖B−s,q(Σ) 6
(∫

B

|P(µ)|q(1− |x|)sq−1dx

)1/q

. (3.1)

Because of the estimate (2.10) it suffices to prove that

‖f‖Lq(SN−1) 6 C ‖u‖Lq(B,(1−r)sq−1 dx) . (3.2)

With u = Bv this relation becomes

‖f‖Lq(SN−1) 6 C ‖Bv‖Lq(B;(1−r)sq−1 dx)

6 C

(∫ 1

0

‖v‖q
W 2k,q(SN−1)(1− r)sq−1 rN−1dr

)1/q

. (3.3)

In order to simplify the exposition, we first present the case 0 < s < 2.

3.1 The case 0 < s < 2

We take k = 1. Since the imbedding of B2−s,q(SN−1) into Lq(SN−1) is
compact, for any ε > 0 there is Cε > 0 such that

‖ϕ‖Lq(SN−1) 6 ε‖ϕ‖B2−s,q(SN−1) + Cε‖ϕ‖L1(SN−1) ∀ϕ ∈ B2−s,q(SN−1).

Therefore, the following norm for B2−s,q(SN−1) is equivalent to the one given
in (2.4)
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‖f‖q
B2−s,q = ‖f‖q

L1(SN−1) +
∫ 1

0

(
ts

∥∥A2v∗
∥∥

Lq(SN−1)

)q dt

t
, (3.4)

and the estimate (3.3) is a consequence of

‖f‖q
L1(SN−1) 6

∫ 1

0

(
ts

∥∥A2v∗
∥∥

Lq(SN−1)

)q dt

t
. (3.5)

Integrating (2.9) and using the fact that

lim
t→∞

‖v∗‖L∞(SN−1) = lim
t→∞

‖v∗t ‖L∞(SN−1) = 0, (3.6)

we find

v∗t (t, σ) = −
∫ ∞

t

A2v∗(s, σ)ds ∀ (t, σ) ∈ (0,∞)× SN−1,

and

v∗(t, σ) =
∫ ∞

t

∫ ∞

s

A2v∗(τ, σ)dτds

=
∫ ∞

t

A2v∗(τ, σ)(τ − t)dτ ∀ (t, σ) ∈ (0,∞)× SN−1. (3.7)

Letting t → 0 and integrating over SN−1, one obtains
∫

SN−1
|f | dσ 6

∫ ∞

0

∫

SN−1

∣∣A2v∗
∣∣ τdσdτ

6 C(N, s, q, δ)
(∫ ∞

0

∫

SN−1

∣∣A2v∗
∣∣qeδτ τsq−1dσdτ

)1/q

(3.8)

for any δ > 0 (δ will be taken smaller than (N − 2)q/2) in the sequel), where

C(N, s, q, δ) =
(∣∣SN−1

∣∣
∫ ∞

0

τ (q+1−sq)/(q−1)e−δτ/(q−1)dτ

)1/q′

.

Note that the integral is convergent since (q + 1 − sq)/(q − 1) > −1 if and
only if s < 2. Going back to ṽ, we have
∫ ∞

0

∫

SN−1

∣∣A2v∗
∣∣qeδτ τsq−1dσdτ =

∫ ∞

0

∫

SN−1

∣∣A2ṽ
∣∣qe(δ−(N−2)q/2)τ τsq−1dσdτ.

Since u is harmonic,
∫

SN−1
|ũ(τ1, ·)|qdσ 6

∫

SN−1
|ũ(τ2, ·)|qdσ ∀ 0 < τ2 6 τ1
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or, equivalently,
∫

SN−1

∣∣A2ṽ(τ1, ·)
∣∣qdσ 6

∫

SN−1

∣∣A2ṽ(τ2, ·)
∣∣qdσ ∀ 0 < τ2 6 τ1. (3.9)

Applying (3.9) between τ and 1/τ for τ > 1, we get
∫ ∞

1

∫

SN−1

∣∣A2ṽ
∣∣qe(δ−(N−2)q/2)ττ sq−1dσdτ

6
∫ 1

0

∫

SN−1

∣∣A2ṽ
∣∣qe(δ−(N−2)q/2)τ−1

τ−sq−1dσdτ. (3.10)

Moreover, there exists C = C(N, q, δ) > 0 such that

e(δ−(N−2)q/2)t−1
t−sq−1 6 Ce(δ−(N−2)q/2)ttsq−1 ∀ 0 < t 6 1.

Plugging this inequality into (3.9) and using (3.8), one derives

∫

SN−1
|f | dσ 6 C

(∫ 1

0

∫

SN−1

∣∣A2v∗
∣∣qeδτ τsq−1dσdτ

)1/q

(3.11)

for some positive constant C, from which (3.5) follows.

3.2 The general case

We assume that k > 1. Since the imbedding of B2k−s,q(SN−1) into Lq(SN−1)
is compact, for any ε > 0 there is Cε > 0 such that

‖ϕ‖Lq(SN−1) 6 ε‖ϕ‖B2k−s,q(SN−1) + Cε‖ϕ‖L1(SN−1) ∀ϕ ∈ B2k−s,q(SN−1).

Thus, the following norm for B2k−s,q(SN−1) is equivalent to the one given
in (2.4)

‖f‖q
B2k−s,q = ‖f‖q

L1(SN−1) +
∫ 1

0

(
ts

∥∥A2kv∗
∥∥

Lq(SN−1)

)q dt

t
, (3.12)

and the estimate (3.3) follows from

‖f‖q
L1(SN−1) 6

∫ 1

0

(
ts

∥∥A2kv∗
∥∥

Lq(SN−1)

)q dt

t
. (3.13)

From (3.7)
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v∗(t, σ) =
∫ ∞

t

A2v∗(τ, σ)(τ − t)dτ ∀ (t, σ) ∈ (0,∞)× SN−1. (3.14)

Since the operator A2 is closed,

A2v∗(t, σ) =
∫ ∞

t

A4v∗(τ, σ)(τ − t)dτ

and

v∗(t, σ) =
∫ ∞

t

(t1 − t)
∫ ∞

t1

A4v∗(t2, σ)(t2 − t1)dt2dt1

=
∫ ∞

t

∫ ∞

t1

(t1 − t)(t2 − t1)A4v∗(t2, σ)dt2dt1

∀ (t, σ) ∈ (0,∞)× SN−1. (3.15)

Iterating this process, for every (t, σ) ∈ (0,∞)× SN−1 one gets

v∗(t, σ) =
∫ ∞

t

∫ ∞

t1

. . .

∫ ∞

tk−1

k∏

j=1

(tj − tj−1)A2kv∗(tk, σ)dtkdtk−1 . . . dt1. (3.16)

where we set t = t0 in the product symbol. The following representation
formula is valid for any k ∈ N∗.
Lemma 3.1. For any (t, σ) ∈ (0,∞)× SN−1,

v∗(t, σ) =
∫ ∞

t

(s− t)2k−1

(2k − 1)!
A2kv∗(s, σ)ds. (3.17)

Proof. We proceed by induction. By the Fubini theorem,
∫ ∞

t

∫ ∞

t1

(t1 − t)(t2 − t1)A4v∗(t2, σ)dt2dt1

=
∫ ∞

t

A4v∗(t2, σ)
∫ t2

t

(t1 − t)(t2 − t1)dt1dt2

=
∫ ∞

t

(t2 − t)3

6
A4v∗(t2, σ)dt2.

Suppose that for t > 0, ` < k and any smooth function ϕ defined on (0,∞)

∫ ∞

t

∫ ∞

t1

. . .

∫ ∞

t`−1

∏̀

j=1

(tj − tj−1)ϕ(t`)dt`dt`−1 . . . dt1 =
∫ ∞

t

(t` − t)2`−1

(2`− 1)!
ϕ(t`)dt`.

(3.18)
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Then

∫ ∞

t

∫ ∞

t1

. . .

∫ ∞

t`

`+1∏

j=1

(tj − tj−1)ϕ(t`+1)dt`+1dt` . . . dt1

=
∫ ∞

t

∫ ∞

t1

. . .

∫ ∞

t`−1

∏̀

j=1

(tj − tj−1)Φ(t`)dt`dt`−1 . . . dt1

=
∫ ∞

t

(t` − t)2`−1

(2`− 1)!
Φ(t`)dt`

with
Φ(t`) =

∫ ∞

t`

(t`+1 − t`)ϕ(t`+1)dt`+1.

But
∫ ∞

t

(t` − t)2`−1

(2`− 1)!

∫ ∞

t`

(t`+1 − t`)ϕ(t`+1)dt`+1dt`

=
∫ ∞

t

ϕ(t`+1)
∫ tell+1

t

(t` − t)2`−1

(2`− 1)!
(t`+1 − t`)dt`dt`+1

=
∫ ∞

t

ϕ(t`+1)
∫ tell+1−t

0

τ2`−1

(2`− 1)!
(t`+1 − t− τ)dτdt`+1

=
∫ ∞

t

ϕ(t`+1)
(t2`+1 − τ)2`+1

(2` + 1)!
dt`+1

as
1

(2`− 1)!

( 1
2`
− 1

2` + 1

)
=

1
(2` + 1)!

.

Taking ϕ(t`+1) = A2`v∗(t`+1, σ), we obtain (3.17).

End of the proof. From (3.16) and Lemma 3.1 with t = 0 we get
∫

SN−1
|f | dσ 6

∫ ∞

0

∫

SN−1

∣∣A2kv∗
∣∣ τ2k−1

(2k − 1)!
dσdτ

6 C(N, s, k, q, δ)
(∫ ∞

0

∫

SN−1

∣∣A2kv∗
∣∣qeδτ τsq−1dσdτ

)1/q

(3.19)

for any δ > 0 (δ will be taken smaller than (N − 2)q/2) in the sequel), where

C(N, s, k, q, δ) =
(∣∣SN−1

∣∣
∫ ∞

0

τ (2k−s−1/q′)q′e−δτ/(q−1)dτ

)1/q′

.
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Note that the integral is convergent since (2k − s− 1/q′)q′ > −1 if and only
if s < 2k. As in the case s < 2, we return to ṽ and ũ = A2kũ, use the
harmonicity of u in order to derive

∫ ∞

1

∫

SN−1

∣∣A2kṽ
∣∣qe(δ−(N−2)q/2)τ τsq−1dσdτ

6
∫ 1

0

∫

SN−1

∣∣A2kṽ
∣∣qe(δ−(N−2)q/2)τ−1

τ−sq−1dσdτ (3.20)

as in (3.10) and, finally,

∫

SN−1
|f | dσ 6 C

(∫ 1

0

∫

SN−1
|A|2k

v∗
q
τsq−1dσdτ

)1/q

6 C ′
(∫ 1

0

∫

SN−1
|ũ|qτsq−1dσdτ

)1/q

, (3.21)

which completes the proof of Theorem 1.1. ut
Remark 3.1. If N = 2, the lifting operator is

B =
(

1− d2

dσ2

)k

,

and the proof is similar. Moreover, since B is an isomorphism between
B2k−s,1(S1) and B−s,1(S1), the result of Theorem 1.1 also holds in the
case q = 1.

4 A Regularity Result for the Green Operator

Put (1−|x|) = δ(x). By duality between Lq(B; δsq−1dx) and Lq′(B; δsq−1dx),
we write ∫

B

P(µ)ψδsq−1dx = −
∫

B

P(µ)∆ζdx = −
∫

Σ

∂ζ

∂ν
dµ, (4.1)

where ζ is the solution of the problem

−∆ζ = δsq−1ψ in B,

ζ = 0 on ∂B.
(4.2)

In (4.1), the boundary term should be written as 〈µ, ∂ζ/∂ν〉Σ if µ is a distri-
bution on Σ. Then the adjoint operator P∗ is defined by

P∗(ψ) = − ∂

∂ν
G(δsq−1ψ), (4.3)
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where G(δsq−1ψ) is the Green potential of δsq−1ψ. Consequently, Theorem
1.1 implies that there exists a constant C > 0 such that

C−1 ‖ψ‖Lq′ (B;δsq−1dx) 6
∥∥∥∥

∂

∂ν
G(δsq−1ψ)

∥∥∥∥
Bs,q′ (Σ)

6 C ‖ψ‖Lq′ (B;δsq−1dx) .

(4.4)
But

ψ ∈ Lq′(B; δsq−1dx) ⇐⇒ δsq−1ψ ∈ Lq′(B; δ(sq−1)(1−q′)dx).

Putting ϕ = δsq−1ψ and replacing q′ by p, we obtain the following result.

Theorem 4.1. Let s > 0 and 1 < p < ∞. Then

ϕ ∈ Lp(B; δp(1−s)−1)dx) ⇐⇒ ∂

∂ν
G(ϕ) ∈ Bs,p(Σ).

Moreover, there exists a constant C > 0 such that for any function
ϕ ∈ Lp(B; δp(1−s)−1)dx)

C−1‖ϕ‖Lp(B;δp(1−s)−1)dx) 6
∥∥∥∥

∂

∂ν
G(ϕ)

∥∥∥∥
Bs,p(Σ)

6 C‖ϕ‖Lp(B;δp(1−s)−1)dx).

(4.5)
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Isoperimetric Hardy Type and
Poincaré Inequalities on Metric Spaces

Joaquim Mart́ın and Mario Milman

Abstract We give a general construction of manifolds for which Hardy type
operators characterize Poincaré inequalities. We also show a class of spaces
where this property fails. As an application, we extend recent results of E. Mil-
man to our setting.

1 Introduction

While working on sharp Sobolev–Poincaré inequalities in the classical Eu-
clidean setting (cf. [17]) as well as the Gaussian setting (cf. [14]), we ob-
served that the symmetrization methods we were developing could be readily
extended to the more general setting of metric spaces (cf. [6, 14, 15, 16]).
However, in the metric setting we found that we could not always decide if
the results we had obtained were “sharp” or best possible.

Indeed, generally speaking, the methods that we use to show sharpness
require the construction of special rearrangements and thus our spaces need to
exhibit sufficient symmetries. In fact, in all the examples where we know how
to prove sharpness, the “winning” rearrangements are those that are somehow
connected with the solution of the underlying isoperimetric problems (for
example, the symmetric decreasing rearrangements in the Euclidean case,
which are associated with balls (cf. [17]), while in the Gaussian case one uses
special rearrangements associated with half spaces (cf. [8, 14]) and, likewise,
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in the more general model cases of log concave measures (cf. [5, 7] and the
more recent [1, 15, 16]). In particular, these special rearrangements allow
us to show that there exist “special symmetrizations that do not increase
the norm of the gradient,” i.e., that a suitable version of the Pólya–Szegö
principle holds.

In preparation for a systematic study we observed that, in all the model
cases we could treat, a key role was played by the boundedness of certain
Hardy operators, which we termed “isoperimetric Hardy operators.” This led
us to isolate the concept of “isoperimetric Hardy type spaces.” This property
can be formulated in very general metric spaces and can be applied if we
have estimates on the isoperimetric profiles. By formulating the problem in
this fashion, while we may lose information about best constants, we gain
the possibility of obtaining positive results that would be hard to obtain by
other methods.

In this note, we continue this program and we address the question: which
metric spaces are of “Hardy isoperimetric type”? On the positive side we
show, using ideas of Ros [26], how to construct a class of metric spaces
of “Hardy isoperimetric type” that contains all the model cases mentioned
above. Therefore this construction provides us with a large class of spaces
where our inequalities are sharp.

As another application we continue the discussion of the connection be-
tween our results and the recent work of E. Milman [23, 22, 24]), who has
shown the equivalence, under convexity assumptions, of certain estimates for
isoperimetric profiles. In [16], we extended and simplified E. Milman’s results
to the setting of metric spaces of isoperimetric Hardy type. The construction
presented in this paper thus gives a general concrete class of model spaces
where Milman’s equivalences hold.

Finally on the negative side we also construct spaces that do not satisfy
the “isoperimetric Hardy type condition.”

In the spirit of this book, we now comment briefly on the influence of
Maz’ya’s work in our development. Underlying the equivalences of Theo-
rem 2.1 below are two deep insights due to Maz’ya: Maz’ya’s fundamental
result showing the equivalence between the Gagliardo–Nirenberg inequality
and the isoperimetric inequality (cf. [18] and also [9]), and Maz’ya’s technique
of showing self improvement of Sobolev’s inequality via smooth cut-offs (cf.
[20]). Indeed, one of the themes of Theorem 2.1 is to develop the explicit con-
nection of these two ideas using pointwise symmetrization inequalities (“sym-
metrization by truncation” cf. [17, 14]). Another theme of our method is that
we formulate our inequalities incorporating directly geometric information, an
idea that one can also already find in Maz’ya’s fundamental work characteriz-
ing Sobolev inequalities in rough domains [20] as well as in Maz’ya’s method
characterizing Sobolev–Poincaré inequalities via isocapacitory inequalities1

(cf. [21]).

1 A detailed discussion of the connection between Maz’ya’s isocapacitory inequalities and
symmetrization inequalities is given in [16].
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As this outline shows, and we hope the rest of the paper proves, our meth-
ods owe a great deal to the pioneering work of Professor Maz’ya and we are
grateful and honored by the opportunity to contribute to this book.

2 Background

Let (Ω, d, µ) be a metric probability space equipped with a separable Borel
probability measure µ. Let A ⊂ Ω be a Borel set. Then the boundary measure
or Minkowski content of A is by definition

µ+(A) = lim inf
h→0

µ (Ah)− µ (A)
h

,

where Ah = {x ∈ Ω : d(x, y) < h} denotes the h-neighborhood of A.
The isoperimetric profile I(Ω,d,µ) is defined as the pointwise maximal func-

tion I(Ω,d,µ) : [0, 1] → [0,∞) such that

µ+(A) > I(Ω,d,µ)(µ(A))

holds for all Borel sets A.

Condition. We assume throughout that our metric spaces have isoperi-
metric profile functions I(Ω,d,µ) which are: continuous, concave, increasing on
(0, 1/2), symmetric about the point 1/2, and vanish at zero2.

A continuous function I : [0, 1] → [0,∞) , with I(0) = 0, concave, increas-
ing on (0, 1/2) and symmetric about the point 1/2, and such that

I > I(Ω,d,µ),

is called an isoperimetric estimator on (Ω, d, µ).
For measurable functions u : Ω → R the distribution function of u is given

by
λu(t) = µ{x ∈ Ω : |u(x)| > t} (t > 0).

The decreasing rearrangement u∗ of u is defined, as usual, by

u∗µ(s) = inf{t > 0 : λu(t) 6 s} (t ∈ (0, µ(Ω)]),

and we set

u∗∗µ (t) =
1
t

∫ t

0

u∗µ(s)ds.

Given a locally Lipschitz real function, f defined on (Ω, d) (we write in
what follows f ∈ Lip(Ω)), the modulus of the gradient of f is defined by

2 For a large class of examples, where these assumptions are satisfied we refer to [6, 23]
and the references therein.
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|∇f(x)| = lim sup
d(x,y)→0

|f(x)− f(y)|
d(x, y)

and zero at isolated points3.
A Banach function space X = X(Ω) on (Ω, d, µ) is called a rearrangement-

invariant (r.i.) space if g ∈ X implies that all µ-measurable functions f with
the same rearrangement function with respect to the measure µ, i.e., such
that f∗µ = g∗µ, also belong to X; moreover, ‖f‖X = ‖g‖X . An r.i. space X(Ω)
can be represented by an r.i. space X = X(0, 1) on the interval (0, 1), with
Lebesgue measure, such that

‖f‖X = ‖f∗µ‖X ,

for every f ∈ X. Typical examples of r.i. spaces are the Lp-spaces, Lorentz
spaces, and Orlicz spaces. For more information we refer to [4].

In our recent work on symmetrization of Sobolev inequalities, we showed
the following general theorem (cf. [15, 16] and the references therein)

Theorem 2.1. Let I : [0, 1] → [0,∞) be an isoperimetric estimator on
(Ω, d, µ). The following statements hold and are in fact equivalent.

1. Isoperimetric inequality

∀A ⊂ Ω, Borel set, µ+(A) > I(µ(A)).

2. Ledoux’s inequality

∀f ∈ Lip(Ω),
∫ ∞

0

I(λf (s))ds 6
∫

Ω

|∇f(x)| dµ(x).

3. Maz’ya’s inequality4

∀f ∈ Lip(Ω), (−f∗µ)′(s)I(s) 6 d

ds

∫

{|f |>f∗µ(s)}
|∇f(x)| dµ(x).

4. Pólya–Szegö’s inequality

∀f ∈ Lip(Ω),
∫ t

0

((−f∗µ)′(.)I(.))∗(s)ds 6
∫ t

0

|∇f |∗µ (s)ds.

(The second rearrangement on the left hand side is with respect to the
Lebesgue measure).

3 In fact, it is enough in order to define |∇f | that f will be Lipschitz on every ball in (Ω, d)
cf. [6, pp. 184,189] for more details.
4 See [19]; one can also find this inequality in [27, 28].
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6. Oscillation inequality

∀f ∈ Lip(Ω), (f∗∗µ (t)− f∗µ(t)) 6 t

I(t)
|∇f |∗∗µ (t). (2.1)

Given any rearrangement invariant space X(Ω), it follows readily from
(2.1) that for all f ∈ Lip(Ω)

‖f‖LS(X) :=
∥∥∥∥
(
f∗∗µ (t)− f∗µ(t)

) I(t)
t

∥∥∥∥
X

¹ ‖∇f‖X .

One salient characteristic of these spaces is that they explicitly incorporate
in their definition the isoperimetric profiles associated with the geometry in
question and thus they can automatically select the correct optimal spaces for
different geometries (cf. [14, 15, 16] for more on this). While the LS(X) spaces
are not necessarily normed, often they are equivalent to normed spaces (cf.
[25]), and, in the classical cases, lead to optimal Sobolev–Poincaré inequalities
and embeddings (cf. [17, 13, 14] as well as [3, 2, 29] and the references therein).

3 Hardy Isoperimetric Type

Let QI be the operator defined on measurable functions on (0, 1) by

QIf(t) =
∫ 1

t

f(s)
ds

I(s)
,

where I is an isoperimetric estimator. We consider the possibility of com-
pletely characterizing Poincaré inequalities in terms of the boundedness of
QI as an operator from X to Y .

In order to motivate what follows, we recall the following result obtained
in [15, 16] for classical settings (cf. [14]).

Theorem 3.1. Let X, Y be two r.i. spaces on Ω. Suppose that there exists
a constant c = c(X, Y ) such that for every positive function f ∈ X with
supp f ⊂ (0, 1/2)

‖QIf(t)‖Y 6 c
∥∥f∗µ

∥∥
X

.

Then for all g ∈ Lip(Ω)5

∥∥∥∥g −
∫

Ω

gdµ

∥∥∥∥
Y

¹ ‖∇g‖X . (3.1)

5 We note for future use that Poincaré inequalities can be equivalently formulated replacing∫
Ω gdµ by a median value m of g, i.e., µ (g > m) > 1/2 and µ (g 6 m) > 1/2.
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Furthermore, if the space X is such that
∥∥f∗µ

∥∥
X
' ∥∥f∗∗µ

∥∥
X

, then

‖f‖Y ¹ ‖f‖LS(X) + ‖f‖L1 .

In fact, LS(X) is an optimal space in the sense that if (3.1) holds, then for
all g ∈ Lip(Ω)

∥∥∥∥g −
∫

Ω

gdµ

∥∥∥∥
Y

¹
∥∥∥∥g −

∫

Ω

gdµ

∥∥∥∥
LS(X)

¹ ‖∇g‖X .

We give a simple, but nontrivial example that illustrates how the preceding
developments allow us to transplant Sobolev–Poincaré inequalities to the
metric setting.

Example. Suppose that (Ω, µ) has an isoperimetric estimator

I(s) ' s1−1/n (0 < s < 1/2).

It follows that, on functions supported on (0, 1/2),

QIf(t) '
∫ 1/2

t

s1/nf(t)
ds

s
.

Since the conditions for the boundedness QI on r.i. spaces are well under-
stood, we can transplant the classical Sobolev inequalities to (Ω, µ). Further-
more, we note that, in the borderline case q = n, the corresponding result
using the optimal LS(Ln) spaces is sharper than the classical Sobolev theo-
rems (cf. [2]).

As was mentioned, it is known that the converse to Theorem 3.1 is true
in a number of important classical cases. In other words, the operator QI in
those cases gives a complete characterization of the Poincaré inequalities (for
the most recent results cf. [15, 16]).

This led us to introduce the following definition.

Definition. We say that a probability metric space (Ω, d, µ) is of isoperi-
metric Hardy type if for any given isoperimetric estimator I, the following
assertions are equivalent for all r.i. spaces X = X(Ω), Y = Y (Ω).

1. There exists c = c(X, Y ) such that

∀f ∈ Lip(Ω),
∥∥∥∥f −

∫

Ω

fdµ

∥∥∥∥
Y

6 c ‖∇f‖X . (3.2)

2. There exists c = c(X, Y ) such that

‖QIf‖Y ¹ ‖f‖X , f ∈ X with supp (f) ⊂ (0, 1/2).
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4 Model Riemannian Manifolds

In this section, we construct a class of spaces of isoperimetric Hardy type
spaces that includes the n-sphere Sn (Rn, γn) (Rn with Gaussian measure)
and symmetric log-concave probability measures on R.

We follow the construction of Ros (cf. [26]). Let M0 be a complete smooth
oriented n0-dimensional Riemannian manifold with distance d. An absolutely
continuous probability measure µ0 w.r. to dV in M0 is called a model measure
if there exists a continuous family (in the sense of the Hausdorff distance on
compact subsets) D = {Dt : 0 6 t 6 1} of closed subsets of M0 satisfying the
following conditions.

1. µ0(Dt) = t and Ds ⊂ Dt, for 0 6 s < t 6 1.

2. Dt is a smooth isoperimetric domain of µ0 and Iµ0(t) = µ+
0 (Dt) is

positive and smooth for 0 < t < 1, where Iµ0 denotes the isoperimetric
profile of M0.

3. The r-enlargement of Dt, defined by (Dt)r = {x ∈ M0 : d(x,Dt) 6 r}
verifies (Dt)r = Ds for some s = s(t, r), 0 6 t 6 1.

4. D1 = M0 and D0 is either a point or the empty set.

Theorem 4.1. Let (M0, d) be an n0-dimensional Riemannian manifold en-
dowed with a model measure µ0. Then (M0, d) is of isoperimetric Hardy type.

Proof. Consider the function defined by

p : M0 → [0, 1],
x ∈ ∂Dt → t.

Let x, y ∈ M0 be such that 0 < p(y) < p(x). Let D ∈ D be such that y /∈ D.
Consider the function h(r) = µ0(Dr), which is continuous and smooth for
0 < h(r) < 1 and, in this range (cf. [26]),

h′(r) = Iµ0(h(r)). (4.1)

From the definition of p it follows that p(x) = h(d(x, D)) and p(y) =
h(d(y, D)). Since d(x,D)− d(y, D) 6 d(x, y), we see that

p(x)− p(y)
d(x, y)

6 h(d(x,D))− h(d(y, D))
d(x, D)− d(y, D)

6 sup
s

h′(s),

i.e., p ∈ Lip(M0) and

|∇p(x)| = lim sup
y→x

∣∣∣∣
p(x)− p(y)

d(x, y)

∣∣∣∣
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is finite, it follows that |∇p(x)| exists a.e. w.r. to dV (cf. [6, p. 2]) and hence
a.e. w.r. µ0. Let us now compute |∇p|. Given x ∈ M0 such that p(x) = t < 1,
let D ∈ D so that x /∈ D and, as above, consider the function h(r) = µ0(Dr).
Let z(x) ∈ M0 be such that

d(x,D) = d(x, z(x)).

Select yn on the geodesic joining z(x) and x such that yn → x. Then

lim
n→∞

∣∣∣∣
p(x)− p(yn)

d(x, yn)

∣∣∣∣ = lim
n→∞

∣∣∣∣
h(d(x,D))− h(d(yn, D))

d(x,D)− d(yn, D)

∣∣∣∣ = h′(d(x,D))

= Iµ0(h(d(x, D))) [by (4.1)]

= Iµ0(p(x)). (4.2)

Let f ∈ X be a positive function with suppf ⊂ (0, 1/2). Define

F (x) =
∫ 1

p(x)

f(s)
ds

Iµ0(s)
.

It is obvious that F ∈ Lip(M0) and, by (4.2),

|∇F (x)| = f(p(x))
1

Iµ0(p(x))
|∇p(x)| = f(p(x)) a.e.

We claim that the map p : (M0, µ0) → ([0, 1], ds) is a measure-preserving
transformation. To prove this claim, we need to see that for any measurable
subset R ⊂ [0, 1]

µ0

(
p−1(R)

)
=

∫

R

ds. (4.3)

It is enough to see (4.3) for a closed interval. Let [a, b] ⊂ [0, 1] (0 6 a < b 6 1).
Then

µ0

(
p−1([a, b])

)
= µ0(Db)− µ0(Da) = b− a.

Using this claim (cf. [4, Proposition 7.2, p. 80]) then a.e. we have

|F |∗µ0
(s) =

∫ 1

t

f(s)
ds

Iµ0(s)
, |∇F |∗µ0

(s) = f∗(s).

It is obvious that the condition (3.2) is equivalent to

‖u−m‖Y ¹ ‖∇u‖X ,

where m is a median6 of f, now since µ0 (F = 0) > 1/2, 0 is a median of F ,
and from

6 i.e., µ0 (f > m) > 1/2 and µ0 (f 6 m) > 1/2.
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‖F − 0‖Y ¹ ‖∇F‖X

we obtain ∥∥∥∥
∫ 1

t

f(s)
ds

Iµ0(s)

∥∥∥∥
Y

¹ ‖f‖X

as we wished to show. ut

5 E. Milman’s Equivalence Theorems

In the next result, we have a list of progressively weaker statements that
nevertheless have been shown by E. Milman (cf. [23, 22, 24]) to be equivalent
under certain convexity assumptions. Likewise, E. Milman also has formu-
lated similar results in the context of Orlicz spaces.

In [16], we have simplified and extended Milman’s results to the context of
metric spaces with Hardy isoperimetric type, as well as considering general
r.i. spaces.

Theorem 5.1. Let (Ω, d, µ) be a space of Hardy isoperimetric type. Then
the following statements are equivalent:

(E1) Cheeger’s inequality

∃C > 0 s.t. I(Ω,d,µ) > Ct, t ∈ (0, 1/2].

(E2) Poincaré inequality

∃P > 0 s.t. ‖f −m‖L2(Ω) 6 P ‖f‖L2(Ω) .

(E3) Exponential concentration: for all f ∈ Lip(Ω) with ‖f‖Lip(Ω) 6 1

∃c1, c2 > 0 s.t. µ{|f −m| > t} 6 c1e
−c2t, t ∈ (0, 1).

(E4) First moment inequality: for all f ∈ Lip(Ω) with ‖f‖Lip(Ω) 6 1

∃F > 0 s.t. ‖f −m‖L1(Ω) 6 F.

Theorem 5.2. Let (Ω, d, µ) be a space of isoperimetric Hardy type. Let 1 6
q 6 ∞,, and let N be a Young function such that N(t)1/q

t is nondecreasing
and there exists α > max{ 1

q − 1
2 , 0} such that N(tα)

t is nonincreasing. Then
the following statements are equivalent.

(E5) (LN , Lq) Poincaré inequality holds

∃P > 0 s.t. ‖f −m‖LN (Ω) 6 P ‖f‖Lq(Ω) .
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(E6) Any isoperimetric profile estimator I satisfies: there exists a constant
c > 0 such that

I(t) > c
t1−1/q

N−1(1/t)
, t ∈ (0, 1/2].

The construction of the previous section thus provides a class of spaces
were the previous theorems apply.

6 Some Spaces That Are not of Isoperimetric Hardy
Type

In this section, we show that, unfortunately, not all metric spaces are of
isoperimetric Hardy type.

Let I : [0, 1] → [0,∞) be concave, continuous, increasing on (0, 1/2),
symmetric about the point 1/2, and such that I(0) = 0. Let 0 6 β 6 1.

We say that I has β-asymptotic behavior if lims→0+
I(s)
s1−β exists and lies on

(0,∞).

Theorem 6.1. Suppose that I is of β-asymptotic behavior. Then the follow-
ing assertions hold.

(i) Given 0 < β < 1/2, there is a metric space (Ω0, d, µ) with I(s) '
I(Ω0,d0,µ0)(s), a pair of r.i. spaces X, Y on Ω0, and a constant c = c(X,Y )
such that ∥∥∥∥g −

∫

Ω0

gdµ0

∥∥∥∥
Y

6 c ‖∇g‖X , g ∈ Lip(Ω0),

but QI : X → Y is not bounded.

(ii) Given 0 < β < 1, there is a metric space (Ω1, d1, µ1) such that

I(s) ' I(Ω1,d1,µ1)(s)

and (Ω1, d, µ) is of isoperimetric Hardy type.

Proof. (i) (cf. [13] for a more general result). Let 1 < α < 2,, and let Ω be
an α-John domain on R2 (|Ω| = 1). Then (cf. [11])

IΩ(s) ' sα/2 = s1−(1−α/2), 0 6 s 6 1/2.

Let t > 1 be such that α > t−1, and let r = 2t
α+(1−t) . Note that 1 < t < r.

Then (cf. [12]) ∥∥∥∥g −
∫

Ω

g

∥∥∥∥
Lr

¹ ‖∇g‖Lt .

In this case, the operator QIΩ is given by
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QIΩ
f(t) =

∫ 1

t

u−α/2f(u)du.

Note that QIΩ
is not bounded from Lt to Lr. Indeed, the boundedness of

QIΩ
can be reformulated as a weighted norm inequality for the operator

g → ∫ 1

x
g(u)du; namely,

∥∥∥∥
∫ 1

x

g(u)du

∥∥∥∥
Lr

6 c
∥∥∥g(x)xα/2

∥∥∥
Lt

. (6.1)

It is well known that (6.1) holds if and only if (cf. [20])

sup
a>0

(∫ a

0

1
)1/r (∫ 1

a

(
uαt/2

) −1
t−1

du

) t−1
t

< ∞. (6.2)

Now, since α < 2, it follows that −αt
2(t−1) + 1 < 0, and for a near zero we have

(∫ a

0

1
)1/r (∫ 1

a

(
uαt/2

) −1
t−1

du

) t−1
t

' a1/r
(
a
−αt+2(t−1)

2(t−1) − 1
) t−1

t

' a
(1−t)(α−1)

2t .

Consequently, since (1−t)(α−1)
2t < 0, (6.2) cannot hold.

(ii) We follow Gallot’s method (cf. [10]) in order to construct (Ω1, d1, µ1) .
Let

B(r) =
∫ 1

r

ds

I(s)
, 0 6 r 6 1.

Since I is of β-asymptotic behavior, we see that L = B(0) < ∞. Since B is
decreasing, it has an inverse which we denote by A. Consider the revolution
surface M = (0, L)× S1 (compactified by adjoining the points {0} × S1 and
{L} × S1)) provided with the Riemannian metric

g = dr2 + I(A(r))2dθ2,

where θ ∈ S1 and dθ2 is the canonical Riemannian metric on
(
S1, can

)
. Notice

that I(A(0)) = I(A(L)) = 0. We denote by VolM the volume of (M, g).
Multiplying the metric g by a constant, we can and will assume without loss
that VolM (M) = 1. Denote by IM the isoperimetric profile of (M, g, VolM ).
Then (cf. [10, Appendix A.1.]) we can find a constant c, depending only on
I, such that

cI(s) 6 IM (s) 6 I(s).

‘ Let X, Y be two r.i. spaces on M such that
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∥∥∥∥g −
∫

M

gdVolM

∥∥∥∥
Y

¹ ‖∇g‖X , g ∈ Lip(M).

Let f be a positive Lebesgue measurable function on (0, 1) with suppf⊂
(0, 1/2). Define

u(r, θ1, θ2) =
∫ 1

A(r)

f(s)
ds

I(s)
, (r, θ1, θ2) ∈ M.

It is plain that u is a Lipschitz function on M such that VolM {u = 0} > 1/2.
Hence 0 is a median of u.

On the other hand, recall that (cf. [10, Page 57]) for any domain of revo-
lution Ω(λ) = (0, λ)× S1 ⊂ M we have that

Vol+M (∂Ω(λ)) = I (VolM (Ω(λ))) .

In other words,
A′(r) = I(A(r)).

Therefore,

|∇u(r, θ1, θ2)| =
∣∣∣∣

∂

∂r
u(r)

∣∣∣∣ =
∣∣∣∣−f(A(r))

A′(r)
I(A(r))

∣∣∣∣ = f(A(r)).

Now, since

u∗VolM (t) =
∫ 1

t

f(s)
ds

I(s)
, |∇u|∗VolM

(t) = f∗(t),

from
‖u− 0‖Y ¹ ‖∇u‖X

we deduce that ∥∥∥∥
∫ 1

t

f(s)
ds

I(s)

∥∥∥∥
Y

¹ ‖f‖X ,

as we wished to show. ut
By Theorem 6.1 the verification of a Sobolev–Poincaré inequality cannot

be reduced, in general, to establish the boundedness of the associated isoperi-
metric Hardy operator. However, if the profiles are of β-asymptotic behavior,
we have the following weaker positive result.

Theorem 6.2. Let I be of β-asymptotic behavior (0 < β < 1). Let MI be
the set of metric probability spaces (Ω, d, µ) such that

I(Ω,d,µ) > I.
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Let X, Y be two r.i. spaces on [0, 1]. Then the following statements are equiv-
alent.

1.

inf
(Ω,d,µ)∈Mh

inf
g∈Lip(Ω)

∥∥∥|∇g|∗µ
∥∥∥

X∥∥∥
(
g − ∫

Ω
gdµ

)∗
µ

∥∥∥
Y

= c > 0.

2.
QI : X → Y is bounded. (6.3)

Proof. 1 → 2. Given I of β-asymptotic behavior, consider the revolution
surface M constructed in part (ii) of the previous theorem. Since M ∈ MI ,
by hypothesis:

∥∥∥∥∥
(

g −
∫

Ω

gdµ

)∗

µ

∥∥∥∥∥
Y

6 c
∥∥∥(∇g)∗µ

∥∥∥
X

, g ∈ Lip(M),

which is equivalent to (6.3) since M is of Hardy isoperimetric type.
2 → 1. The implication is a direct consequence of Theorem 3.1. ut
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Gauge Functions and Sobolev
Inequalities on Fluctuating Domains

Eric Mbakop and Umberto Mosco

Dedicated to Professor Vladimir G. Maz’ya

Abstract We study Sobolev inequalities on domains with fluctuating geome-
try. Fluctuations are expressed in terms of suitable sub-linear gauge functions,
typically of iterated logarithmic type. The same gauge function describes the
metric oscillations of the domain, as well as the resulting oscillations ob-
served in the Sobolev exponent. The theory applies to fractal domains dis-
playing random self-similarity. The gauge function is then produced by the
scale fluctuations of the fractal.

1 Introduction

The object of this study is to consider Sobolev and Poincaré inequalities in a
setting including certain fluctuating fractal domains. There is a vast literature
on Sobolev and Poincaré inequalities in metric spaces (cf., for example, [9, 8,
3] and [19]). The aim of these theories is to show that if the volume µ(R) of a
ball BR of radius R has a power growth µ(R) ∼ Rν for some exponent ν > 0,
then for every 1 6 p < ν the Sobolev space W 1,p on BR is imbedded into the
Lebesgue space Lp∗ on a comparable smaller ball, say BR/q for some constant
q > 1 independent of R. The Sobolev exponent p∗ is given by p∗ = ν−p

pν . This
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relation between p and p∗ is the analogue of the one occurring in the familiar
case of Euclidean space of (integer) dimension ν = D ∈ N.

In the more general situation dealt with in this paper, the volume µ(BR)
is subject to fluctuations in R. This affects the Sobolev imbedding by induc-
ing fluctuations on the Sobolev exponent. The main goal of the paper is to
describe these fluctuations in detail.

Following [22], we rely on a two-scale formalism. In addition to power-
scaling, we introduce a finer metric scale, typically of logarithmic type, in-
corporated in a suitable gauge function g.

In our setting, a gauge function is defined to be a (Lipschitz) nondecreasing
function on the real line such that g(0) = 1 and

g(t) 6 g0t
1−ε0 ∀ t > 1 (1.1)

for some constants g0 > 1 and 0 < ε0 6 1.
A significative example, from probability theory, is the function g(n) =

cna(log log n)b, with a < 1 and b > 0, which for large n ∈ N satisfies (1.1)
with 0 < ε0 < 1 − a. We will meet this function in Section 5 in connection
with the fractal examples which motivate our theory.

Related scaling functions are the function

f(R) = exp (cg (c | log R|)) (1.2)

for R > 0 and some constant c > 0 and, given an exponent ν > 0, the
function

Θ(x) = x
(
S(1)

(
R x1/ν

))− ν
ν−1

for x > 0, with
S(1)(r) =

∑

k>0

2−k f(2−kr) , (1.3)

0 < r 6 1.
The function f describes the fluctuations of the volume of balls µ(BR).

The function Θ describes the fluctuations of the Sobolev imbedding. Both
functions f and Θ are build upon the same gauge function g. Therefore,
the two functions together provide a quantitative, explicit description of how
volume fluctuations carry over to summability fluctuations.

We consider functions defined on a space X. We assume X to be a quasi-
metric space, i.e., is a space endowed with a quasidistance. While distances are
Lipschitz continuous functions, quasidistances are Hölder continuous func-
tions. This provides an additional parameter scale. Moreover, we allow for
gradient of functions be only defined in a measure-valued sense, namely as
local energy forms, called Lagrangeans. Both these features, quasidistances
and Lagrangeans, together with the gauged functions mentioned before, play
a crucial role in our applications to fluctuating fractals.

Our main results are stated in Theorems 2.3, 3.1, and 4.1. Theorem 2.3
establishes some summability properties of the gauge functions. Theorem 3.1,
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which refines and extends some results from [22], shows the equivalence of
gauged Sobolev and Poincaré inequalities on the balls of X. Theorem 4.1,
inspired by recent work of Mazy’a and others [17, 18, 6], deals with the
equivalence of gauged Sobolev inequalities with suitable gauged capacitary
inequalities.

All inequalities involve the same gauge function g. Taken together, they
describe the interrelation between the structural fluctuations of the space X
and the analytical fluctuations of the function spaces on X.

Section 2 is dedicated to the study of gauge functions. Section 3 deals with
Sobolev and Poincaré inequalities, Section 4 with Sobolev and capacitary
inequalities, and in Section 5 we give examples of fluctuating domains in
which our results apply.

2 Gauge Functions

A gauge function is a nondecreasing continuous function g on the real line
such that g(0) = g0 > 1 and

g(t) 6 g0t
1−ε0 ∀ t > 1, (2.1)

0 < ε0 6 1. We will have as an additional assumption that g is Lipschitz on
[1,∞), with Lipschitz constant M . We identify g with its constants g0, ε0,
and write g = (g0, ε0). In some parts of our paper, we assume that g satisfies
the following condition

Sub-additivity condition. There exists a constant Cg > 0 and t > 1 such
that for all x, y > t

g(x + y) 6 Cg(g(x) + g(y)). (2.2)

Given a gauge function g, we define an associated scaling function f as
follows:

f(s) ≡ f(f0, f1; s) := exp (f0 g(f1h(s))), s > 0,

where
h(s) = max{1, | log(s)|} (2.3)

with f0 > 0 and f1 > 1 two constants. For such a function f and for a given
R > 0 we consider the function fR defined by

fR = f
(
f0, f1 m(R);

s

m(R)

)
. (2.4)

Here, the function m(R) is defined by

m(R) = max {1, R} . (2.5)
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We identify a scaling function f , associated to the gauge function g, with its
constants f0 and f1 and write f = (f0, f1).

Also associated to the gauge function g is the fluctuation modulus S
(γ)
R

defined for some positive constants R and γ as

S
(γ)
R (r) =

∑

k>0

2−γkfR(2−kr). (2.6)

It is important to note that f is nonincreasing on (0, e) and fR is nonincreas-
ing on (0, em(R)).

Also, the scaling function f satisfies

f(qs) 6 f(f0, f1m(q); s) (2.7)

for all q, s > 0.
We proceed by giving some estimates on the growth of the fluctuation

modulus Sγ
R near the origin.

Proposition 2.1. Let R0 > 0 and γ > 0 be given constants. Let f be a
scaling function associated to a gauge function g = (g0, ε0) with constants
f0 > 0 and f1 > 1. Then there exists two positive constants C0, C1 > 0 such
that for all 0 < R 6 R0 we have

S
(γ)
R (r) 6 C0 exp

(
C1

(
log

(m(R)
r

))1−ε0)

for all 0 < r 6 min
{

R,
m(R)

e

}
, (2.8)

where

C1 = f0g0(f1m(R0))1−ε0 , C0 =
∑

k>0

2−γk exp (C1(k log 2)1−ε0).

Proof. Let 0 < r 6 min
{
R, m(R)

e

}
, and 0 < R 6 R0. We have

S
(γ)
R (r) =

∑

k>0

2−γkfR(2−kr)

=
∑

k>0

2−γk exp
(
f0g

(
f1m(R) log

2km(R)
r

))

=
∑

k>0

2−γk exp
(
f0g

(
f1m(R)

(
k log 2 + log

m(R)
r

)))

6
∑

k>0

2−γk exp
(
f0g

(
f1m(R0)

(
k log 2 + log

m(R)
r

)))
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6
∑

k>0

2−γk exp
(
f0g0

(
f1m(R0)

(
k log 2 + log

m(R)
r

))1−ε0)

6
∑

k>0

2−γk exp
(
C1(k log 2)1−ε0 + C1

(
log

m(R)
r

)1−ε0)

= C0 exp
(
C1

(
log

(m(R)
r

))1−ε0)
.

Note that we used the fact that g is increasing, g(t) 6 g0t
1−ε0 for all t > 1,

and 0 < ε0 6 1. Now, it only remains to show that C0 is finite.
Since 0 < ε0 6 1, there exists K∗ ∈ N such that for all k > K∗ we have

1
kε0

<
γ(log 2)ε0

2C1
.

Hence

C0 <
∑

k<K∗
2−γk exp(C1(k log 2)1−ε0) +

∑

k>K∗
2−

kγ
2 < ∞,

where the second term is part of a geometric sum. ut

Corollary 2.2. For all R > 0 and for all β > 0 the fluctuation modulus
satisfies

Sγ
R(r) 6 C0

(m(R)
r

)β

for all 0 < r 6 min
{

R,
m(R)

e
, m(R) exp

(
−

(C1

β

) 1
ε0

)}
, (2.9)

where

C1 = f0g0(f1m(R))1−ε0 , C0 =
∑

k>0

2−γk exp(C1(k log 2)1−ε0).

Proof. The inequality follows from the fact that

C1(log
m(R)

r
)1−ε0 6 β log

m(R)
r

if r 6 m(R) exp(−(C1/β)
1

ε0 ). ut
We define a function φR related to the gauge function g that will be used

in the statement of our results. For R > 0 and 0 < γ < ν let φR := φν,γ
R be

defined by
φR(x) = x

(
S

(γ)
R (Rx

1
ν )

)− ν
ν−γ (2.10)
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We establish some summability properties of the function φR.

Theorem 2.3. Let R0 and R1 be two given positive constants that satisfy
0 < R0 6 R1. Then for all p > 1 with 1

p + 1
p′ = 1 and for all R such that

R0 6 R 6 R1 the functions (φ′R)−
1
p belong to Lp′((0, 1)) with Lp′ − norm

uniformly bounded by a constant Cp = Cp(p, R0, R1), i.e.,

(∫ 1

0

(φ′R(x))1−p′dx

) 1
p′

6
(∫ 1

0

(
x

φR(x)

)p′−1

dx

) 1
p′

6 Cp. (2.11)

Here, φ′R denotes the derivative of φR. If, in addition, g satisfies the sub-
additivity condition, then for all R1 > 0 and p > 1 there exists C̃p =
C̃p(p,R1) > 0 such that

(∫ 1

0

(φ′R(x))1−p′dx

) 1
p′

6 C̃pf̃(R) ∀ 0 < R 6 R1. (2.12)

Here, the new scaling function f̃ is related to the original scaling function
f = (f0, f1) by

f̃ = (
Cgζ

p
f0, f1), ζ =

ν

ν − γ
.

Proof. We first prove that φ′R exists almost everywhere (a.e) on the interval
(0, 1). With that end in mind, we first show that for all R > 0, γ > 0, and
0 < r0 < R the sequence of partial sums (m)S

(γ)
R defined by

(m)S
(γ)
R (r) =

k=m∑

k=0

2−γkfR(2−kr)

converges uniformly to S
(γ)
R on [r0, R].

In fact,

(S(γ)
R −(m) S

(γ)
R )(r) =

1
2γ(m+1)

S
(γ)
R (

r

2m+1
).

Since S
(γ)
R is nonincreasing, we get

‖S(γ)
R −(m) S

(γ)
R ‖L∞([r0,R]) 6 1

2γ(m+1)
S

(γ)
R

( r0

2m+1

)
→ 0 as m →∞,

where the limit is obtained as a consequence of Corollary 2.2. Hence the con-
tinuity of the partial sums (m)S

(γ)
R on (0, R] implies that of S

(γ)
R on (0, R].

Since g is Lipschitz, every partial sums (m)S
(γ)
R is differentiable almost every-

where on (0, R). Let (m)S
′(γ)
R denote the first order derivative of (m)S

(γ)
R . We

have
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(m)S
′(γ)
R (r) = −CR

r

k=m∑

k=0

g′(f1m(R) log
(2km(R)

r

)
)2−γkfR(2−kr)

for 0 < r < min
{
R, m(R)

e

}
, where CR = f0f1m(R). Define ψR as follows:

ψR(r) = −CR

r

∞∑

k=0

g′(f1m(R) log
(2km(R)

r

)
)2−γkfR(2−kr)

for 0 < r < min
{
R, m(R)

e

}
. Using an argument similar to the one above, we

obtain

‖ψR −(m) S
′(γ)
R ‖

L∞([r0,
max{1,R}

e ])
6 C̃R

r0

1
2γ(m+1)

S
(γ)
R

( r0

2m+1

)
→ 0 as m →∞

for all 0 < r0 < min
{
R, m(R)

e

}
. Here, C̃R = MCr, where M is the Lip-

schitz constant of g. Therefore, S
(γ)
R is differentiable almost everywhere

on
(
0, min

{
R, m(R)

e

})
and its derivative, which we denote by S

′(γ)
R , is the

function ψR. Note that if min
{
R, m(R)

e

}
< R, then S

′(γ)
R (r) ≡ 0 for all

x ∈ [
min

{
R, m(R)

e

}
, R

)
.

Now,
φR(x) =

x

(S(γ)
R (Rx

1
ν ))ζ

with ζ = ν
ν−γ . Differentiating with respect to x, we obtain

(φ′R(x))−1 =
(S(γ)

R (Rx
1
ν ))ζ+1

S
(γ)
R (Rx

1
ν )− ζ

ν Rx
1
ν S

′(γ)
R (Rx

1
ν )

a.e x ∈ (0, 1). Using the fact that S
′(γ)
R (Rx

1
ν ) 6 0 and S

(γ)
R (Rx

1
ν ) > 1, a.e

x ∈ (0, 1), we get

(φ′R(x))−1 6
(
S

(γ)
R (Rx

1
ν )

)ζ

=
x

φR(x)

a.e x ∈ (0, 1). Therefore,

∫ 1

0

(φ′R(x))−
p′
p dx 6

∫ 1

0

(S(γ)
R (Rx

1
ν ))ζ(p′−1)dx

=
ν

Rν

∫ R

0

(S(γ)
R (x))ζ(p′−1)xν−1dx

6 ν

Rν
0

∫ R1

0

(S(γ)
R1

(x))ζ(p′−1)xν−1dx = Cp′
p < ∞
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for all R0 6 R 6 R1. Here, the finiteness follows from Corollary 2.2 and
the fact that S

(γ)
R is continuous for all R > 0. Note that we have use the

inequality Sγ
R(x) 6 Sγ

R1
(x) which holds for all x ∈ (0, e).

If we assume, in addition, that g satisfies the sub-additivity condition, then
the growth of the Lp′-norm of (φ′R(x))−

1
p as R tends to zero can be controlled

by the gauge function f as follows: For R 6 1/e

( ∫ 1

0

(φ′R(x))−
p′
p dx

) 1
p′ 6

( ∫ 1

0

(S(γ)
1 (Rx

1
ν ))ζ(p′−1)

) 1
p′

6 f̃(R)
( ∫ 1

0

(S(γ)
1 (x

1
ν ))ζ(p′−1)

) 1
p′

dx = f̃(R)C,

where we used the inequality

f
(Rx

1
ν

2k

)
6

(
f̃(R)f̃

(x
1
ν

2k

)) p
ζ

.

Note that Corollary 2.2 gives that

( ∫ 1

0

(S(γ)
1 (x

1
ν ))ζ(p′−1)

) 1
p′ = C < ∞.

Hence, given R1 > 0, (2.12) holds with C̃P = max
{
Cp(p, 1

e , R1), C
}
. ut

Remark. If g is unbounded,

lim
R→0

∫ 1

0

(φ′R(x))−
p′
p dx = ∞.

Indeed, for all R < 1 we have

∫ 1

0

(φ′R(x))−
p′
p dx > C

ν

Rν

∫ R

0

(S(γ)
1 (x))ζ(p′−1)xν−1dx,

where C = (1 + f0f1Mζν−1)1−p′ . Now,

lim
R→0

ν

Rν

∫ R

0

(S(γ)
1 (x))ζ(p′−1)xν−1dx = lim

R→0
(S(γ)

1 (R))ζ(p′−1)

> lim
R→0

Cγ (f1(R))ζ(p′−1) = ∞,

where Cγ =
(

2γ

2γ−1

)ζ(p′−1). Therefore, (2.12) is an estimate of the divergence
of the integral as R → 0.

In the subsequent sections, we will make repeated use of the following
lemma.
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Lemma 2.4. For all δ > 0 define C(δ) as

C(δ) =
1

1 + | log(δ)| . (2.13)

Let f (δ) be related to the scaling function f = (f0, f1) by f (δ) = (f0, C
(δ)f1).

Let φ
(δ)
R be obtained from φR according to (2.3) by replacing f with f (δ). Then

for every a, b ∈ [0, 1] and δ > 0 the following inequalities hold:

φR(δa) 6 δφ
(δ)
R (a), (2.14)

φR(a + b) 6 2(φ(2)
R (a) + φ

(2)
R (b)). (2.15)

Proof. Let h be defined as in (2.3). Then for every positive δ the following
inequality holds:

h(δx) > C(δ)h(x) ∀ x > 0 (2.16)

with C(δ) as defined above. The proof is straightforward and we omit the
details.

We first prove (2.14). From (2.16) it follows that

fR(δx) = f
(
f0, f1m(R);

δx

m(R)

)
> f

(
f0, f1C

(δ)m(R);
δx

m(R)

)
= f

(δ)
R (x).

Therefore,
S

(γ)
R (δx) >(δ) S

(γ)
R (r),

where (δ)S
(γ)
R is obtained from S

(γ)
R in (2.6) by replacing the scaling function

f with f (δ). The inequality (2.14) easily follows from the definition of φR.
We now prove that (2.14) implies (2.15). If a 6 b, as φR is nondecreasing,

from (2.14) we get

φR(a + b) 6 φR(2b) 6 2φ
(2)
R (b).

Therefore, φR(a + b) 6 2max{φ(2)
R (a), φ(2)

R (b)} 6 2(φ(2)
R (a) + φ

(2)
R (b)) ut

3 Gauged Poincaré Inequalities

In recent years, Sobolev and Poincaré inequalities have been extensively used
and investigated by several authors in a variety of abstract setting. Some
of the ideas used in these extensions date back to the work of Maz’ya [16],
Hedberg [11], more recently, Long-Nie [13]. A general presentation of Sobolev
inequalities and their applications can be found, for example, in [27]. For re-
cent developments in regard to Sobolev inequalities in metric spaces, we refer
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to the survey of Hajlasz–Koskela [9] and to Heinonen [12] (cf. also the recent
collection [19] edited by V. Maz’ya, devoted to Sobolev type inequalities).

In this section, we begin by describing the general setting of gauged homo-
geneous spaces which was first introduced in [22]. We then go on to establish
the equivalence between gauged Sobolev and gauged Poincaré inequalities
in that setting. The results we obtain are an extension to those obtained in
[14], where the gauge function g is constant. The general setting of a gauged
homogeneous space X is defined by the following properties:

H1 X is a locally compact space endowed with a quasidistance d, whose
balls form a basis of open neighborhoods in X. Here, a quasidistance d is
a function on the set X that has all the usual properties of a metric with
the exception that we only have the following weaker form of the triangle
inequality:

d(x, y) 6 cT (d(x, z) + d(z, y)) (3.1)

for all x, y, z ∈ X, with cT > 1.

H2 µ ∈ M+ satisfies the following gauged eccentric volume doubling con-
dition on all balls B = B(z, R) ⊂⊂ X: for all x ∈ B(z, σR) such that
B(x, r) ⊂ B(z, R) ⊂⊂ X

µ(B(z, R))
µ(B(x, r))

6 CE

(R

r

)ν

f(r)f(R), (3.2)

where CE and ν are fixed positive constants, 0 < σ < 1, M+ is the space
of nonnegative radon measures on X, and f = (f0, f1) is a scaling function
associated with a given gauge function g as defined in (2.1).

We will equip our space X with a p-Lagrangean L(p), p > 1, having the
following properties:

L1 L(p) : C −→ M+ is a map which associates to each function u from a
given subalgebra C of C(X) a measure L(p)[u] ∈M+.

L2 For all u ∈ C and g ∈ C1(R), with g′ bounded, g(u) ∈ C and L(p)[g(u)] 6
max |g′(u)|pX{g′ 6=0}L(p)[u], where XA represents the characteristic function
of the set A.

Remark. 1. In the general definition of homogeneous spaces [4, 24], only a
similar concentric volume doubling condition is assumed, but for simplicity
we will assume the eccentric condition stated above since it is the main tool
used in our proofs. If the gauged eccentric volume doubling condition stated
above does not hold for all the precompact balls in our space X, our results
will be restricted to the “nice” balls where it holds.

2. Property L2 is a form of weak chain rule and expresses the gradient like
dependence of the measure L(p)[u] on the potential u.
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We now introduce a class of measures on X that we will refer to as measure
weights. This class of measure weights generalizes the Eucledian so-called A∞
Muckenhoupt weights.

Definition. A measure weight w in a ball B of the gauged quasimetric space
X is a measure w ∈M+(X) satisfying for some constants cw > 1 and β > 0,
the following gauged volume growth condition:

w(Br)
w(B)

6 cw
µ(Br)
µ(B)

(
R

r

)β

f(R)f(r) (W)

for every ball Br = B(y, r) ⊂ B = B(z, R), 0 < r 6 R, with the same scaling
function f used in the gauged eccentric volume growth condition.

Note that the measure weights w are not required to have an L1 density
with respect to the underlying measure µ.

We now define a function ΘR related to the gauge function g and the
measure weights w as

ΘR = Θν,α,β
R = φν,α−β

R , (3.3)

where φR is as defined in (2.10), and β is the exponent of a measure weight
w.

In what follows, Rd(B) denotes the radius of a ball B, i.e.,

Rd(B) = a ⇒ ∃ x ∈ X such that B = B(x, a)

and

|B| := µ(B), uB := |B|−1

∫

B

u dµ, τB := B(x, τa) ∀ τ > 0.

Our main result in this section is the equivalence between gauged Sobolev
inequalities and gauged first order Poincaré inequalities, as well as the equiva-
lence between first order and higher order gauged Poincaré inequalities. These
results are summarized in the following theorem.

Theorem 3.1. Let 1 6 p < ν/α, let R0 > 0 be given constants, and let g be
a given gauge function that satisfies the subaddivity condition. Let (X , µ,L)
satisfy the assumptions H1, H2, L1 and L2. Let p∗ and p∗β (Sobolev exponent
associated to the measure weight w) be the Sobolev exponents defined by

p∗ =
pν

ν − αp
, p∗β = p∗

ν − α

ν − α + β
,

and let f be scaling functions associated with the given g and suitable con-
stants f0 and f1. Then the following conditions are equivalent.

(1) The following inequalities hold:
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−
∫

B

|u− uB |dµ 6 CpR
αf(R)

(
1

|τB|
∫

τB

dL(p)[u]
) 1

p

(3.4)

for every u ∈ C and for every ball B with 0 < R = Rd(B) 6 R0, for suitable
constants τ > 1 and Cp > 0, independent of u and B.

(2) The following inequalities hold:

( ∫ ∞

0

ΘR

(w(x ∈ σB| |u− η| > t)
w(B)

)
d(tp

∗
β )

) 1
p∗

β

6 CSRαf(R)
( 1
|B|

∫

B

dL(p)[u]
) 1

p

(3.5)

for every u ∈ C and for every ball B with 0 < R = Rd(B) 6 R0, where
0 < cT σ τ < 1 and CS > 0 are suitable constants independent of u and
B. Here, w is any measure weight that satisfies (W) with 0 6 β < α and
η = η(B, u) is a constant that depends both on the ball B and the function u.

(3) The following inequalities hold:

(
−
∫

B

|u− uB |qdµ

) 1
q

6 Cp,qR
αf(R)

(
1

|τB|
∫

τB

dL(p)[u]
) 1

p

(3.6)

for every 1 6 q < p∗, for every u ∈ C, and for every ball B with 0 < R =
Rd(B) 6 R0, where τ > 1 and Cp,q > 0 are suitable constants independent
of u and B.

This theorem is a consequence of Theorem 3.2 ((1) implies (2)) and The-
orem 3.3 ((2) implies (3)) stated below. These two theorems provide also
additional information about the mutual relation between the constants and
the gauged functions occurring in the inequalities of Theorem 3.1.

Theorem 3.2. Let w be a measure weight that satisfies (W ) with exponent
β, 0 6 β < α, and let R0 > 0 be a fixed constant. Suppose there exists Cp > 0,
τ > 1 and 1 6 p < ν

α , such that

−
∫

B

|u− uB |dµ 6 CpR
αf(R)

(
1

|τB|
∫

τB

dL(p)[u]
) 1

p

(3.7)

for all u ∈ C and for every ball B with Rd(B) 6 R0. Then there exists Cs > 0
such that

( ∫ ∞

0

ΘR

(w(x ∈ σB| |u− η| > t)
w(B)

)
d(tp

∗
β )

) 1
p∗

β
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6 CsR
αf(R)

( 1
|B|

∫

B

dL(p)[u]
) 1

p

(3.8)

for all u ∈ C and for every ball B with Rd(B) 6 R0. Here, σ is a fixed
constant satisfying 0 < cT σ τ < 1 and η = η(B, u) is a constant that depends
both on the ball B and the function u.

Proof. Let Y = (Y, µ) be a measure space. Let 1 6 q < ∞, 1 6 a 6 b <
∞ and Θ be a nondecreasing continuous function on [0,∞). We define the
Lorentz type spaces Lq,a

Θ = Lq,a
Θ (Y, µ) as the set of all measurable functions

ν on Y such that
∫ ∞

0

tq(Θ(µ({|ν| > t}))) a
q
dt

t
< ∞.

As in the classical case, we have the continuous inclusion

Lq,a
Θ ⊂ Lq,b

Θ , 1 6 a 6 b < ∞. (3.9)

Also, we define Lq
Θ = Lq,q

Θ . When Θ(s) = s, the preceding spaces coincide
with the classic Lorentz spaces Lq,a, Lq = Lq,q. It is shown in [22, Theorem 3]
that, in our setting and under the assumptions of Theorem 3.2, the following
inequality holds:

∫ ∞

−∞
|t|p−1

(
ΘR

(w(x ∈ σB| u−η
t > 1)

w(B)

)) p
p∗

βdt 6 CRαpf(R)
1
|B|

∫

B

dL(p)[u]

(3.10)
for a fixed positive constant C, where η = η(B, u) is a constant that depends
both on the ball B and the function u. Note that Lemma 2.4 gives

Θ̃R

(w(x ∈ σB| |u− η| > t)
w(B)

)
6 2

(
ΘR

(w(x ∈ σB| u− η > t)
w(B)

)

+ ΘR

(w(x ∈ σB| u− η < −t)
w(B)

))
,

where Θ̃R is defined as in (3.3) with scaling function f̃ =
(
f0,

f1
C(2)

)
. Hence

∫ ∞

0

tp−1

(
Θ̃R

(
w(x ∈ σB| |u− η| > t)

w(B)

)) p
p∗

β

dt

6 2
∫ ∞

−∞
|t|p−1

(
ΘR

(
w(x ∈ σB| u−η

t > 1)
w(B)

)) p
p∗

β

dt.

Combining this inequality with the inclusion (3.9) (where q = p∗β , a = p, and
b = p∗β) and the inequality (3.10) gives
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∫ ∞

0

Θ̃R

(w(x ∈ σB| |u− η| > t)
w(B)

)
d(tp

∗
β )

6 CRαp∗β
(f(R)
|B|

∫

B

dL(p)[u]
) p∗β

p

(3.11)

for some new constant C. ut
Theorem 3.3. Suppose there exists Cs > 0 and p > 1, 1 6 p < ν/α such
that

( ∫ ∞

0

φR

(µ({x ∈ σB| |u− η| > t})
µ(B)

)
d(tp

∗
)
) 1

p∗

6 CsR
αf(R)

( 1
|B|

∫

B

dL(p)[u]
) 1

p

(3.12)

for all u ∈ C and for every ball B. Here, σ is a fixed constant satisfying
0 < cT σ < 1 and η = η(B, u) is a constant that depends both on the ball B
and the function u.

Then for every pair of positive constants R0 and R1 satisfying 0 <
R0 < R1, and for all 1 6 q < p∗, there exists a constant Cq > 0,
Cq = Cq(q, p∗, R0, R1), such that

(
−
∫

B

|u− uB |qdµ
) 1

q 6 CqR
αf(R)

( 1
|τB|

∫

τB

dL(p)[u]
) 1

p

(3.13)

for all u ∈ C and for every ball B such that R0 6 Rd(B) 6 R1. Here, τ is
any constant satisfying τ > 1

σ .
If, in addition, g satisfies the sub-additivity condition, then for all u ∈ C

and for all balls B such that 0 < Rd(B) 6 R1, the inequality (3.13) holds
with a new constant Cq depending only on q, p∗, and R1, and with a new
scaling function f ′ that is a power of the original scaling function f , f ′(r) =
(f(r))C2 with

C2 = 1 +
1
q

+
Cg

q
+

Cgν

pq(ν − α)
.

Proof. Fix u ∈ C and a ball B that verifies R0 6 R = Rd(B) 6 R1. Let
σ̃ = 1

σ and define the function u∗ as:

u∗(s) = sup
{

t > 0 :
µ({x ∈ B : |u− η| > t})

µ(σ̃B)
> s

}
.

Note that u∗ is a nonincreasing function on (0, 1) that has the same dis-
tribution with respect to the Lebesgue measure as u with respect to the
measure µ(·)

µ(σ̃B) . Set b = p∗

q and define b′ to be the conjugate exponent of b,
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i.e., 1/b + 1/b′ = 1. We have

−
∫

B

|u− uB |qdµ 6 2q−
∫

B

|u− uσ̃B |qdµ = 2q µ(σ̃B)
µ(B)

−
∫

σ̃B

|u− uσ̃B |qdµ

6 22q µ(σ̃B)
µ(B)

−
∫

σ̃B

|u− η|qdµ = 22q µ(σ̃B)
µ(B)

∫ 1

0

u∗(s)qds

= 22q µ(σ̃B)
µ(B)

∫ 1

0

u∗(s)q(φ′R(s))
1
b (φ′R(s))−

1
b ds

6 22q µ(σ̃B)
µ(B)

(∫ 1

0

(φ′R(s))−
b′
b ds

) 1
b′ (∫ 1

0

u∗(s)p∗φ′R(s)ds

) q
p∗

. (3.14)

Note that we used the Hölder inequality (b > 1). We then obtain

−
∫

B

|u− uB |qdµ

6 4q µ(σ̃B)
µ(B)

( ∫ 1

0

(φ′R(s))−
b′
b ds

) 1
b′

( ∫ ∞

0

φR

(µ(x ∈ B| |u− η| > t)
µ(σ̃B)

)
d(tp

∗
)
) q

p∗

6 C1

( ∫ ∞

0

φR

(µ(x ∈ B| |u− η| > t)
µ(σ̃B)

)
d(tp

∗
)
) q

p∗
,

where C1 = 4qCE σ̃νC0Cb with Cb = Cb(b,R0, R1) defined as in (2.11) and
C0 = maxR06R6R1 f(σ̃R)f(R). Combining this inequality with (3.12) gives

(
−
∫

B

|u− uB |qdµ
) 1

q 6 CqR
αf(R)

( 1
|τB|

∫

τB

dL(p)[u]
) 1

p

with Cq = CsC
1
q

1 and τ = σ̃.
If, in addition, g satisfies the sub-additivity condition, then Theorem 2.3

gives

µ(σ̃B)
µ(B)

(∫ 1

0

(φ′R(s))−
b′
b ds

) 1
b′

6 CE σ̃νf(σ̃R)f(R)C̃bf̃(R)

6 CE σ̃ν f̃(σ̃)
p
ζ f̃(R)

p
ζ f(R)C̃bf̃(R). (3.15)

Therefore,

(
−
∫

B

|u− uB |qdµ
) 1

q 6 C ′qR
α(f̃(R)

p
ζ f(R)f̃(R))

1
q f(R)

( 1
|τB|

∫

τB

dL(p)[u]
) 1

p
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= C ′qR
αf ′(R)

( 1
|τB|

∫

τB

dL(p)[u]
) 1

p

,

where C ′q = 4Cs(CE σ̃νCb)
1
q and f = (C2f0, f1), C2 = 1 +

1
q

+
Cg

q
+

Cgζ

pq
,

with Cb and ζ as defined in Theorem 2.3. ut

4 Gauged Capacitary Inequalities

In this section, we establish the equivalence between gauged Sobolev inequal-
ities and certain gauged capacitary inequalities. These results are inspired by
the seminal work of Vladimir Maz’ya in this field, in particular to the pa-
pers [17, 18]. The results are also influenced by the work of Fukushima
and Uemura [6]. While the inequalities in the previous papers are global, the
inequalities we obtain in this section are scaled inequalities on possible fluctu-
ating quasimetric ball as in the setting of the previous section. The setting in
this section is the same as in Section 3. Moreover we assume that, in addition
to conditions L1 and L2, our p-Lagrangean satisfies the following condition:

L3 For every compact set K and every open set A such that K ⊂ A there
exists α ∈ CA such that α|K ≡ 1. Here, CA = {u ∈ C such that u|Ac ≡ 0}
for any open set A in X, where Ac denotes the complement of A in X.

We consider the capacity function associated to the p-Lagrangean L(p)

which is defined in the following way:

Definition. For arbitrary compact sets K and open sets A such that K ⊂ A
we define the capacity of K relative to A as follows:

capp(K, A) = inf
u∈AK,A

∫

X

dL(p)[u],

where AK,A = {nonnegative u ∈ C such that u > 1 on K and u ≡ 0 on Ac}.
We now proceed to establish an equivalence between Sobolev and capac-

itary inequalities. As already mentioned, simplified gloval versions of these
inequalities were obtained by Maz’ya [17, 18] and by Fukushima and Uemura
[6] in different settings. Our proof is an adaptation of theirs to our setting.

Theorem 4.1. Let w be a measure weight with exponent β satisfying 0 6
β < 1, and let p∗ =

pν

ν − p

ν − 1
ν − 1 + β

be the associated Sobolev exponent. The

following conditions are equivalent on (X,L).

(1) There exists Cs > 0 such that
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( ∫ ∞

0

ΘR

(w(x ∈ σB| |u| > t)
w(B)

)
d(tp

∗
)
) 1

p∗

6 CsRf(R)
( 1
|B|

∫

B

dL(p)[u]
) 1

p

(4.1)

for all u ∈ CB and for every ball B such that 0 < R = Rd(B) 6 R0. Here, σ
is a fixed constant satisfying 0 < cT σ τ < 1.

(2) There exists a constant Cc > 0 such that

ΘR

(
w(K)
w(B)

) 1
p∗

6 CcRf(R)
(

capp(K,σB)
µ(B)

) 1
p

(4.2)

for every ball B and for all K ⊂ σB such that K is compact.

Proof. (1) ⇒ (2) For u ∈ AK,σB , with K ⊂ σB we have

ΘR

(
w(K)
w(B)

) 1
p∗

6
( ∫ 1

0

ΘR

(
w(x ∈ σB| |u| > t)

w(B)

)
d(tp

∗
)
) 1

p∗

6 CsRf(R)
(

1
|B|

∫

B

dL(p)[u]
) 1

p

.

We obtain the implication by minimizing the right-hand side over all admis-
sible u.

(2) ⇒ (1) Let u ∈ CσB and for each j ∈ Z, let M+
j :=

{
x ∈ B|u(x) > 2j

}
,

M−
j :=

{
x ∈ B| − u(x) > 2j

}
. Define accordingly the functions u+

j , u−j as
follows:

u+
j = φ

( u

2j

)
, u−j = φ

(−u

2j

)
.

Here, φ is a C1 function on R such that φ = 0 on [−∞, 1/2], φ = 1 on
[1,∞), and the inequalities 0 < φ < 1, 0 6 φ′ 6 4 hold on (1/2, 1). It can
be easily shown that u+

j ∈ AM+
j ,σB and u−j ∈ AM−

j ,σB . In addition, u+
j = 0

on
(
M+

j−1

)c
and u−j = 0 on

(
M−

j−1

)c
. Combining all these observations, we

obtain
( ∫ ∞

0

ΘR

(
w(x ∈ σB| |u| > t)

w(B)

)
d(tp

∗
)
) 1

p∗

6
(
(2p∗ − 1)

j=∞∑

j=−∞
2p∗jΘR

(
w(x ∈ σB| |u| > 2j)

w(B)

)) 1
p∗

6
(
(2p∗ − 1)

j=∞∑

j=−∞
2p∗jΘR

(
w(M+

j )
w(B)

+
w(M−

j )
w(B)

)) 1
p∗
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6
(
2(2p∗ − 1)

j=∞∑

j=−∞
2p∗j

(
Θ

(2)
R

(
w(M+

j )
w(B)

)
+ Θ

(2)
R

((w(M−
j )

w(B)

))) 1
p∗

6 CRf
′
(R)µ(B)−

1
p

( j=∞∑

j=−∞
2p∗j

(
capp,σB(M+

j )
p∗
p + capp,σB(M−

j )
p∗
p

)) 1
p∗

,

where C = Cs(2(2p∗ − 1))
1

p∗ and capp,B(·) = capp(·, B). Now, since u+
j ∈

AM+
j ,σB and u−j ∈ AM−

j ,σB , we have

( ∫ ∞

0

ΘR

(
w(x ∈ σB| |u| > t)

w(B)

)
d(tp

∗
)
) 1

p∗

6 CRf ′(R)µ(B)−
1
p

( j=∞∑

j=−∞
2p∗j (I + II)

) 1
p∗

,

where

I =

(∫

M+
j−1\M+

j

dL(p)[u+
j ]

) p∗
p

and

II =
( ∫

M−
j−1\M−

j

dL[u−j ]p
) p∗

p

6 CRf ′(R)µ(B)−
1
p

( j=∞∑

j=−∞

((∫

M+
j−1\M+

j

dL(p)[u]
) p∗

p

+
( ∫

M−
j−1\M−

j

dL(p)[u]
) p∗

p
)) 1

p∗
.

Using the fact that p∗/p > 1, we get

( ∫ ∞

0

ΘR

(w(x ∈ σB| |u| > t)
w(B)

)
d(tp

∗
)
) 1

p∗

6 CRf ′(R)µ(B)−
1
p

( j=∞∑

j=−∞

( ∫

M+
j−1\M+

j

dL(p)[u] +
∫

M−
j−1\M−

j

dL(p)[u]
)) 1

p

= CRf ′(R)µ(B)−
1
p

( ∫

B

dL(p)[u]
) 1

p

.

The proof is complete. ut



Gauge Functions and Sobolev Inequalities 317

5 Fluctuating Domains

To motivate our theory, we construct in this section a simple example of a
gauged homogeneous space with a nonconstant gauge function of logarithmic
type. The example is obtained by constructing in the plane a family of fluc-
tuating curves of von Koch type. Our example is taken from [22]. A similar
construction with curves of Sierpinski type is given in [21].

Let α be a fixed constant, 2 < α 6 4. Consider the planar points A = (0, 0),

B = ( 1
α , 0), C = ( 1

2 ,
√

1
α − 1

4 ), D = (1 − 1
α , 0), F = (1, 0) and the segments

I = [A,F ], I1 = [A, B], I2 = [B, C], I3 = [C,D] and I4 = [D,F ]. Here, for
x, y ∈ R2, [x, y] := {z ∈ R2|z = λx + (1 − λ)y, 0 6 λ 6 1}. Note that the
segments I1, I2, I3, and I4 all have length 1/α. We refer to the constant α

as the contraction factor. Let F
(α)
i be the similitude that carries the interval

I into the segments Ii and define the set-to-set function F (α) as follows:

F (α)(E) =
4⋃

i=1

F
(α)
i (E) for E ∈ R2. (5.1)

It can be shown that there is a unique compact set K that is F (α) invariant,
i.e., F (α)(K) = K. We now construct a family of Koch curves K(ξ) indexed by
the binary sequence ξ ∈ {0, 1}N. Let us first fix two values of the contraction
factor α, namely 2 < α0 6 α1 6 4. For each value of αj , j ∈ {0, 1} we denote
by F

(j)
i := F

(αj)
i the corresponding similitudes and by F (j) the corresponding

set-to-set functions. For ξ = (ξ1, ξ2, ξ3, . . .) ∈ {0, 1}N we set F
(ξ)
n := F (ξ1) ◦

. . . ◦ F (ξn) and Vn by V
(ξ)
n := F

(ξ)
n (V0) where V0 = {(0, 0), (1, 0)} is the

“boundary” of the Koch curve. The Koch curve associated to the binary
sequence ξ, K(ξ) is defined by

K(ξ) = cl
( ∞⋃

n=0

V (ξ)
n

)
, (5.2)

where cl(A) denotes the closure of a set A. We approximate the Koch curve
K(ξ) by a sequence of graphs Γn with vertices Vn and edge relation p ∼n q
defined by

p ∼n q if {p, q} = F
(ξ1)
i1

◦ F
(ξ2)
i2

◦ . . . ◦ F
(ξn)
in

(5.3)

for some finite sequence (i1, i2, . . . , in), where ij ∈ {1, 2, 3, 4}, j = 1, 2, . . . , n.
Note that the sequence of sets V

(ξ)
n is monotonically increasing. We now

define a measure µ(ξ) and Lagrangean L(ξ) associated to the binary sequence
ξ as follows: for every φ ∈ C(K(ξ)) we set

∫

K(ξ)
φdµ(ξ) = lim

n→∞
4−n

2

∑

p∈V
(ξ)

n

φ(p) (5.4)
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and
∫

K(ξ)
φdL(ξ)(u, v) = lim

n→∞
4n

2

∑

p∈V
(ξ)

n

φ(p)
∑

p∼nq

(u(p)− u(q))(v(p)− v(q)), (5.5)

where u, v ∈ DL(ξ) :=
{

u ∈ C(K(ξ))
∣∣∣
∫

K(ξ)
dL(ξ)(u, u) < +∞

}
. Note that in

the notation of this section, the index ξ in the Lagrangean denotes its de-
pendence on the sequence ξ, not “summability” index p of the Lagrangean
as in Sections 3 and 4. Indeed, all Lagrangeans mathcalL(ξ) of this section
are 2-Lagrangeans of quadratic type, as defined in Section 3.

For each ξ we consider the frequency by which each contraction F (j) occurs
in the finite sequence ξ|n := (ξ1, ξ2, . . . , ξn), i.e.,

h
(ξ)
j (n) =

1
n

n∑

k=1

I{ξk=j} (5.6)

and set pj = limn→∞ h
(ξ)
j (n). Note that 0 6 p0, p1 6 1 and p0 + p1 = 1. The

gauge function g as defined in Section 2 will determine the rate at which h
(ξ)
j

converges to pj :

|h(ξ)
j − pj | 6 g(n)

n
∀ n > 1. (5.7)

We now define a quasidistance d(ξ) on K(ξ). For x, y ∈ K(ξ) let

d(ξ)(x, y) = ‖x− y‖δ(ξ)
, (5.8)

where ‖ . ‖ denotes the Euclidean norm in the plane and

δ(ξ) =
log 4

p0 log α0 + p1 log α1
.

It can be shown [21, Theorems 4 and 5] that there exists a constant c > 1,
depending only on the contraction factors α0 and α1, such that for every ξ
and for all 0 < r 6 R the following gauged volume growth condition and
Poincaré inequality hold:

1
c

r

fR(r)
6 µ(ξ)

(
B(ξ)

r (x)
)

6 rfR(r), (5.9)

∫

B
(ξ)
r (x)

|u− u
B

(ξ)
r (x)

|2dµ(ξ) 6 r2fR(r)
∫

B
(ξ)
R (x)

dL(ξ)(u, u). (5.10)

We can extend our results from arbitrary fixed ξ to random ξ = (ξ1, ξ2, . . .),
where ξi are i.i.d. random variables on a probability space (Ω,F ,P) with
distribution p0 > 0 amd p1 > 0. In this latter case, by the Kintchine law
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of iterated logarithm (cf., for example, [1]), the convergence in (5.7) is given
by g(n) = c(ξ)(n log log n)

1
2 with P({c(ξ) < ∞}) = 1. Similar results hold

for the random Sierpinski geometries as shown in [21, 20]. For every ξ,
K(ξ) = (K(ξ), µ(ξ),L)(ξ) is a gauged homogeneous space equipped with a
2-Lagrangean. Note that in this context ν = 1, α = 1 and p = 2. By relying
on the method of product Lagrangean first introduced by Mosco and Vivaldi
[23] and then developed by Strichartz [25] and Tintarev [26], we can construct
examples of gauged spaces with dimension ν > 2, which produces a setting
in which our theorems can be applied.

Random fractal constructions of the type described in this section are
well known in fractal theory. They were first considered by Hambly [10] and
Barlow–Hambly [2]. Further examples of similar constructions can be found
in [5, 7, 15].
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A Converse to the Maz’ya Inequality
for Capacities under Curvature Lower
Bound

Emanuel Milman

Dedicated to V.G. Maz’ya
with great respect and admiration

Abstract We survey some classical inequalities due to Maz’ya relating iso-
capacitary inequalities with their functional and isoperimetric counterparts
in a measure-metric space setting, and extend Maz’ya’s lower bound for the
q-capacity (q > 1) in terms of the 1-capacity (or isoperimetric) profile. We
then proceed to describe results by Buser, Bakry, Ledoux and most recently
by the author, which show that under suitable convexity assumptions on the
measure-metric space, the Maz’ya inequality for capacities may be reversed,
up to dimension independent numerical constants: a matching lower bound
on 1-capacity may be derived in terms of the q-capacity profile. We extend
these results to handle arbitrary q > 1 and weak semiconvexity assumptions,
by obtaining some new delicate semigroup estimates.

1 Introduction

The notion of capacity, first systematically introduced by Frechet, has played
a fundamental role in the theory developed by V.G. Maz’ya in the 1960’s
for the study of functional inequalities and embedding theorems, and has
continued to play an important role in the development of the theory ever
since (cf. [27] for an extended overview).

Before recalling the definition, let us first describe our setup.
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We denote by (Ω, d) a separable metric space and by µ a Borel probability
measure on (Ω, d) which is not a unit mass at a point. Let F = F(Ω, d)
denote the space of functions which are Lipschitz on every ball in (Ω, d); we
call such functions “Lipschitz-on-balls.” Given f ∈ F , we denote by |∇f | the
following Borel function:

|∇f | (x) := lim sup
d(y,x)→0+

|f(y)− f(x)|
d(x, y)

(and we define it as 0 if x is an isolated point; cf. [9, pp. 184,189] for more
details). Although it is not essential for the ensuing discussion, it is more
convenient to think of Ω as a complete smooth oriented n-dimensional Rie-
mannian manifold (M, g) and of d as the induced geodesic distance, in which
case |∇f | coincides with the usual Riemannian length of the gradient.

Definition. Given two Borel sets A ⊂ B ⊂ (Ω, d) and 1 6 q < ∞, the
q-capacity of A relative to B is defined as

Capq(A,B) := inf
{
‖|∇Φ|‖Lq(µ) ; Φ|A ≡ 1 , Φ|Ω\B ≡ 0

}
,

where the infimum is on all Φ : Ω → [0, 1] which are Lipschitz-on-balls.

We remark that it is possible to give an even more general definition than
the one above (cf. the monograph by Maz’ya [27]). Note that, in the case
of a compact manifold (M, g) and the Riemannian (normalized) volume µ,
Cap2(A,B)2 coincides (up to constants) with the usual Newtonian capacity
of a compact set A relative to the outer open set B. Following [3], we will
only be interested in this work in the q-capacity profile:

Definition. Given a metric probability space (Ω, d, µ), 1 6 q < ∞, its q-
capacity profile is defined for any 0 < a 6 b < 1 as

Capq(a, b) := inf
{
Capq(A,B) ; A ⊂ B , µ(A) > a , µ(B) 6 b

}

= inf
{
‖|∇Φ|‖Lq(µ) ; µ {Φ = 1} > a , µ {Φ = 0} > 1− b

}
,

where the latter infimum is on all Φ : Ω → [0, 1] which are Lipschitz-on-balls.

The intimate relation between 1-capacity and the isoperimetric properties
of a space was noticed by Fleming [18] in the Euclidean setting, using the
co-area formula of Federer [16] (cf. also [17]) and generalized by Maz’ya [23].
An analogous relation between isoperimetric inequalities and functional in-
equalities involving the term ‖|∇f |‖L1(µ) was discovered by Maz’ya [23] and
independently by Federer and Fleming [17], leading, in particular, to the de-
termination of the optimal constant in the Gagliardo inequality in Euclidean
space (Rn, |·|). Maz’ya continued to study these relations when 1 above is
replaced by a general q > 1 [23, 24, 25, 27]: he showed how to pass from
any lower bound on 1-capacity to an optimal lower bound on q-capacity, and



Converse to the Maz’ya Inequality 323

demonstrated the equivalence between q-capacitary inequalities and func-
tional inequalities involving the term ‖|∇f |‖Lq(µ). Combining all these in-
gredients, Maz’ya discovered a way to pass from isoperimetric information
to optimal (up to constants) functional inequalities. Especially useful is the
case q = 2 since this corresponds to spectral information on the Laplacian
and the Schrödinger operators, leading to many classical characterizations
[25, 26, 27].

We define all of the above notions in Section 2 and sketch the proofs of
their various relations in our metric probability space setting in Section 3.
Moreover, we extend the transition from 1-capacity to q-capacity (q > 1) to
handle arbitrary transition between p and q, when p < q, following [28].

It is easy to check that in general, one cannot deduce back information on
p-capacity from q-capacity, when p < q. In other words, the above transition
is only one-directional and cannot, in general, be reversed (cf. Subsection
2.3). We therefore need to add some additional assumptions in order to have
any chance of obtaining a reverse implication. As we will see below, some
type of convexity assumptions are a natural candidate. We start with two
important examples when (M, g) = (Rn, |·|) and |·| is some fixed Euclidean
norm:

• Ω is an arbitrary bounded convex domain in Rn (n > 2), and µ is the
uniform probability measure on Ω.

• Ω = Rn (n > 1) and µ is an arbitrary absolutely continuous log-concave
probability measure, meaning that dµ = exp(−ψ)dx, where ψ : Rn →
R ∪ {+∞} is convex (we refer to [12] for more information).

In both cases, we say that “our convexity assumptions are fulfilled.” More
generally, we use the following definition from [30].

Definition. We say that our smooth κ-semiconvexity assumptions are ful-
filled if

• (M, g) denotes an n-dimensional (n > 2) oriented smooth complete con-
nected Riemannian manifold or (M, g) = (R, |·|), and Ω = M ,

• d denotes the induced geodesic distance on (M, g),

• dµ = exp(−ψ)dvolM , ψ ∈ C2(M), and as tensor fields on M

Ricg + Hessgψ > −κg . (1.1)

We say that our κ-semiconvexity assumptions are fulfilled if µ can be
approximated in total-variation by measures {µm} so that each (Ω, d, µm)
satisfies our smooth κ-semiconvexity assumptions.

When κ = 0, we say that our (smooth) convexity assumptions are satisfied.

The condition (1.1) is the well-known curvature–dimension condition
CD(−κ,∞) introduced by Bakry and Émery in their celebrated paper [1]
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(in the more abstract framework of diffusion generators). Here, Ricg denotes
the Ricci curvature tensor and Hessg denotes the second covariant derivative.

Our main result from [29], as extended in [28], is that under our convexity
assumptions (κ = 0 case), the above transition can in fact be reversed, up
to dimension independent constants. This can be formulated in terms of
passing from q-capacity to p-capacity (1 6 p < q), or equivalently, as passing
from functional inequalities involving the term ‖|∇f |‖Lq(µ) to isoperimetric
inequalities.

In this work, we extend our previous results to handle the more general
κ-semiconvexity assumptions. For the case q = 2, this was previously done by
Buser [13] in the case of a uniform density on a manifold with Ricci curvature
bounded from below, and extended to the general smooth κ-semiconvexity
assumptions by Bakry and Ledoux [2] and Ledoux [22] using a diffusion semi-
group approach. To handle the general q > 1 case, we follow the semigroup
argument, as in our previous work [28]. Surprisingly, the case κ > 0 requires
proving new delicate semigroup estimates, which may be of independent in-
terest, and which were not needed for the previous arguments. We formulate
and prove this converse to the Maz’ya inequality for capacities in Section 4.

2 Definitions and Preliminaries

2.1 Isoperimetric inequalities

In Euclidean space, an isoperimetric inequality relates between the (appro-
priate notion of) surface area of a Borel set and its volume. To define an ap-
propriate generalization of surface area in our setting, we use the Minkowski
(exterior) boundary measure of a Borel set A ⊂ (Ω, d), denoted here by
µ+(A), which is defined as

µ+(A) := lim inf
ε→0

µ(Ad
ε)− µ(A)

ε
,

where Ad
ε := {x ∈ Ω; ∃y ∈ A d(x, y) < ε} denotes the ε-neighborhood of A

with respect to the metric d. An isoperimetric inequality measures the relation
between µ+(A) and µ(A) by means of the isoperimetric profile I = I(Ω,d,µ),
defined as the pointwise maximal function I : [0, 1] → R+, so that

µ+(A) > I(µ(A)) , (2.1)

for all Borel sets A ⊂ Ω. Since A and Ω \ A typically have the same
boundary measure, it is convenient to also define Ĩ : [0, 1/2] → R+ as
Ĩ(v) := min(I(v), I(1− v)).
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Let us keep some important examples of isoperimetric inequalities in mind.
We say that our space satisfies linear isoperimetric inequality if there exists
a constant D > 0 so that

Ĩ(Ω,d,µ)(t) > Dt

for all t ∈ [0, 1/2]. We denote the best constant D by DLin = DLin(Ω, d, µ).
Another useful example pertains to the standard Gaussian measure γ on
(R, |·|), where |·| is the Euclidean metric. We say that our space satisfies a
Gaussian isoperimetric inequality if there exists a constant D > 0 so that

I(Ω,d,µ)(t) > DI(R,|·|,γ)(t)

for all t ∈ [0, 1]. We denote the best constant D by DGau = DGau(Ω, d, µ). It is
known that Ĩ(R,|·|,γ)(t) ' t log1/2(1/t) uniformly on t ∈ [0, 1/2], where we use
the notation A ' B to signify that there exist universal constants C1, C2 >
0 so that C1B 6 A 6 C2B. Unless otherwise stated, all of the constants
throughout this work are universal, independent of any other parameter,
and, in particular, the dimension n in the case of an underlying manifold.
The Gaussian isoperimetric inequality can therefore be equivalently stated
as asserting that there exists a constant D > 0 so that

Ĩ(Ω,d,µ)(t) > Dt log1/2(1/t)

for all t ∈ [0, 1/2].

2.2 Functional inequalities

Let f ∈ F . We consider functional inequalities which compare between
‖f‖N1(µ) and ‖|∇f |‖N2(µ), where N1, N2 are some norms associated with the
measure µ, like the Lp(µ) norms, or some other more general Orlicz quasi-
norms associated to the class N of increasing continuous functions mapping
R+ onto R+.

A function N : R+ → R+ is called a Young function if N(0) = 0 and
N is convex increasing. Given a Young function N , the Orlicz norm N(µ)
associated to N is defined as

‖f‖N(µ) := inf
{

v > 0;
∫

Ω

N(|f |/v)dµ 6 1
}

.

For a general increasing continuous function N : R+ → R+ with N(0) = 0
and limt→∞N(t) = ∞ (this class is denoted by N ), the above definition still
makes sense, although N(µ) will no longer necessarily be a norm. We say in
this case that it is a quasinorm.
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There is clearly no point to test constant functions in our functional in-
equalities, so it is natural to require that either the expectation Eµf or
median Mµf of f are 0. Here, Eµf =

∫
fdµ and Mµf is a value so that

µ(f > Mµf) > 1/2 and µ(f 6 Mµf) > 1/2.

Definition. We say that the space (Ω, d, µ) satisfies an (N, q) Orlicz–Sobolev
inequality (N ∈ N , q > 1) if

∃D > 0 s.t. ∀f ∈ F D ‖f −Mµf‖N(µ) 6 ‖|∇f |‖Lq(µ) . (2.2)

A similar (yet different) definition was given by Roberto and Zegarlinski [34]
in the case q = 2 following the book by Maz’ya [27, p. 112]. Our preference to
use the median Mµ in our definition (in place of the more standard expecta-
tion Eµ) is immaterial whenever N is a convex function, due to the following
elementary lemma from [29].

Lemma 2.1. Let N(µ) denote an Orlicz norm associated to the Young func-
tion N . Then

1
2
‖f − Eµf‖N(µ) 6 ‖f −Mµf‖N(µ) 6 3 ‖f − Eµf‖N(µ) .

When N(t) = tp, then N(µ) is just the usual Lp(µ) norm. If, in addition,
Mµ in (2.2) is replaced by Eµ, the case p = q = 2 is then just the classi-
cal Poincaré inequality, and we denote the best constant in this inequality
by DPoin. Similarly, the case q = 1, p = n

n−1 corresponds to the Gagliardo
inequality, and the case 1 < q < n, p = qn

n−q to the Sobolev inequalities. A
limiting case where q = 2 and n tends to infinity is the so-called log-Sobolev
inequality. More generally, we say that our space satisfies a q-log-Sobolev in-
equality (q ∈ [1, 2]) if there exists a constant D > 0 so that

∀f ∈ F D

(∫
|f |q log |f |qdµ−

∫
|f |qdµ log(

∫
|f |qdµ)

)1/q

6 ‖|∇f |‖Lq(µ) .

(2.3)
The best possible constant D above is denoted by DLSq

= DLSq
(Ω, d, µ). Al-

though these inequalities do not precisely fit into our announced framework,
it follows from the work of Bobkov and Zegarlinski [11, Proposition 3.1] (gen-
eralizing the case q = 2 due to Bobkov and Götze [8, Proposition 4.1]) that
they are, in fact, equivalent to the following Orlicz–Sobolev inequalities:

∀f ∈ F Dϕq ‖f − Eµf‖ϕq(µ) 6 ‖|∇f |‖Lq(µ) , (2.4)

where ϕq(t) = tq log(1 + tq) and DLSq ' Dϕq uniformly on q ∈ [1, 2].
Various other functional inequalities admit an equivalent (up to universal

constants) formulation using an appropriate Orlicz norm N(µ) on the left-
hand side of (2.2). We refer the reader to the recent paper of Barthe and
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Kolesnikov [4] and the references therein for an account of several other types
of functional inequalities.

2.3 Known connections

It is well known that various isoperimetric inequalities imply their func-
tional “counterparts.” It was shown by Maz’ya [25, 26] and independently
by Cheeger [14] that a linear isoperimetric inequality implies the Poincaré
inequality DPoin > DLin/2 (the Cheeger inequality). It was first observed by
Ledoux [20] that a Gaussian isoperimetric inequality implies a 2-log-Sobolev
inequality DLS2 > cDGau for some universal constant c > 0. This was later re-
fined by Beckner (cf. [21]) using an equivalent functional form of the Gaussian
isoperimetric inequality due to Bobkov [6, 7] (cf. also [5]): DLS2 > DGau/

√
2.

The constants 2 and
√

2 above are known to be optimal.
Another example is obtained by considering the isoperimetric inequality

Ĩ(t) > DExpq
t log1/q 1/t

for some q ∈ [1, 2]. This inequality is satisfied with some DExpq
> 0 by the

probability measure µp with density exp(−|x|p)/Zp on (R, |·|), for p = q∗ =
q/(q − 1) (where Zp is a normalization factor). Bobkov and Zegarlinski [11]
showed that DLSq > cDExpq

, for some universal constant c > 0, independent
of q, in analogy to the inequality DLS2 > cDGau mentioned above. Another
proof of this using capacities was given in our joint work with Sasha Sodin
[31].

We will see in Section 3 how Maz’ya’s general framework may be used to
obtain all of these implications.

In general, however, it is known that these implications cannot be re-
versed. For instance, by using ([−1, 1], |·| , µα), where dµα = 1+α

2 |x|αdx on
[−1, 1], it is clear that µ+

α ([0, 1]) = 0 so DLin = DGau = 0, whereas one
can show that DPoin, DLS2 > 0 for α ∈ (0, 1) using criteria for the Poincaré
and 2-log-Sobolev inequalities on R due to Artola, Talenti, and Tomaselli (cf.
Muckenhoupt [32]) and Bobkov and Götze [8] respectively. These examples
suggest that we must rule out the existence of narrow “necks” in our mea-
sure or space, for the converse implications to stand a chance of being valid.
Adding some convexity type assumptions is therefore a natural path to take.

Indeed, under our κ-semiconvexity assumptions, we see that a reverse im-
plication can in fact be obtained. This extends some previously known results
by several authors. Buser showed in [13] that DLin > cmin(DPoin, D2

Poin/
√
κ)

with c > 0 a universal constant, for the case of a compact Riemannian mani-
fold (M, g) with uniform density whose Ricci curvature is bounded below by
−κg. This was subsequently extended by Ledoux [22] to our more general
smooth κ-semiconvexity assumptions, following the semigroup approach he
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developed in [20] and refined by Bakry and Ledoux [2]. Similarly, the re-
verse inequality DGau > cmin(DLS2 , D

2
LS2

/
√
κ) with c > 0 a universal con-

stant, was obtained by Bakry and Ledoux (cf. also [22]) under our smooth
κ-semiconvexity assumptions. We will extend these results to handle gen-
eral Orlicz–Sobolev inequalities in Section 4 and, in particular, show that
DExpq

> cmin(DLSq , D
2
LSq

/
√
κ) for some universal constant c > 0, uni-

formly on q ∈ [1, 2]. When q > 2, we will see that these formulas take on a
different form.

3 Capacities

In this section, we formulate the various known connections mentioned in the
Introduction between capacities and isoperimetric and functional inequalities,
and provide for completeness most of the proofs, following [28].

Remark 3.1. A remark which will be useful for dealing with general metric
probability spaces, is that in the definition of capacity, by approximating Φ
appropriately, we may always assume that

∫

{Φ=t}
|∇Φ|q dµ = 0

for any t ∈ (0, 1), even though we may have µ {Φ = t} > 0 (cf. [28, Remark
3.3] for more information).

3.1 1-Capacity and isoperimetric profiles

Our starting point is the following well-known co-area formula which in our
setting becomes an inequality (cf. [9, 10]).

Lemma 3.2 (Bobkov–Houdré). For any f ∈ F
∫

Ω

|∇f | dµ >
∫ ∞

−∞
µ+ {f > t} dt .

The following proposition [24, 17, 9] encapsulates the connection between
the 1-capacity and isoperimetric profiles.

Proposition 3.3 (Federer–Fleming, Maz’ya, Bobkov–Houdré). For all 0 <
a < b < 1

inf
a6t6b

I(t) 6 Cap1(a, b) 6 inf
a6t<b

I(t) . (3.1)

For completeness, we provide a proof following Sodin [35, Proposition A].
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Proof. Given a function Φ : Ω → [0, 1] which is Lipschitz-on-balls with
µ {Φ = 1} > a and µ {Φ = 0} > 1− b, the co-area inequality implies

∫
|∇Φ| dµ >

∫ ∞

−∞
µ+ {Φ > t} dt =

∫ 1

0

µ+ {Φ > t} dt > inf
a6t6b

I(t) .

Taking the infimum on all such functions Φ, we obtain the first inequality
in (3.1). To obtain the second inequality, let A denote a Borel set with a 6
µ(A) < b. We may exclude the case that µ+(A) = ∞ since it does not
contribute to the definition of the isoperimetric profile I. Now, denote for
r, s > 0

Φr,s(x) :=
(
1− s−1d(x,Ar)

) ∨ 0 .

It is clear that µ {Φr,s = 1} > µ(A) > a, and since µ+(A) < ∞, for r + s
small enough we have µ {Φr,s = 0} > 1− b. Hence

µ(As+2r)− µ(A)
s

> µ {r 6 d(x,A) 6 s + r}
s

>
∫
|∇Φr,s| dµ > Cap1(a, b) .

Taking the limit inferior as r, s → 0 so that r/s → 0, and taking the infimum
on all sets A as above, we obtain the second inequality in (3.1). ut

Since obviously Cap1(a, b) = Cap1(1 − b, 1 − a), we have the following
useful corollary.

Corollary 3.4. For any nondecreasing continuous function J : [0, 1/2] → R+

Ĩ(t) > J(t) ∀t ∈ [0, 1/2] ⇐⇒ Cap1(t, 1/2) > J(t) ∀t ∈ [0, 1/2] .

Definition. A q-capacitary inequality is an inequality of the form

Capq(t, 1/2) > J(t) ∀t ∈ [0, 1/2] ,

where J : [0, 1/2] → R+ is a nondecreasing continuous function.

3.2 q-Capacitary and weak Orlicz–Sobolev inequalities

Definition. Given N ∈ N , denote by N∧ : R+ → R+ the adjoint function

N∧(t) :=
1

N−1(1/t)
.

Remark 3.5. Note that the operation N → N∧ is an involution on N and
N(·α)∧ = (N∧)1/α for α > 0. It is also immediate to check that N(tα)/t is
nondecreasing if and only if N∧(t)1/α/t is nonincreasing (α > 0).
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We denote by Ls,∞(µ) the weak Ls quasinorm defined as

‖f‖Ls,∞(µ) := sup
t>0

µ(|f | > t)1/st.

We now extend the definition of the weak Ls quasinorm to Orlicz quasinorms
N(µ), using the adjoint function N∧:

Definition. Given N ∈ N , define the weak N(µ) quasinorm as

‖f‖N(µ),∞ := sup
t>0

N∧(µ {|f | > t})t.

This definition is consistent with the one for Ls,∞ and satisfies

‖f‖N(µ),∞ 6 ‖f‖N(µ) , (3.2)

as easily checked using the Markov–Chebyshev inequality. Also note that this
is indeed a quasinorm by a simple union-bound:

‖f + g‖N(µ),∞ 6 2
(
‖f‖N(µ),∞ + ‖g‖N(µ),∞

)
.

Remark 3.6. The motivation for the definition of N∧ stems from the im-
mediate observation that for any Borel set A

‖χA‖N(µ) = ‖χA‖N(µ),∞ = N∧(µ(A)) .

For this reason, the expression 1/N−1(1/t) already appears in the works of
Maz’ya [27, p. 112] and Roberto and Zegarlinski [34].

Definition. An inequality of the form:

∀f ∈ F D ‖f −Mµf‖N(µ),∞ 6 ‖|∇f |‖Lq(µ) (3.3)

is called a weak type Orlicz–Sobolev inequality.

Lemma 3.7. The weak type Orlicz–Sobolev inequality (3.3) implies

Capq(t, 1/2) > DN∧(t) ∀t ∈ [0, 1/2].

Proof. Apply (3.3) to f = Φ, where Φ : Ω → [0, 1] is any Lipschitz-on-balls
function so that µ {Φ = 1} > t and µ {Φ = 0} > 1/2. Since MµΦ = 0, it
follows that

‖|∇Φ|‖Lq(µ) > D ‖Φ‖N(µ),∞ > DN∧(µ({Φ = 1})) > DN∧(t).

Taking the infimum over all Φ as above, we obtain the required assertion. ut
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Proposition 3.8. Let 1 6 q < ∞. Then the following statements are equiv-
alent:

(1)
∀f ∈ F D1 ‖f −Mµf‖N(µ),∞ 6 ‖|∇f |‖Lq(µ) , (3.4)

(2)
Capq(t, 1/2) > D2N

∧(t) ∀t ∈ [0, 1/2] ,

and the best constants D1, D2 above satisfy D1 6 D2 6 4D1.

Proof. We have D2 > D1 by Lemma 3.7. To see the other direction, note
that as in Remark 3.1, we may assume that

∫

{f=t}
|∇f |q dµ = 0

for all t ∈ R, and by replacing f with f − Mµf , that Mµf = 0. Note that
it suffices to show (3.4) with D1 = D2 for nonnegative functions for which
µ {f = 0} > 1/2 since for a general function as above we can apply (3.4) to
f+ = fχf>0 and to f− = −fχf60, which yields

‖|∇f |‖Lq(µ) =
(∫

|∇f+|q dµ +
∫
|∇f−|q dµ

)1/q

> D1

(
‖f+‖q

N(µ),∞ + ‖f−‖q
N(µ),∞

)1/q

> D121/q−1
(
‖f+‖N(µ),∞ + ‖f−‖N(µ),∞

)
> D1

4
‖f‖N(µ),∞ .

Given a nonnegative function f as above (µ {f = 0} > 1/2 hence Mµf = 0)
and t > 0, define Ωt = {f 6 t} and ft := f/t ∧ 1. Then

(∫

Ω

|∇f |q dµ

)1/q

>
(∫

Ωt

|∇f |q dµ

)1/q

> t

(∫

Ω

|∇ft|q dµ

)1/q

> tCapq(µ {ft > 1} , 1/2) > D2tN
∧(µ {f > t}) .

Taking the supremum on t > 0, we obtain the required assertion. ut

3.3 q-Capacitary and strong Orlicz–Sobolev
inequalities

Proposition 3.9. If N(t)1/q/t is nondecreasing on R+ with 1 6 q < ∞,
then the following statements are equivalent:

(1)
∀f ∈ F D1 ‖f −Mµf‖N(µ) 6 ‖|∇f |‖Lq(µ) , (3.5)
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(2)
Capq(t, 1/2) > D2N

∧(t) ∀t ∈ [0, 1/2] ,

and the best constants D1, D2 above satisfy D1 6 D2 6 4D1.

Remark 3.10. As already mentioned in Section 2, we call an inequality
of the form (3.5) an Orlicz–Sobolev inequality (even though N may not be
convex).

Remark 3.11. One may show (cf., for example, the proof of [34, Theorem
1]) that when N(t1/q) is convex (so, in particular, N(t)1/q/t is nondecreas-
ing), Proposition 3.9 is equivalent to a theorem of Maz’ya [27, p. 112] with a
constant depending on q which is better than the constant 4 above. In par-
ticular, when q = 1, Maz’ya showed that the optimal constant is actually 1,
so that D1 = D2. The latter conclusion was also independently derived by
Federer and Fleming [17].

Proof. We have D2 > D1 by (3.2) and Lemma 3.7. To see the other direction,
we assume again (as in Remark 3.1) that

∫

{f=t}
|∇f |q dµ = 0

for all t ∈ R, and by replacing f with f − Mµf , that Mµf = 0. Again, it
suffices to show (3.5) for nonnegative functions for which µ {f = 0} > 1/2,
but now we do not lose in the constant. Indeed, for a general function as
above, we can apply (3.5) to f+ = fχf>0 and to f− = −fχf60, which yields

‖|∇f |‖q
Lq(µ) =

∫
|∇f+|q dµ +

∫
|∇f−|q dµ

> Dq
1

(
‖f+‖q

N(µ) + ‖f−‖q
N(µ)

)
> Dq

1 ‖f‖q
N(µ) .

The last inequality follows from the fact that N1/q(t)/t is nondecreasing, so,
denoting v± = ‖f±‖N(µ), we indeed verify that

∫
N

(
f+ + f−

(vq
+ + vq

−)1/q

)
dµ

=
∫

N

(
f+

v+

v+

(vq
+ + vq

−)1/q

)
dµ +

∫
N

(
f−
v−

v−
(vq

+ + vq
−)1/q

)
dµ

6 vq
+

vq
+ + vq

−

∫
N

(
f+

v+

)
dµ +

vq
−

vq
+ + vq

−

∫
N

(
f−
v−

)
dµ 6 1 .

We first assume that f is bounded. Given a bounded nonnegative function f
as above (Mµf = 0 and µ {f = 0} > 1/2), we may assume by homogeneity
that ‖f‖L∞ = 1. For i > 1 denote Ωi =

{
1/2i 6 f 6 1/2i−1

}
, mi = µ(Ωi),

fi = 2i(f − 1/2i) ∨ 0 ∧ 1 and set m0 = 0. Also denote J := N∧. Now,
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‖|∇f |‖q
Lq(µ) =

∞∑

i=1

∫

Ωi

|∇f |q dµ >
∞∑

i=1

1
2qi

∫

Ω

|∇fi|q dµ

>
∞∑

i=1

1
2qi

Capq
q(µ

{
f > 1/2i−1

}
, 1/2) > Dq

2

∞∑

i=2

Jq(mi−1)
2qi

=
Dq

2

4q
V q,

where

V :=

( ∞∑

i=1

Jq(mi)
2q(i−1)

)1/q

.

It remains to show that ‖f‖N(µ) 6 V . Indeed,

∫

Ω

N

(
f

V

)
dµ 6

∞∑

i=1

miN

(
1

2i−1V

)
=

∞∑

i=1

J−1(J(mi))
J−1(2i−1V )

6
∞∑

i=1

Jq(mi)
2q(i−1)V q

= 1,

where in the last inequality we used the fact that N(t)1/q/t is nondecreasing,
hence (J−1)1/q(t)/t is nondecreasing, and therefore

J−1(x)
J−1(y)

6
(

x

y

)q

,

whenever x/y 6 1, which is indeed the case for us.
For an unbounded f ∈ F with µ {f = 0} > 1/2, we may define fm = f∧bm

so that µ {f > bm} 6 1/m and (just for safety) µ {f = bm} = 0. It then
follows by what was proved for bounded functions that

‖|∇f |‖Lq(µ) > lim
m→∞

‖|∇fm|‖Lq(µ) > D1 lim
m→∞

‖fm‖N(µ) = D1Z ,

where all the limits exist since they are nondecreasing.
To conclude, Z > ‖f‖N(µ) since N is continuous, so, by the monotone

convergence theorem,
∫

N(f/Z)dµ =
∫

lim
m→∞

N(fm/Z)dµ = lim
m→∞

∫
N(fm/Z)dµ 6 1 . ut

3.4 Passing between q-capacitary inequalities

The case q0 = 1 in the following proposition is due to Maz’ya [27, p. 105].
Following [28], we provide a proof which generalizes to the case of an arbitrary
metric probability space and q0 > 1. We denote the conjugate exponent to
q ∈ [1,∞] by q∗ = q/(q − 1).

Proposition 3.12. Let 1 6 q0 6 q < ∞. We set p0 = q∗0 , p = q∗. Then for
all 0 < a < b < 1
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1
Capq(a, b)

6 γp,p0

(∫ b

a

ds

(s− a)p/p0Capp
q0

(s, b)

)1/p

,

where

γp,p0 :=
(p0/p− 1)1/p0

(1− p/p0)1/p
. (3.6)

Proof. Let 0 < a < b < 1 be given, and let Φ : Ω → [0, 1] be a function in F
such that a′ := µ {Φ = 1} > a and 1− b′ := µ {Φ = 0} > 1− b. As usual (cf.
Remark 3.1), by approximating Φ, we may assume that

∫

{Φ=t}
|∇Φ|q dµ = 0

for all t ∈ (0, 1). Let C := {t ∈ (0, 1);µ {Φ = t} > 0} denote the discrete set
of atoms of Φ under µ. We set Γ := {f ∈ C} and denote γ = µ(Γ ).

We now choose t0 = 0 < t1 < t2 < . . . < 1, so that denoting for i > 1,
Ωi = {ti−1 6 Φ 6 ti}, and setting mi = µ(Ωi \ Γ ), we have mi = (b′ − a′ −
γ)αi−1(1 − α), where 0 6 qα 6 1 will be chosen later. Denote, in addition,
Φi =

(
Φ−ti−1
ti−ti−1

∨ 0
)
∧ 1 and Ni =

∑
j>i mj . Applying the Hölder inequality

twice, we estimate

(∫

Ω

|∇Φ|q dµ

)1/q

=

( ∞∑

i=1

∫

Ωi\Γ
|∇Φ|q dµ

)1/q

>




∞∑

i=1

m
1− q

q0
i

(∫

Ωi\Γ
|∇Φ|q0 dµ

)q/q0



1/q

>
( ∞∑

i=1

m
1− q

q0
i (ti − ti−1)q

(∫

Ω

|∇Φi|q0 dµ

)q/q0
)1/q

>
( ∞∑

i=1

m
1− q

q0
i (ti − ti−1)qCapq

q0
(µ {Φi = 1} , 1− µ {Φi = 0})

)1/q

>
∞∑

i=1

(ti − ti−1)

( ∞∑

i=1

m
1−p/p0
i

Capp
q0

(µ {Φ > ti} , b)

)−1/p

.

Since µ {Φ > ti} > a′+Ni and Capq0
(s, b) is nondecreasing in s, we continue

to estimate as follows:
(

1∫
Ω
|∇Φ|q dµ

)p/q

6
∞∑

i=1

m
1−p/p0
i

Capp
q0

(µ {Φ > ti} , b)
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6
∞∑

i=1

m
1−p/p0
i

mi+1

∫ a′+Ni

a′+Ni+1

ds

Capp
q0

(s, b)
6

∞∑

i=1

1

αm
p/p0
i

∫ a′+Ni

a′+Ni+1

ds

Capp
q0

(s, b)

6 1
α

(
α

1− α

)p/p0 ∞∑

i=1

∫ a′+Ni

a′+Ni+1

ds

(s− a′)p/p0Capp
q0

(s, b)

6 1
α

(
α

1− α

)p/p0 ∫ b

a

ds

(s− a)p/p0Capp
q0

(s, b)
,

where we used that mi+1 = αmi, mi = 1−α
α Ni and, in the last inequality,

the fact that Capq0
(s, b) is nondecreasing in s. The assertion now follows

by taking the supremum on all Φ as above, and choosing the optimal α =
1− p/p0. ut

3.5 Combining everything

Combining all of the ingredients in this section, we see how to pass from
isoperimetric inequalities to functional inequalities, simply by following the
general diagram

Isoperimetric inequality ⇔Corollary 3.4 1-capacitary inequality

⇓ Proposition 3.12

(N, q) Orlicz–Sobolev inequality
with N(t)1/q/t nondecreasing

⇔Proposition 3.9 q-capacitary inequality

In particular, it is an exercise to follow this diagram and obtain the pre-
viously mentioned inequalities of Subsection 2.3:

DPoin > cDLin, DLS2 > cDGau, DLSq > cDExpq
,

q ∈ [1, 2], for some universal constant c > 0. In the first case, the optimal
constant c = 1/2 may also be obtained by improving the constant in Propo-
sition 3.9 as in Remark 3.11 (but, of course, easier ways are known to obtain
this optimal constant; cf., for example, [29]). More generally, the following
statement may easily be obtained (cf. [28] for more details and useful special
cases).

Theorem 3.13. Let 1 6 q < ∞, and let p = q∗. Let N ∈ N , so that
N(t)1/q/t is nondecreasing. Then

Ĩ(t) > Dt1−1/qN∧(t) ∀t ∈ [0, 1/2] (3.7)

implies
∀f ∈ F BN,qD ‖f −Mµf‖N(µ) 6 ‖|∇f |‖Lq(µ) , (3.8)
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where
BN,q :=

1
4

inf
0<t<1/2

1
(∫ 1/2

t
N∧(t)pds
sN∧(s)p

)1/p
. (3.9)

4 The Converse Statement

Our goal in this section is to prove the following converse to Theorem 3.13.

Theorem 4.1. Let 1 < q 6 ∞, and let N ∈ N denote a Young function so
that N(t)1/q/t is nondecreasing. Then, under our κ-semiconvexity assump-
tions, the statement

∀f ∈ F D ‖f −Mµf‖N(µ) 6 ‖|∇f |‖Lq(µ) (4.1)

implies

Ĩ(t) > CN,q min
(

D,
Dr

κ r−1
2

)
t1−1/qN∧(t) ∀t ∈ [0, 1/2] , (4.2)

where r = max(q, 2) and CN,q > 0 depends solely on N and q.

Remark 4.2. The assumption that N is a convex function is not essential
for this result since it is possible to approximate N appropriately in the large
using a convex function as in Subsection 4.2.2 below. We refer to [28, Theorem
4.5] for more details.

Remark 4.3. It is clear that, using the results of Section 3, we can reformu-
late Theorem 4.1 as a converse to the Maz’ya inequality relating Capq and
Cap1 (cf. Proposition 3.12) under our κ-semiconvexity assumptions. For the
case of our convexity assumptions (κ = 0), this was explicitly written out in
[28, Theorem 5.1].

The case κ = 0 of Theorem 4.1 was proved in [28] by using the semigroup
approach developed by Bakry and Ledoux [2] and Ledoux [20, 22]. Let us
now recall this framework.

Given a smooth complete connected Riemannian manifold Ω = (M, g)
equipped with a probability measure µ with density dµ = exp(−ψ)dvolM ,
ψ ∈ C2(M,R), we define the associated Laplacian ∆(Ω,µ) by

∆(Ω,µ) := ∆Ω −∇ψ · ∇, (4.3)

where ∆Ω is the usual Laplace–Beltrami operator on Ω; ∆(Ω,µ) acts on B(Ω),
the space of bounded smooth real-valued functions on Ω. Let (Pt)t>0 denote
the semigroup associated to the diffusion process with infinitesimal generator
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∆(Ω,µ) (cf. [15, 21]), for which µ is its stationary measure. It is characterized
by the following system of second order differential equations:

d

dt
Pt(f) = ∆(Ω,µ)(Pt(f)) P0(f) = f ∀f ∈ B(Ω) . (4.4)

For each t > 0, Pt : B(Ω) → B(Ω) is a bounded linear operator in the L∞
norm, and its action naturally extends to the entire Lp(µ) spaces (p > 1).
We collect several elementary properties of these operators:

• Pt1 = 1.
• f > 0 ⇒ Ptf > 0.

•
∫

(Ptf)gdµ =
∫

f(Ptg)dµ.

• N(|Pt(f)|) 6 Pt(N(|f |)) for any Young function N .
• Pt ◦ Ps = Pt+s.

The following crucial dimension-free reverse Poincaré inequality was shown
by Bakry and Ledoux [2, Lemma 4.2], extending Ledoux’s approach [20] for
proving the Buser theorem (cf. also [2, Lemma 2.4] and [22, Lemma 5.1]).

Lemma 4.4 (Bakry–Ledoux). Assume that the following Bakry–Émery
curvature–dimension condition holds on Ω :

Ricg + Hessgψ > −κg , κ > 0 . (4.5)

Then for any t > 0 and f ∈ B(Ω)

K(κ, t) |∇Ptf |2 6 Pt(f2)− (Ptf)2

pointwise, where

K(κ, t) :=
1− exp(−2κt)

κ
(= 2t if κ = 0) .

Sketch of the proof following [22]. Note that

∆(Ω,µ)(g2)− 2g∆(Ω,µ)(g) = 2|∇g|2

for any g ∈ B(Ω). Consequently, (4.4) implies

Pt(f2)− (Ptf)2 =
∫ t

0

d

ds
Ps((Pt−sf)2)ds = 2

∫ t

0

Ps(|∇Pt−sf |2)ds .

The main observation is that, under the Bakry–Émery condition (4.5), the
function exp(2κs)Ps(|∇Pt−sf |2) is nondecreasing, as verified by direct dif-
ferentiation and use of the Bochner formula. Therefore,
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Pt(f2)− (Ptf)2 > |∇Ptf |2 2
∫ t

0

exp(−2κs)ds ,

which concludes the proof. ut
In fact, the proof of this lemma is very general and extends to the abstract

framework of diffusion generators, as developed by Bakry and Émery in their
celebrated paper [1]. In the Riemannian setting, it is known [33] (cf. also [19,
36]) that the gradient estimate of Lemma 4.4 remains valid when the support
of µ is the closure of a locally convex domain (connected open set) Ω ⊂ (M, g)
with C2 boundary, and dµ|Ω = exp(−ψ)dvolM |Ω , ψ ∈ C2(Ω,R). A domain
Ω with C2 boundary is called locally convex if the second fundamental form
on ∂Ω is positive semidefinite (with respect to the normal field pointing
inward). In this case, ∆Ω in (4.3) denotes the Neumann Laplacian on Ω, B(Ω)
denotes the space of bounded smooth real-valued functions on Ω satisfying
the Neumann boundary conditions on ∂Ω, and Lemma 4.4 remains valid.

Under these assumptions, Lemma 4.4 clearly implies that

∀q ∈ [2,∞] ∀f ∈ B(Ω) ‖|∇Ptf |‖Lq(µ) 6 1√
K(κ, t)

‖f‖Lq(µ) , (4.6)

and using q = ∞, Ledoux easily deduces the following dual statement (cf.
[22, (5.5)]).

Lemma 4.5 (Ledoux). Under the same assumptions as Lemma 4.4,

∀f ∈ B(Ω) ‖f − Ptf‖L1(µ) 6
∫ t

0

ds√
K(κ, s)

‖|∇f |‖L1(µ) . (4.7)

To use (4.6) and (4.7), it is convenient to note the following rough esti-
mates:

t ∈ [0, 1/(2κ)] ⇒ K(κ, t) > t,

∫ t

0

ds√
K(κ, s)

6 2
√

t . (4.8)

It is also useful to introduce the following definition.

Definition. We denote by N(µ)∗ the dual norm to N(µ), given by

‖f‖N(µ)∗ := sup
{∫

fgdµ; ‖g‖N(µ) 6 1
}

.

It is elementary to calculate the N(µ)∗-norm of characteristic functions
(cf. [27, p. 111]).

Lemma 4.6. Let N denote a Young function. Then for any Borel set A with
µ(A) > 0
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‖χA‖N(µ)∗ = µ(A)N−1

(
1

µ(A)

)
=

µ(A)
N∧(µ(A))

.

4.1 Case q > 2

To handle the κ > 0 case, we need the following new estimate, which may
be of independent interest.

Proposition 4.7. Assume that Bakry–Émery curvature–dimension condi-
tion (4.5) holds on Ω and the following (N, q) Orlicz–Sobolev inequality is
satisfied for N ∈ N and q > 2 :

∀f ∈ F D ‖f − Eµf‖N(µ) 6 ‖|∇f |‖Lq(µ) . (4.9)

Then for any f ∈ L∞(Ω) with
∫

fdµ = 0,

we have for all t > 0

∫
|Ptf |2dµ 6

∫
f2dµ

(
1 + (q − 1)

2Dq

‖f‖q
N(µ)∗ ‖f‖q−2

L∞

(∫
f2dµ

)q−1

×
∫ t

0

K(κ, s)
q−2
2 ds

)− 1
q−1

.

Proof. Denote u(t) :=
∫ |Ptf |2dµ =

∫
fP2tfdµ by self-adjointness and the

semigroup property. By (4.4) and integration by parts, we have

u′(t) = 2
∫

Ptf∆(Ω,µ)(Ptf)dµ = −2
∫
|∇Ptf |2dµ . (4.10)

Note that u(t) is decreasing. We now use the following estimate:

u(t)q 6 u(t/2)q =
(∫

fPtfdµ

)q

6 ‖f‖q
N(µ)∗ ‖Ptf‖q

N(µ)

6
‖f‖q

N(µ)∗

Dq

∫
|∇Ptf |qdµ 6

‖f‖q
N(µ)∗

Dq

∫
|∇Ptf |2dµ ‖|∇Ptf |‖q−2

L∞ .

By (4.6) and (4.10), we obtain

u(t)q 6 −
‖f‖q

N(µ)∗

2Dq

‖f‖q−2
L∞

K(κ, t)
q−2
2

u′(t) .
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Denoting v(t) = u(t)−q+1, we see that this boils down to

v′(t) > (q − 1)
2Dq

‖f‖q
N(µ)∗ ‖f‖q−2

L∞

K(κ, t)
q−2
2 .

Integrating in t, the desired conclusion follows. ut

Remark 4.8. When N(x) = x2, or more generally, when N(x1/2) is convex,
it is possible to obtain a better dependence on q in Proposition 4.7, which, as

q → 2, would recover the exponential rate of convergence of
∫
|Ptf |2dµ to 0,

as dictated by the spectral theorem. Unfortunately, it seems that this would
not yield the correct dependence in N in the assertion of Theorem 4.1.

Proof of Theorem 4.1 for q > 2. We prove the theorem under the smooth κ-
semiconvexity assumptions of this section. The general case follows by an
approximation argument which was derived in [28, Section 6] for the case
κ = 0, but holds equally true for any κ > 0.

Since N is a Young function, we may invoke Lemma 2.1 and replace Mµf
in (4.1) by Eµf as in (4.9), at the expense of an additional universal constant
in the final conclusion.

Let A denote an arbitrary Borel set in Ω so that µ+(A) < ∞, and let
χA,ε,δ(x) := (1 − 1

εd(x,Ad
δ)) ∨ 0 be a continuous approximation in Ω to the

characteristic function χA of A (as usual d denotes the induced geodesic
distance). Our assumptions imply that

µ(Ad
ε+2δ)− µ(A)

ε
>

∫
|∇χA,ε,δ| dµ .

Applying Lemma 4.5 to functions in B(Ω) which approximate χA,ε,δ (in say
W 1,1(Ω, µ)) and passing to the limit inferior as ε, δ → 0 so that δ/ε → 0, it
follows that ∫ t

0

ds√
K(κ, s)

µ+(A) >
∫
|χA − PtχA| dµ

(note that the assumption µ+(A) < ∞ guarantees that µ(A \ A) = 0, so
χA,ε,δ tends to χA in L1(µ)). We start by rewriting the right-hand side as

∫

A

(1− PtχA)dµ +
∫

Ω\A
PtχAdµ = 2

(
µ(A)−

∫

A

PtχAdµ

)

= 2
(

µ(A)(1− µ(A))−
∫

Ω

(PtχA − µ(A))(χA − µ(A))dµ

)

= 2
(∫

Ω

|χA − µ(A)|2dµ−
∫

Ω

|Pt/2(χA − µ(A))|2dµ

)
.
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Denoting f = χA−µ(A) and using Proposition 4.7 to estimate the right-most
expression, we obtain after using the estimates in (4.8), that for t 6 1/(2κ)

2
√

tµ+(A) > 2µ(A)(1− µ(A))
(
1− (1 + (q − 1)Mt)

− 1
q−1

)
, (4.11)

where

Mt :=
2Dq

‖f‖q
N(µ)∗ ‖f‖q−2

L∞

(∫
f2dµ

)q−1 2
q

(
t

2

) q
2

.

To estimate Mt, we employ Lemma 4.6:

‖χA − µ(A)‖N(µ)∗ 6 (1− µ(A)) ‖χA‖N(µ)∗ + µ(A)
∥∥χΩ\A

∥∥
N(µ)∗

= µ(A)(1− µ(A))
(

1
N∧(µ(A))

+
1

N∧(1− µ(A))

)

6 2
µ(A)(1− µ(A))

N∧(min(µ(A), 1− µ(A)))
,

and using that ∫
f2dµ = µ(A)(1− µ(A)),

we conclude that

Mt > Lt := E
2
q

(
t

2

) q
2

, E :=
DqN∧(min(µ(A), 1− µ(A)))q

2q−1µ(A)(1− µ(A))
. (4.12)

It remains to optimize on t in (4.11). Denote

t0 := 4
( q

2E

)2/q

= 4
(q

2

)2/q 22/q∗(µ(A)(1− µ(A)))2/q

D2N∧(min(µ(A), 1− µ(A)))2
.

1. If t0 6 1/(2κ), we see from (4.12) that Lt0 = 2q/2, and we immediately
obtain from (4.11)

µ+(A) > c1
µ(A)(1− µ(A))√

t0

> c2D min(µ(A), 1− µ(A))1−1/qN∧(min(µ(A), 1− µ(A))) ,

where c1, c2 > 0 are some numeric constants.
2. If t0 > 1/(2κ), we evaluate (4.12) and (4.11) at time t1 = 1/(2κ), for

which Lt1 < 2q/2. Therefore, (1 + (q − 1)Lt1)
1

q−1 > 1 + c32−q/2Lt1 (recall
that q > 2), and hence, by (4.11),

µ+(A) > c4

√
κµ(A)(1− µ(A))2−q/2Lt1 ,
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where c3, c4 > 0 are numeric constants. Plugging in Lt1 , we obtain

µ+(A) > c5

q4q

Dq

κ
q−1
2

N∧(min(µ(A), 1− µ(A)))q .

Using that N(t)1/q/t is nondecreasing, which is equivalent to N∧(t)/t1/q

being nonincreasing, we conclude that

µ+(A) > c6N
∧(1/2)q−1

q4q

Dq

κ
q−1
2

min(µ(A), 1− µ(A))1−1/q

×N∧(min(µ(A), 1− µ(A))) (4.13)

for some numeric constants c5, c6 > 0.

Combining both cases, we obtain the assertion in the case q > 2. ut
We conclude the study of the case q > 2 by mentioning that, even though

our estimates in (4.13) degrade as q → ∞, it is also possible to study the
limiting case q = ∞. In this case, the functional inequality (4.1) corresponds
to an integrability property of Lipschitz functions f with Mµ(f) = 0, or
equivalently, to the concentration of the measure µ, in terms of the decay of
µ(Ω \ Ad

t ) as a function of t for sets A with µ(A) > 1/2. Using techniques
from Riemannian geometry, it is still possible to deduce in this case an appro-
priate isoperimetric inequality under our κ-semiconvexity assumptions (and
an appropriate necessary assumption on the concentration); cf. [30].

4.2 Case 1 < q 6 2

We present two proofs of Theorem 4.1 for this case, each having its own
advantages and drawbacks. The first runs along the same lines as in the
previous subsection, and is new even in the κ = 0 case. It has the advantage
of working for arbitrary N ∈ N satisfying the assumptions of Theorem 4.1,
but with this approach the estimates on CN,q degrade as q → 1. This does not
necessarily happen with the second proof, which is based on the idea in [28]
of reducing the claim to the q = 2 case using Proposition 3.12. Nevertheless,
some further conditions on N will need to be imposed for this approach to
work.

4.2.1 Semigroup Approach

We need an analogue of Proposition 4.7, which again may be of independent
interest.
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Proposition 4.9. Assume that the following (N, q) Orlicz–Sobolev inequality
is satisfied for N ∈ N and 1 < q 6 2 :

∀f ∈ F D ‖f − Eµf‖N(µ) 6 ‖|∇f |‖Lq(µ) . (4.14)

Then for any f ∈ L∞(Ω) with
∫

fdµ = 0, we have for all t > 0

∫
|Ptf |qdµ 6

∫
fqdµ


1 +

2D2

‖f‖
2(2−q)

q−1

L1(µ) ‖f‖2N(µ)∗

(∫
fqdµ

) 2
q(q−1)

t




− q(q−1)
2

.

Note that the case q = 2 is identical to the one in Proposition 4.7.

Proof. Denote

u(t) =
∫
|Ptf |qdµ

and observe that

u′(t) = q

∫
|Ptf |q−1sign(Ptf)∆Ω,µ(Ptf)dµ

= −q(q − 1)
∫
|Ptf |q−2|∇Ptf |2dµ .

Note that u(t) is decreasing. Using the Hölder inequality (recall q 6 2) twice,
we estimate

u(t)
q

q−1 6
(∫

|Pt/2f |qdµ

) q
q−1

6
(∫

|Pt/2f |dµ

) (2−q)q
q−1

(∫
|Pt/2f |2dµ

)q

6 ‖f‖
(2−q)q

q−1

L1(µ)

(∫
fPtfdµ

)q

6 ‖f‖
(2−q)q

q−1

L1(µ) ‖f‖q
N(µ)∗ ‖Ptf‖q

N(µ)

6 ‖f‖
(2−q)q

q−1

L1(µ) ‖f‖q
N(µ)∗

1
Dq

∫
|∇Ptf |qdµ

6
‖f‖

(2−q)q
q−1

L1(µ) ‖f‖q
N(µ)∗

Dq

(∫
|Ptf |qdµ

) 2−q
2

(∫
|Ptf |q−2|∇Ptf |2dµ

) q
2

.

Rearranging terms, we see that

u′(t) 6 −q(q − 1)
D2

‖f‖
2(2−q)

q−1

L1(µ) ‖f‖2N(µ)∗

u(t)1+
2

q(q−1) .

Setting v(t) = u(t)−
2

q(q−1) , we obtain
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v′(t) > 2D2

‖f‖
2(2−q)

q−1

L1(µ) ‖f‖2N(µ)∗

,

and the assertion follows after integrating in t. ut
Proof of Theorem 4.1 in the case q 6 2. Semigroup approach. We begin as in
the proof of the q > 2 case above, obtaining for a Borel set A ⊂ Ω and any
time 0 6 t 6 1/(2κ)

2
√

tµ+(A) >
∫
|χA − PtχA| dµ.

Denote f = χA−µ(A). Since |x|q−|y|q 6 q|x− y| for all |x|, |y| < 1, we have

2
√

tµ+(A) >
∫
|f − Ptf | dµ > 1

q

(∫
|f |qdµ−

∫
|Ptf |qdµ

)
,

and, using Proposition 4.9, we obtain for 0 6 t 6 1/(2κ)

2
√

tµ+(A) > 1
q

∫
|f |qdµ

(
1− (1 + 2Mt)−

q(q−1)
2

)
, (4.15)

where

M :=
D2(

∫ |f |qdµ)
2

q(q−1)

‖f‖
2(2−q)

q−1

L1(µ) ‖f‖2N(µ)∗

.

As in the proof of the q > 2 case, it is easy to verify that

M > D2 (µ(A)(1− µ(A)))
2

q(q−1) N∧(min(µ(A), 1− µ(A)))2

(2µ(A)(1− µ(A)))
2(2−q)

q−1 +2
,

which simplifies to

M > E :=
D2N∧(min(µ(A), 1− µ(A)))2

2
2

q−1 (µ(A)(1− µ(A)))
2
q

.

As usual, we need to optimize (4.15) in t. Set t0 := 1/E.

1. If t0 6 1/(2κ), we obtain

µ+(A) > c1(q − 1)√
t0

µ(A)(1− µ(A))

> c2(q − 1)

2
1

q−1
D min(µ(A), 1− µ(A))1−1/qN∧(min(µ(A), 1− µ(A))) ,

for some numeric constants c1, c2 > 0.
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2. If t0 > 1/(2κ), we evaluate (4.15) at t1 = 1/(2κ). Since Et1 < 1, we obtain

µ+(A) > c3(q − 1)Et1√
t1

µ(A)(1− µ(A))

> c4(q − 1)

4
1

q−1

D2

√
κ

min(µ(A), 1− µ(A))1−2/qN∧(min(µ(A), 1− µ(A)))2 ,

where c3, c4 > 0 are numeric constants. Using that N∧(t)/t1/q is nonin-
creasing, we conclude that

µ+(A) > c5(q − 1)N∧(1/2)

4
1

q−1

D2

√
κ

min(µ(A), 1− µ(A))1−1/q

×N∧(min(µ(A), 1− µ(A))) .

Combining both cases, Theorem 4.1 follows for 1 < q 6 2. ut

4.2.2 Capacity Approach

To complete a circle as we conclude this work, we present a second proof
using capacities following [28, Theorem 4.5].

Proof of Theorem 4.1 for q 6 2. Capacity approach. The assumption (4.1)
implies by Proposition 3.8 that

Capq(t, 1/2) > DN∧(t) ∀t ∈ [0, 1/2] ,

where N∧(t)/t1/q is nonincreasing by our assumption on N . Using Proposi-
tion 3.12 (with q0 = q, q = 2) to pass from Capq to Cap2, we obtain

Cap2(t, 1/2) >
(1− 2

q∗ )
1/2

( q∗
2 − 1)1/q∗

D

(∫ 1/2

t

ds

(s− t)2/q∗N∧(s)2

)−1/2

∀t ∈ [0, 1/2] .

Next, we modify N∧(t) when t > 1/2 as follows:

N∧
0 (t) =

{
N∧(t) t ∈ [0, 1/2],
N∧(1/2)21/qt1/q t ∈ [1/2,∞),

so that N∧
0 (t)/t1/q is still nonincreasing. By [28, Lemma 4.2, Remark 4.3], it

follows that there exists a numeric constant c1 > 0 so that

Cap2(t, 1/2) > c1DN∧
2 (t) ∀t ∈ [0, 1/2] ,

where N2 ∈ N is a function so that
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N∧
2 (t) :=

1
(∫∞

t
ds

s2/q∗N∧
0 (s)2

)1/2
.

Moreover, by [28, Lemma 4.4], N2 is, in fact, a convex function and N2(t)1/2/t
is nondecreasing. Proposition 3.9 then implies that

∀f ∈ F c1

4
D ‖f −Mµf‖N2(µ) 6 ‖|∇f |‖L2(µ) .

We can now apply the case q = 2 of Theorem 4.1, and conclude that

Ĩ(t) > min(c2, N
∧
2 (1/2))min

(
D,

D2

√
κ

)
t1/2N∧

2 (t) ∀t ∈ [0, 1/2]

with c2 > 0 a numeric constant. Defining

CN,q := min(c2, N
∧
2 (1/2)) inf

0<t<1/2

t1/q−1/2

(∫∞
t

N∧
0 (t)2ds

s2/q∗N∧
0 (s)2

)1/2
, (4.16)

since N∧
0 (t) = N∧(t) for t ∈ [0, 1/2], this implies

Ĩ(t) > CN,q min
(

D,
D2

√
κ

)
t1−1/qN∧(t) ∀t ∈ [0, 1/2],

as required. This concludes the proof under the additional assumption that
CN,q > 0. ut

Remark 4.10. Note the similarity between the definitions of CN,q in (4.16)
and BN,q in (3.9).

This proof has the advantage that one may obtain estimates which do not
degrade to 0 as q → 1, if the constant CN,q in (4.16) may be controlled.
Indeed, this is the case for the family of q-log-Sobolev inequalities (2.3) for
q ∈ [1, 2], discussed in Section 2. As already mentioned, it was shown by
Bobkov and Zegarlinski that these inequalities may be put in an equivalent
form, given by (2.4), corresponding to (ϕq, q) Orlicz–Sobolev inequalities,
where ϕq = tq log(1 + tq). It is not hard to verify (cf. [28, Corollary 4.8])
that Cϕq,q > c > 0 uniformly in q ∈ [1, 2], and so we deduce the following
assertion.

Corollary 4.11. Under our κ-semiconvexity assumptions, the q-log-Sobolev
inequality

∀f ∈ F D

(∫
|f |q log |f |qdµ−

∫
|f |qdµ log(

∫
|f |qdµ)

)1/q

6 ‖|∇f |‖Lq(µ)

with 1 6 q 6 2 implies the following isoperimetric inequality:
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Ĩ(t) > cmin
(

D,
D2

√
κ

)
t log1/q 1/t ∀t ∈ [0, 1/2] ,

where c > 0 is a numeric constant (independent of q).
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9. Bobkov, S.G., Houdré, C.: Isoperimetric constants for product probability mea-
sures. Ann. Probab. 25, no. 1, 184–205 (1997)
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Probab. Statist. 44, no. 2, 362–373 (2008)

36. Wang, F.-Y.: Gradient estimates and the first Neumann eigenvalue on mani-
folds with boundary. Stochastic Process. Appl. 115, no. 9, 1475–1486 (2005)



Pseudo-Poincaré Inequalities and
Applications to Sobolev Inequalities

Laurent Saloff-Coste

Abstract Most smoothing procedures are via averaging. Pseudo-Poincaré in-
equalities give a basic Lp-norm control of such smoothing procedures in terms
of the gradient of the function involved. When available, pseudo-Poincaré in-
equalities are an efficient way to prove Sobolev type inequalities. We review
this technique and its applications in various geometric setups.

1 Introduction

This paper is concerned with the question of proving the Sobolev inequality

∀ f ∈ C∞c (M), ‖f‖q 6 S(M, p, q)‖∇f‖p (1.1)

when M = (M, g) is a Riemannian manifold, perhaps with boundary ∂M ,
and C∞c (M) is the space of smooth compactly supported functions on M (if
M is a manifold with boundary ∂M , then points on ∂M are interior points
in M and functions in Cc(M) do not have to vanish at such points). We say
that (M, g) is complete when M equipped with the Riemannian distance is
a complete metric space.

In (1.1), p, q ∈ [1,∞) and q > p. The norms ‖ · ‖p and ‖ · ‖q are computed
with respect to some fixed reference measure, perhaps the Riemannian mea-
sure dv on M or, more generally, a measure dµ on M of the form dµ = σdv,
where σ is a smooth positive function on M . We set V (x, r) = µ(B(x, r)),
where B(x, r) is the geodesic ball of center x ∈ M and radius r > 0. The
gradient ∇f of f ∈ C∞(M) at x is the tangent vector at x defined by

Laurent Saloff-Coste
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gx(∇f(x), u) = df |x (u)

for any tangent vector u ∈ Tx. Its length |∇f | is given by |∇f |2 = g(∇f,∇f).
We will not be concerned here with the (interesting) problem of finding the

best constant S(M, p, q) but only with the validity of the Sobolev inequality
(1.1), for some constant S(M, p, q).

In Rn, equipped with the Lebesgue measure dx, (1.1) holds for any p ∈
[1, n) with q = np/(n − p). The two simplest contexts where the question
of the validity of (1.1) is meaningful is when M = Ω is a subset of Rn, or
when Rn is equipped with a measure µ(dx) = σ(x)dx. In the former case, it
is natural to relax our basic assumption and allow domains with nonsmooth
boundary. It then becomes important to pay more attention to the exact
domain of validity of (1.1) as approximation by functions that are smooth up
to the boundary may not be available (cf., for example, [13, 14]).

The fundamental importance of the inequality (1.1) in analysis and geom-
etry is well established. It is beautifully illustrated in the work of V. Maz’ya.
One of the fundamental references on Sobolev inequalities is Maz’ya’s treaty
“Sobolev Spaces” [13] which discuss (1.1) and its many variants in Rn and in
domains in Rn (cf. also [1, 3, 14] and the references therein). Maz’ya’s treaty
anticipates on many later works including [2]. More specialized works that
discuss (1.1) in the context of Riemannian manifolds and Lie groups include
[11, 19, 23] among many other possible references.

The aim of this article is to discuss a particular approach to (1.1) that is
based on the notion of pseudo-Poincaré inequality. This technique is elemen-
tary in nature and quite versatile. It seems it has its origin in [4, 7, 17, 18]
and was really emphasized first in [7, 18], and in [2]. To put things in some
perspective, recall that the most obvious approach to (1.1) is via some “rep-
resentation formula” that allows us to “recover” f from its gradient through
an integral transform. One is them led to study the mapping properties of
the integral transform in question.

However, this natural approach is not well suited to many interesting ge-
ometric setups because the needed properties of the relevant integral trans-
forms might be difficult to establish or might even not hold true. For instance,
its seems hard to use this approach to prove the following three (well-known)
fundamental results.

Theorem 1.1. Assume that (M, g) is a Riemannian manifold of dimension
n equipped with its Riemannian measure and which is of one of the following
three types:

1. A connected simply connected noncompact unimodular Lie group equipped
with a left-invariant Riemannian structure.

2. A complete simply connected Riemannian manifold without boundary with
nonpositive sectional curvature (i.e., a Cartan–Hadamard manifold).

3. A complete Riemannian manifold without boundary with nonnegative Ricci
curvature and maximal volume growth.
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Then for any p ∈ [1, n) the Sobolev inequality (1.1) holds on M with q =
np/(n− p) for some constant S(M, p, q) < ∞.

One remarkable thing about this theorem is the conflicting nature of the
curvature assumptions made in the different cases. Connected Lie groups
almost always have curvature that varies in sign, whereas the second and
third cases we make opposite curvature assumptions. Not surprisingly, the
original proofs of these different results have rather distinct flavors.

The result concerning unimodular Lie groups is due to Varopoulos and
more is true in this case (cf. [22, 23]).

The result concerning Cartan–Hadamard manifolds is a consequence of a
more general result due to Michael and Simon [15] and Hoffmann and Spruck
[12]. A more direct prove was given by Croke [9] (cf. also [11, Section 8.1 and
8.2] for a discussion and further references).

The result concerning manifolds with nonnegative Ricci curvature and
maximal volume growth (i.e., V (x, r) > crn for some c > 0 and all x ∈
M, r > 0) was first obtained as a consequence of the Li-Yau heat kernel
estimate using the line of reasoning in [22].

One of the aims of this paper is to describe proofs of these three results
that are based on a common unifying idea, namely, the use of what we call
pseudo-Poincaré inequalities. Our focus will be on how to prove the desired
pseudo-Poincaré inequalities in the different contexts covered by this theorem.
For relevant background on geodesic coordinates and Riemannian geometry
see [5, 6, 10].

2 Sobolev Inequality and Volume Growth

There are many necessary conditions for (1.1) to hold and some are discussed
in Maz’ya’s treaty [13] in the context of Euclidean domains. For instance, if
(1.1) holds for some fixed p = p0 ∈ [1,∞) and q = q0 > p0 and we define m
by 1/q0 = 1/p0 − 1/m, then (1.1) also holds for all p ∈ [p0,m) with q given
by 1/q = 1/p − 1/m (this easily follows by applying the p0, q0 inequality to
|f |α with a properly chosen α > 1 and using the Hölder inequality). More
importantly to us here is the following result (cf., for example, [2] or [19,
Corollary 3.2.8]).

Theorem 2.1. Let (M, g) be a complete Riemannian manifold equipped with
a measure dµ = σdv, 0 < σ ∈ C∞(M). Assume that (1.1) holds for some
1 6 p < q < ∞ and set 1/q = 1/p− 1/m. Then for any r ∈ (m,∞) and any
bounded open set U ⊂ M

∀ f ∈ C∞c (U), ‖f‖∞ 6 Crµ(U)1/m−1/r‖∇f‖r. (2.1)
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Corollary 2.1. If the complete Riemannian manifold (M, g) equipped with
a measure dµ = σdv satisfies (1.1) for some 1 6 p < q < ∞, then

inf{s−mV (x, s) : x ∈ M, s > 0} > 0

with 1/q = 1/p− 1/m.

Proof. Fix r > m and apply (2.1) to the function

φx,s(y) = y 7→ (s− ρ(x, y))+ = max{(s− ρ(x, y), 0},

where ρ is the Riemannian distance on (M, g). Because (M,ρ) is complete,
this function is compactly supported and can be approximated by smooth
compactly supported functions in the norm ‖f‖∞ + ‖∇f‖r, justifying the
use of (2.1). Moreover, |∇φx,s| 6 1 a.e. so that ‖∇φx,s‖r 6 V (x, r)1/r. This
yields s 6 CrV (x, s)1/m−1/rV (x, s)1/r = CrV (x, s)1/m as desired. ut

Remark 2.1. Let Ω be an unbounded Euclidean domain.

(a) If we assume that (1.1) holds but only for all traces f |Ω of functions f ∈
C∞c (Rn), then we can conclude that (2.1) holds for such functions. Applying
(2.1) to ψx,s(y) = (s− ‖x− y‖)+, x ∈ Ω, s > 0, yields

|{z ∈ Ω : ‖x− z‖ < s}| > csm.

(b) If, instead, we consider the intrinsic geodesic distance ρ = ρΩ in Ω and
assume that (1.1) holds for all ρ-Lipschitz functions vanishing outside some ρ-
ball, then the same argument, properly adapted, yields V (x, s) > csm, where
V (x, s) is the Lebesgue measure of the ρ-ball of radius s around x in Ω.

For domains with rough boundary, the hypotheses made respectively in
(a) and (b) may be very different.

3 The Pseudo-Poincaré Approach to Sobolev
Inequalities

Our aim is to illustrate the following result which provide one of the most
elementary and versatile ways to prove a Sobolev inequality in a variety of
contexts (cf., for example, [2, Theorem 9.1]). The two main hypotheses in
the following statement concern a family of linear operators Ar acting, say,
on smooth compactly supported functions. The first hypothesis captures the
idea that Ar is smoothing. The sup-norm of Arf is controlled in terms of the
Lp-norm of f only and tends to 0 as r tends to infinity. The second hypothesis
implies, in particular, that Arf is close to f if |∇f | is in Lp and r is small.
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Theorem 3.1. Fix m, p > 1. Assume that for each r > 0 there is a linear
map Ar : C∞c (M) → L∞(M) such that

• ∀ f ∈ C∞c (M), r > 0, ‖Arf‖∞ 6 C1r
−m/p‖f‖p.

• ∀ f ∈ C∞c (M), r > 0, ‖f −Arf‖p 6 C2r‖∇f‖p.

Then, if p ∈ [1, m) and q = mp/(m − p), there exists a finite constant
S(M, p, q) = C(p, q)C2C

1/m
1 such that the Sobolev inequality (1.1) holds

on M .

Outline of the proof. The proof is entirely elementary and is given in [2]. For
illustrative purpose and completeness, we explain the first step. Consider the
distribution function of |f |, F (s) = µ({x : |f(x)| > s}). Then

F (s) 6 µ({|f −Arf | > s/2}) + µ({|Arf | > s/2}).

By hypothesis, if s = 2C1r
−m/p‖f‖p, then µ({|Arf | > s/2}) = 0 and

F (s) 6 µ({|f −Arf | > s/2}) 6 2pCp
2rps−p‖∇f‖p

p.

This gives

sp(1+1/m)F (s) 6 2p(1+1/m)C
p/m
1 Cp

2‖∇f‖p
p‖f‖p/m

p .

This is a weak form of the desired Sobolev inequality (1.1). But, as is already
apparent in [13], such a weak form of (1.1) actually imply (1.1) (cf. also
[2, 19]). ut

Remark 3.1. When p = 1 and µ = v is the Riemannian volume, we get

s1+1/mv({|f | > s}) 6 21+1/mC
1/m
1 C2‖∇f‖1‖f‖1/m

1 .

For any bounded open set Ω with smooth boundary ∂Ω we can find a
sequence of functions fn ∈ C∞c (M) such that fn → 1Ωn and ‖∇fn‖1 →
vn−1(∂Ω). This yields the isoperimetric inequality

v(Ω)1−1/m 6 21+1/mC
1/m
1 C2vn−1(∂Ω).

Of course, as was observed long ago by Maz’ya and others, the classical co-
area formula and the above inequality imply

∀ f ∈ C∞c (M), ‖f‖m/(m−1) 6 21+1/mC
1/m
1 C2‖∇f‖1.

There are many situations where one does not expect (1.1) to hold, but
where one of the local versions

∀ f ∈ C∞c (M), ‖f‖q 6 S(M, p, q)(‖∇f‖p + ‖f‖p), (3.1)
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or (b indicates an open relatively compact inclusion)

∀Ω b M, ∀ f ∈ C∞c (Ω), ‖f‖q 6 S(Ω, p, q)(‖∇f‖p + ‖f‖p) (3.2)

may hold. This is handled by the following local version of Theorem 3.1 (cf.
[2] and [19, Section 3.3.2]).

Theorem 3.2. Fix an open subset Ω ⊂ M . Assume that for each r ∈ (0, R)
there is a linear map Ar : C∞c (Ω) → L∞(M) such that

• ∀ f ∈ C∞c (Ω), r ∈ (0, R), ‖Arf‖∞ 6 C1r
−m/p‖f‖p.

• ∀ f ∈ C∞c (Ω), r ∈ (0, R), ‖f −Arf‖p 6 C2r‖∇f‖p.

Then, if p ∈ [1,m) and q = mp/(m − p), there exists a finite constant S =
S(p, q) such that

∀ f ∈ C∞c (Ω), ‖f‖q 6 SC
1/m
1 (C2‖∇f‖p + R−1‖f‖p). (3.3)

Another useful version is as follows. For any open set Ω we let W 1,p(Ω) be
the space of those functions in Lp(Ω) whose first order partial derivatives in
the sense of distributions (in any local chart) can be represented by a locally
integrable function and such that

∫

Ω

|∇f |pdv < ∞.

We write ‖f‖Ω,p for the Lp-norm of f over Ω. Note that C∞(Ω) ∩W 1,p(Ω)
is dense in W 1,p(Ω) for 1 6 p < ∞ (cf., for example, [1, 3, 13]).

Theorem 3.3. Fix an open subset Ω ⊂ M . Assume that for each r ∈ (0, R)
there is a linear map Ar : C∞(Ω) ∩W 1,p(Ω) → L∞(M) such that

• ∀ f ∈ C∞(Ω) ∩W 1,p(Ω), r ∈ (0, R), ‖Arf‖∞ 6 C1r
−m/p‖f‖p.

• ∀ f ∈ C∞(Ω) ∩W 1,p(Ω), r ∈ (0, R), ‖f −Arf‖p 6 C2r‖∇f‖p.

Then, if p ∈ [1,m) and q = mp/(m − p), there exists a finite constant S =
S(p, q) such that

∀ f ∈ W 1,p(Ω), ‖f‖q 6 SC
1/m
1 (C2‖∇f‖p + R−1‖f‖p). (3.4)

4 Pseudo-Poincaré Inequalities

The term Poincaré inequality (say, with respect to a bounded domain Ω ⊂
M) is used with at least two distinct meanings:

• The Neumann type Lp-Poincaré inequality for a bounded domain Ω ⊂ M
is the inequality
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∀ f ∈ W 1,p(Ω), inf
ξ∈R

∫

Ω

|f − ξ|pdv 6 PN (Ω)
∫

Ω

|∇f |pdv.

• The Dirichlet type Lp-Poincaré inequality for a bounded domain Ω ⊂ M
is the inequality

∀ f ∈ C∞c (Ω),
∫

Ω

|f |pdv 6 PD(Ω)
∫

Ω

|∇f |pdv.

When p = 2 and the boundary is smooth, the first (respectively, the second)
inequality is equivalent to the statement that the lowest nonzero eigenvalue
λN (Ω) (respectively, λD(Ω)) of the Laplacian with the Neumann boundary
condition (respectively, the Dirichlet boundary condition) is bounded below
by 1/PN (Ω) (respectively, 1/PD(Ω)). Note that if M = Sn is the unit sphere
in Rn+1 and Ω = B(o, r), r < 2π, is a geodesic ball, then PN (Ω) → 1/(n+1)
and PD(Ω) →∞ as r tends to 2π.

Here, we will use the term Poincaré inequality for the collection of the
Neumann type Poincaré inequalities on metric balls. More precisely, we say
that the Lp-Poincaré inequality holds on the manifold M if there exists P ∈
(0,∞) such that

∀B = B(x, r), ∀ f ∈ W 1,p(B), inf
ξ∈R

∫

B

|f − ξ|pdv 6 Prp

∫

B

|∇f |pdv. (4.1)

The notion of pseudo-Poincaré inequality was introduced in [7, 18] to de-
scribe the inequality

∀ f ∈ C∞c (M), ‖f − fr‖p 6 Cr‖∇f‖p, (4.2)

where
fr(x) = V (x, r)−1

∫

B(x,r)

fdv.

Although this looks like a version of the previous Poincaré inequality, it is
quite different in several respects. The most important difference is the global
nature of each of the members of the pseudo-Poincaré inequality family: in
(4.2) all integrals are over the whole space.

We say the doubling volume condition holds on M if there exists D ∈
(0,∞) such that

∀x ∈ M, r > 0, V (x, 2r) 6 DV (x, r). (4.3)

The only known strong relation between (4.1) and (4.2) is the following
result from [8, 18].

Theorem 4.1. If a complete manifold M equipped with a measure dµ =
σdv satisfies the conjunction of (4.3) and (4.1), then the pseudo-Poincaré
inequality (4.2) holds on M .
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The most compelling reason for introducing the notion of pseudo-Poincaré
inequality is that unimodular Lie groups always satisfy (4.2) with C = 1 (cf.
[22] and the development in [7]). The proof is extremely simple and the result
slightly stronger.

Theorem 4.2. Let G be a connected unimodular Lie group equipped with a
left-invariant Riemannian distance and Haar measure. For any group element
y at distance r(y) from the identity element e

∀ f ∈ Cc(G), ‖f − fy‖p 6 r(y)‖∇f‖p,

where fy(x) = f(xy).

Proof. Indeed, let γy : [0, r(y)] → G be a (unit speed) geodesic joining e to
y. Thus,

|f(x)− f(xy)|p 6 r(y)p−1

∫ r(y)

0

|∇f(xγy(s))|pds.

Integrating over x ∈ G yields the desired result. ut
With this simple observation and Theorem 3.1, we immediately find that

any simply connected noncompact unimodular Lie group M of dimension n
satisfies the Sobolev inequality

‖f‖np/(n−p) 6 S(M, p)‖∇f‖p.

This is because the volume growth function V (x, r) = V (r) is always faster
than crn (cf. [23] and the references therein). In fact, for r ∈ (0, 1), we
obviously have V (r) ' rn and, for r > 1, either V (r) ' rN for some integer
N > n or V (r) grows exponentially fast. This line of reasoning yields the
following improved result (due to Varopoulos [22], with a different proof).

Theorem 4.3. Let G be a connected unimodular Lie group equipped with a
left-invariant Riemannian structure and Haar measure. If the volume V (r)
of the balls of radius r in G satisfies V (r) > crm for some m > 0 and all
r > 0, then (1.1) holds on G for all p ∈ [1,m] and q = mp/(m− p).

In this article, we think of a pseudo-Poincaré inequality as an inequality
of the more general form

∀ f ∈ C∞c (M), ‖f −Arf‖p 6 Cr‖∇f‖p, (4.4)

where Ar : C∞c (M) → L∞(M) is a linear operator. It is indeed very useful to
replace the ball averages

fr = V (x, r)−1

∫

B(x,r)

fdµ

by other types of averaging procedures. One interesting case is the following
instance.
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Theorem 4.4. Let (M, g) be a Riemannian manifold, and let ∆ be the
Friedrichs extension of the Laplacian defined on smooth compactly supported
functions on M . Let Ht = et∆ be the associated semigroup of selfadjoint
operator on L2(M,dv) (the minimal heat semigroup on M). Then

∀ f ∈ C∞c (M), ‖f −Htf‖2 6
√

t‖∇f‖2. (4.5)

Consequently, if there are constants C ∈ (0,∞), T ∈ (0,∞] and m > 2 such
that

∀ t ∈ (0, T ), ‖Htf‖∞ 6 Ct−m/4‖f‖2, (4.6)

then there exists a constant S = S(C, m) ∈ (0,∞) such that the Sobolev
inequality

∀ f ∈ C∞c (M), ‖f‖2m/(m−2) 6 S(‖∇f‖2 + T−1‖f‖2) (4.7)

holds on M .

Proof. In order to apply Theorem 3.2 with Ar = Hr2 , it suffices to prove
(4.5). But

Htf − f =
∫ t

0

∂sHsfds

and

〈∂sHsf, Hτf〉 = 〈∆Hsf, Hτf〉 = −‖H(s+τ)/2(−∆)1/2f‖22 > −‖∇f‖22.

Hence ‖Htf − f‖22 6 t‖∇f‖22 as desired. ut
Remark 4.1. One can show that (4.7) and (4.6) are, in fact, equivalent prop-
erties. This very important result was first proved by Varopoulos [21]. This
equivalence holds in a much greater generality (cf. also [23]). When m ∈ (0, 2),
one can replace (4.7) by the Nash inequality

∀ f ∈ C∞c (M), ‖f‖2(1+2/m)
2 6 N(‖∇f‖2 + T−1‖f‖2)‖f‖4/m

1

which is equivalent to (4.6) (for any fixed m > 2). See, for example, [2, 4, 19,
23] and the references therein.

5 Pseudo-Poincaré Inequalities and the Liouville
Measure

Given a complete Riemannian manifold M = (M, g) of dimension n (without
boundary), we let TxM be the tangent space at x, Sx ⊂ TxM the unit
sphere, and SM the unit tangent bundle equipped with the Liouville measure
defined by
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∫

SM

fdµ =
∫

M

∫

Sx

f(x, u)dSxudv(x)

where we write ξ = (x, u) ∈ SM and dSxu is the normalized measure on
the unit sphere. We denote by Φt the geodesic flow on M (with phase space
SM). For any t, Φt : SM → SM is a diffeomorphism and the Liouville
measure is invariant under Φt. By definition, for any x ∈ M , u ∈ Sx ⊂ TxM ,
we have Φt(x, u) = (γx,u(t), γ̇x,u(t)), where γx,u : [0,∞) → M is the (unit
speed) geodesic starting at x with tangent unit vector u and γ̇x,u(t) is the
unit tangent vector to γx,u at γx,u(t) in the forward t direction.

If f : SM 7→ R is a function on SM that depends on ξ = (x, u) ∈ SM
only through x ∈ M , we have (for any fixed t > 0, and with a slight abuse of
notation, namely f(ξ) = f(x))

∫

M

fdv =
∫

SM

fdµ =
∫

SM

f ◦ Φtdµ =
∫

SM

f(γx,u(t))dSx
udv(x). (5.1)

For any (x, u) ∈ SM , let r(x, u) be the distance from x to the cutlocus in
the direction of u. Namely,

r(x, u) = inf{t > 0 : d(x, Φt(x, u)) < t}.

The function r defined on SM is always upper semicontinuous and continuous
when M is complete without boundary. Now, let ψ : (x, u, s) 7→ ψ(x, u, s) =
ψx,u(s) ∈ L1,+

loc (SM × [0,∞)) with ψx,u(t) = 0 if t > r(x, u). Call such a
function admissible. For f ∈ C∞c (M) we set

Arf(x) = w(x, r)−1

∫ r

0

∫

Sx

f(γx,u(t))ψx,u(t)dtdSx
u,

where
w(x, r) =

∫ r

0

∫

Sx

ψx,u(t)dtdSx
u.

In words, Arf is a weighted geodesic average of f over scales at most r. Note
that, according to our definition, these averages never look past the cutlocus.
Example 5.1. Let ψx,u(t) = J(x, u, t) be the density of the volume element
dv in geodesic polar coordinate around x so that

dv(y) = J(x, u, t)dtdSxu, y = γx,u(t) = Φt(x, u), t < r(x, u).

By definition, we set J(x, u, t) = 0 for t > r(x, u). Then w(x, r) = V (x, r)
and Arf(x) = fr(x) is the mean of f in B(x, r).

Theorem 5.1. On any complete manifold without boundary and for any
choice of admissible ψ ∈ L1,+

loc (SM × [0,∞)), we have
∫

M

|f −Arf |pdv 6 D(r)
∫

M

|∇f |pdv



Pseudo-Poincaré Inequalities 359

with

Dp(r) = sup
(x,u)∈SM

{
r

∫ r

0

ψx,u(t)tp−1

w(x, r)
dt

}
.

Proof. Write
∫

M

|f −Arf |pdv

6
∫

M

1
w(x, r)

∫ r

0

∫

Sx

|f(x)− f(γx,u(t))|pψx,u(t)dtdSxudv(x)

6
∫

M

1
w(x, r)

∫ r

0

∫

Sx

(∫ t

0

|∇f |(γx,u(s))ds

)p

ψx,u(t)dtdSxudv(x)

6
∫

M

1
w(x, r)

∫ r

0

∫

Sx

∫ t

0

|∇f |p(γx,u(s))dsψx,u(t)tp−1dtdSxudv(x)

= ∈ tr0

∫

M

∫

Sx

|∇f |p(γx,u(s))
(∫ r

s

ψx,u(t)tp−1

w(x, r)
dt

)
dSxudv(x)ds

6
(

sup
(x,u)∈SM

{∫ r

0

ψx,u(t)tp−1

w(x, r)
dt

})∫ r

0

∫

M

∫

Sx

|∇f |p(γx,u(s))dSxudv(x)ds

6 D(r)
∫

M

|∇f |pdv,

where Dp(r) is as defined in the theorem. Note the crucial use of (5.1) at the
last step. ut

Corollary 5.1. Let (M, g) be an isotropic Riemannian manifold. Then, for
any p ∈ [1,∞], the pseudo-Poincaré inequality

∀ f ∈ C∞c (M), ‖f − fr‖p 6 r‖∇f‖p

is satisfied.

Proof. Use the previous theorem with ψx,u(t) = J(x, u, t), in which case
Arf = fr, w(x, r) = V (x, r). Observe that J(x, u, t) is independent of (x, u)
because M is isotropic. It follows that

∫ r

0

J(x, u, t)dt =
∫

Sx

∫ r

0

J(x, u, t)dtdu = V (x, r).

Hence D(r) 6 rp. ut
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Note that isotropic Riemannian manifolds are the same as two-point ho-
mogeneous Riemannian manifolds. They must be either Rn or a rank one
symmetric space.

Corollary 5.2. Assume that M is a simply connected complete n-dimensional
manifold without boundary and with nonpositive sectional curvature (i.e., a
Cartan–Hadamard manifold). Set

Arf(x) = nr−n

∫ r

0

∫

Sx

f(γx,u(t))tn−1dtdSx
u.

Then, for any p ∈ [1,∞], the inequalities

∀ f ∈ C∞c (M), ‖f −Ar‖p 6 r‖∇f‖p, ‖Arf‖∞ 6 (Ωnrn)−1/p‖f‖p.

are satisfied (Ωn is the volume of the n-dimensional Euclidean unit ball).

Proof. Apply the theorem with ψx,u(t) = tn−11[0,r(x,u))(t). This gives D(r) 6
rp on any manifold (i.e., we have not use nonpositive curvature yet). Now,
since M has nonpositive sectional curvature and is simply connected, we
have r(x, u) = ∞, and the classical comparison theorem gives ωn−1t

n−1 6
J(x, u, t) (ωn−1 the volume of the unit sphere in Rn). Hence

|Arf(x)| 6 1
(ωn−1/n)rn

∫ r

0

∫

Sx

|f(γx,u(t)|J(x, u, t)dtdSxu

6 1
(ωn−1/n)rn

∫

M

|f |dv.

The proof is complete. ut

This and Theorem 3.1 yield the following classical result (case (2) of The-
orem 1.1).

Corollary 5.3. Assume that M is a simply connected complete n-dimensional
manifold without boundary and with nonpositive sectional curvature (i.e., a
Cartan–Hadamard manifold). Then the Sobolev inequality (1.1) holds on M
with q = np/(n− p) for any p ∈ [1, n).

This argument allow us to obtain a generalized version of this important
result. Namely, for any x ∈ M , let

Rx = {u ∈ Sx : r(x, u) = ∞}.

In words, Rx is the set of unit tangent vectors u ∈ TxM associated with rays
starting at x (a ray is a semiinfinite distance minimizing geodesic starting at
x). Let

|Rx| =
∫

Rx

dSxu



Pseudo-Poincaré Inequalities 361

be the normalized volume of Rx as a subset of Sx. Now, set

A∗rf(x) =
n

|Rx|rn

∫

Rx

∫ r

0

f(γx,u(t))tn−1dtdSx
u.

Obviously, Theorem 5.1 yields

‖f −A∗rf‖p 6 rp‖∇f‖p.

Further, if M has nonpositive sectional curvature along all rays,

|A∗rf(x)| 6 n

ωn−1|Rx|rn

∫

M

|f |dv.

Hence we obtain the following statement.

Theorem 5.2. Assume that M is a complete Riemannian n-manifold with-
out boundary and with nonpositive curvature and such that ρ = minx{|Rx|} >
0. Then M satisfies (1.1) with q = np/(n− p).

The simplest example of application of this result is to the surface of rev-
olution known as the catenoid (it looks essentially like two planes connected
through a compact cylinder) which is a celebrated example of minimal sur-
face in R3. The theorem applies for p ∈ [1, 2) and yields, for instance, the
Sobolev inequality ‖f‖2 6 S‖∇f‖1.

6 Homogeneous Spaces

In this section, we revisit the pseudo-Poincaré inequality on unimodular Lie
groups to extend it to a class of homogeneous spaces. The argument we will
use contains similarities as well as serious differences with the argument based
on the invariance of the Liouville measure that was described in Section 5. We
present it in the context of sub-Riemannian geometry. For an introduction
to sub-Riemannian geometry (cf. [16]).

Let G be a unimodular Lie group, and let K be a compact subgroup.
Let M = G/K be the associated homogeneous space equipped with its G
invariant measure dµ. Let τg : M → M be the action of G on M , and let
τgf(x) = f(τgx), f ∈ Cc(M).

Assume that M is equipped with a (constant rank) sub-Riemannian struc-
ture, i.e., a vector subbundle H ⊂ TM equipped with a fiber inner product
〈·, ·〉H such that any local frame (X1, . . . , Xk) for H is bracket generating
(i.e., satisfies the Hörmander condition). For any function f ∈ C∞c (M), let
∇Hf(x) be the vector in Hx such that df |x (u) = 〈∇Hf, u〉Hx

for any u ∈ Hx.
Assume further that (H, 〈·, ·〉H) is G invariant, i.e., for all g ∈ G, x ∈ M ,

X, Y ∈ Hx we have dτg(X) ∈ Hτgx and
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〈dτg(X), dτg(Y )〉Hτgx
= 〈X,Y 〉Hx

.

The space H is called the horizontal space. Under the Hörmander condi-
tion, any two points can be joined by absolutely continuous curves in M that
stay tangent to H almost surely. For any such c : [0, T ] → M with ċ(t) ∈ Hc(t)

we set

`H(c) =
∫ T

0

〈ċ, ċ〉1/2
Hc(t)

dt.

This is the horizontal length of c. By definition, for any two points x, y ∈ M ,
dH(x, y) is the infimum of the horizontal length of horizontal curves joining
x to y. It is not hard to check that dH(x, y) is also equal to the infimum
of all T such that there exists an absolutely continuous horizontal curve
c : [0, T ] → M with 〈ċ, ċ〉H 6 1 joining x to y. Since the action of G preserves
horizontal length, it also preserves the distance dH . We let BH(x, r) = {y ∈
M : dH(x, y) < r} and VH(r) = µ(BH(x, r)) which is, indeed, independent
of x. Our aim is to prove the following result.

Theorem 6.1. Let M = G/K with G unimodular and K compact be an
homogeneous manifold. Assume that M is equipped with a sub-Riemannian
structure (H, 〈·, ·〉H) satisfying the Hörmander condition and preserved by the
action of G. Then, for any 1 6 p 6 ∞,

∀ f ∈ Cc(M), ‖f − fr‖p 6 r‖∇Hf‖p.

Proof. We can choose the Haar measure on G and the G invariant measure
µ on M so that for any F ∈ Cc(G)

∫

G

F (g)dg =
∫

M

∫

K

F (gxk)dkdµ(x),

where dk is the normalized Haar measure on K. Here, gx stands for any
element of G such that x = gK. Note that

x →
∫

K

F (gxk)dk ∈ Cc(M)

is indeed independent of the choice gx, x ∈ M . We need to observe that there
is such an integration formula for any choice of an origin in M . Namely, for
any z ∈ M there is a compact subgroup Kz in G that fixes z and we can
write ∫

G

F (g)dg =
∫

M

∫

Kz

F (gxk)dKzkdµ(x) (6.1)

for some choice of Haar measure on Kz. Because µ is invariant under the
action of G and G is unimodular, the Haar measure on Kz must be taken to
be the normalized Haar measure (cf., for example, [20]).

Now, for any y ∈ gyK ∈ M we pick an horizontal path c : [0, T ] → M of
horizontal length l with 〈ċ, ċ〉H 6 1 and joining o = eK to y. For any g ∈ G
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and f ∈ Cc(M)

|f(τgo)− f(τgy)|p 6 T p−1

∫ T

0

|∇Hf(τgc(t))|pdt.

Hence
∫

G

|f(τgo)− f(τgy)|pdg 6 T p−1

∫ T

0

∫

G

|∇Hf(τgc(t)|pdgdt.

We now use (6.1) with z = c(t) and F (g) = |∇f(τgc(t))|p to compute
∫

G

|∇Hf(gc(t))|pdg =
∫

M

∫

Kc(t)

|∇Hf(τgxkc(t))|pdKc(t)kdµ(x)

=
∫

M

|∇Hf(x)|pdµ(x).

Hence ∫

G

|f(τgo)− f(τgy)|pdg 6 T p‖∇Hf‖p
p.

Optimizing over the value of T yields
∫

G

|f(τgo)− f(τgy)|pdg 6 d(o, y)‖∇Hf‖p
p.

Next, for any g ∈ G

VH(r)−1

∫

BH(o,r)

f(τgy)dµ(y) = VH(r)−1

∫

BH(τgo,r)

f(y)dµ(y).

Hence, if we set

fr(x) = VH(r)−1

∫

BH(x,r)

fdµ,

we have

‖f − fr‖p
p =

∫

M

∣∣∣∣∣f(x)− VH(r)−1

∫

BH(x,r)

fdµ

∣∣∣∣∣

p

dµ(x)

=
∫

G

∣∣∣∣∣f(τgo)− VH(r)−1

∫

BH(τgo,r)

fdµ

∣∣∣∣∣

p

dg

=
∫

G

∣∣∣∣∣f(τgo)− VH(r)−1

∫

BH(o,r)

f(τgy)dµ(y)

∣∣∣∣∣

p

dg
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6 VH(r)−1

∫

BH(o,r)

∫

G

|f(τgo)− f(τgy)|pdgdµ(y)

6 rp‖∇Hf‖p
p.

This finishes the proof of Theorem 6.1. ut

Corollary 6.1. In the context of Theorem 6.1, if VH(r) > crm for all r > 0,
then the Sobolev inequality

∀f ∈ Cc(M), ‖f‖q 6 S(M,H, p, q)‖∇Hf‖p

holds on M for all p ∈ [1, m) with q = mp/(m − p) and a finite constant
S(M, H, c, p, q).

This covers the case of unimodular Lie groups (M = G, K = {e}) equipped
with a family of left-invariant vector fields {X1, . . . , Xk} that generates the
Lie algebra (in this case, |∇Hf |2 =

∑k
1 |Xif |2). It also covers the case of

noncompact symmetric spaces M = G/K, G = NAK semisimple, equipped
with their canonical Riemannian structure. Note that when M is a noncom-
pact symmetric space, the inequality ‖f‖p 6 C(M, p)‖∇f‖p holds as well for
different reasons.

7 Ricci Curvature Bounded Below

This section offers variations on results from [19]. Let (M, g) be a Riemannian
manifold of dimension n (without boundary) with Ricci curvature tensor Ric.
Fix K, R > 0, an open set Ω ⊂ M . We assume throughout that ΩR =
{y ∈ M : d(x, y) 6 R} is compact and that the Ricci tensor is bounded by
Ric > −Kg over ΩR. It follows that for any x ∈ Ω and r ∈ (0, R) almost
every point y in B(x, r) can be joined to x by a unique minimizing geodesic
γx,y : [0, d(x, y)] → ΩR. Note that we use somewhat conflicting notation
by letting γx,u denote the unit speed geodesic starting at x in the direction
u ∈ Sx and letting γx,y denote the minimizing unit speed geodesic from x to
y (when it exists). Note also that for any x ∈ Ω and u ∈ Sx and r ∈ (0, R),
the unit speed geodesic γx,u (not necessarily minimizing) is defined at least
on the interval [0, r] because ΩR is compact in M .

In this context, the Bishop–Gromov comparison theorem yields the fol-
lowing properties:

• For all x ∈ Ω and 0 < s < r < R

V (x, r) 6 V (x, s)(r/s)ne
√

(n−1)K r.
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• For any x ∈ Ω, u ∈ Sx, and 0 < s < r < R such that γx,u is minimizing
on [0, r]

J(x, u, r) 6 J(x, u, s)(r/s)n−1e
√

(n−1)K r.

We will use these properties to prove the following result.

Theorem 7.1. Referring to the above setup concerning (M, g) and Ω,K, R,
we have

∀ r ∈ (0, R), ∀ f ∈ C∞c (Ω), ‖f − fr‖p
p 6 8ne3

√
(n−1)K rrp‖∇f‖p

p.

Proof. For simplicity, we write dx for the Riemannian measure v(dx). It suf-
fices to show that, for any f ∈ C∞c (Ω) and r ∈ (0, R)

∫

Ω

∫

Ω

|f(x)− f(y)|p 1B(x,r)(y)
V (x, r)

dxdy 6 8ne3
√

(n−1)K rrp‖∇f‖p
p.

By the Bishop–Gromov volume inequality, for x, y ∈ Ω

1B(x,r)(y)
V (x, r)

6 2ne
√

(n−1)K r 1B(x,r)(y)√
V (x, r)V (y, r)

(7.1)

and it suffices to bound

I =
∫

Ω

∫

Ω

|f(x)− f(y)|p 1B(x,r)(y)√
V (x, r)V (y, r)

dxdy.

Let W be the (symmetric) subset of Ω×Ω of all (x, y) with d(x, y) < r such
that there exists a unique minimizing geodesic γx,y : [0, d(x, y)] → M joining
x to y. As was noted above, for any x ∈ Ω, almost all y ∈ B(x, r) have this
property and the image of γx,y is contained in ΩR. Hence

I =
∫

W

|f(x)− f(y)|p 1B(x,r)(y)√
V (x, r)V (y, r)

dxdy

6
∫

W

∫ d(x,y)

0

d(x, y)p−1|∇f(γx,y(s))|p1B(x,r)(y)√
V (x, r)V (y, r)

dsdxdy.

The following step is essential to the proof. By symmetry between x and y
and since γx,y(s) = γy,x(d(x, y)− s), we have

∫

W

∫ d(x,y)/2

0

d(x, y)p−1|∇f(γx,y(s))|p1B(x,r)(y)√
V (x, r)V (y, r)

dsdxdy =

∫

W

∫ d(x,y)

d(x,y)/2

d(x, y)p−1|∇f(γx,y(s))|p1B(x,r)(y)√
V (x, r)V (y, r)

dsdxdy.
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Hence

I 6 2rp−1

∫

W

∫ d(x,y)

d(x,y)/2

|∇f(γx,y(s))|p1B(x,r)(y)√
V (x, r)V (y, r)

dsdxdy.

By the Bishop–Gromov comparison theorem, we have

∀x, y ∈ M, 0 < s < r,
1B(x,r)(y)√

V (x, r)V (y, r)
6 2ne

√
(n−1)K r 1B(x,r)(γx,y(s))

V (γx,y(s), r)
.

Moreover, again by the Bishop–Gromov comparison theorem, for all (x, y) ∈
W and d(x, y)/2 < s < d(x, y) 6 r, the Jacobian J(γx,y(s)) of the map

y 7→ z = φ(y) = γx,y(s) is bounded below by 2−n+1e−
√

(n−1)K r. Note that
we use here the fact that the image of the whole γx,y lies in ΩR, where the
Ricci lower bound is satisfied.

For each s ∈ [0, r] we set

Ws = {(x, y) ∈ W : s 6 d(x, y)}.

Using the two observations above in the previous upper bound for I and
setting C(r) = 4nrp−1e2

√
(n−1)K r, we obtain

I 6 C(r)
∫

W

∫ d(x,y)

d(x,y)/2

|∇f(γx,y(s))|pJ(γx,y(s))1B(x,r)(γx,y(s))
V (γx,y(s), r)

dsdxdy

6 C(r)
∫ r

0

∫

Ws

|∇f(γx,y(s))|pJ(γx,y(s))1B(γx,y(s),r)(x)
V (γx,y(s), r)

dxdyds

6 C(r)
∫ r

0

∫

M×M

|∇f(z)|p1B(z,r)(x)
V (z, r)

dxdzds

= C(r)r
∫

M

|∇f(z)|pdz.

Taking (7.1) into account, we obtain the desired result. ut
As corollaries of Theorems 3.1 and 7.1, we obtain the following three well-

known results.

Theorem 7.2. For any relatively compact set Ω in a Riemannian manifold
M (without boundary) of dimension n, the Sobolev inequality

∀ f ∈ C∞c (Ω), ‖f‖q 6 S(Ω, p, q) (‖∇f‖p + ‖f‖p)

holds for any p ∈ [1, n) and q = pn/(n− p).

For the proof of the next result, in addition to Theorems 3.1 and 7.1, one
uses the Bishop–Gromov comparison theorem in the form of the volume lower
bound
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∀x ∈ M, ∀ s ∈ (0, r), V (x, s) > c(x, r)sn

with c(x, r) = e
√

(n−1)K rV (x, r) which is valid as long as the closed ball
B(x, 2r) is compact and K > 0 is such that the Ricci curvature tensor is
bounded below by Ric > −Kg on B(x, 2r).

Theorem 7.3. On any Riemannian manifold M of dimension n (without
boundary), the Sobolev inequality

∀ f ∈ C∞c (B(x, r)), ‖f‖q 6 C(p, n, Kr2)r
V (x, r)1/n

(‖∇f‖p + r−1‖f‖p

)

holds for any p ∈ [1, n) and q = pn/(n−p) as long as the closed ball B(x, 2r)
is compact and K > 0 is such that the Ricci curvature tensor is bounded
below by Ric > −Kg on B(x, 2r).

If one follows the constants in the proof of Theorem 7.3, one finds that

C(p, n,Kr2) 6 C1(n, p)eC2(n,p)
√

Kr2

for some finite constants C1(n, p) and C2(n, p).
The next result can be obtained from the previous theorem by letting r

tend to infinity (which is possible when K = 0 since Kr2 = 0 for all r > 0).

Theorem 7.4. For any complete Riemannian manifold M of dimension n
with nonnegative Ricci curvature and maximum volume growth (i.e., there
exists c > 0 such that V (x, r) > crn for all x ∈ M , r > 0) the Sobolev
inequality

∀ f ∈ C∞c (M), ‖f‖q 6 S(c, n, p)‖∇f‖p

holds for any p ∈ [1, n) and q = pn/(n− p).

8 Domains with the Interior Cone Property

In this final section, we illustrate yet a slightly different use of the pseudo-
Poincaré inequality. Let (M, g) be a complete Riemannian manifold without
boundary.

Fix δ ∈ (0, 1] and r > 0. A (δ, r)-cone at x is a set of the form

C(x, ωx, r) = {y = γx,u(s) : u ∈ ωx, 0 6 s < r},

where ωx is an open subset of Sx with the property that r(x, u) > r for all
u ∈ ωx and |ωx| > δ. Here, |ωx| denotes the measure of ωx with respect to
the normalized measure on the sphere Sx. We always assume further that for
any continuous function f the function
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x 7→
∫

C(x,ωx,r)

f(y)dv(y)

is measurable. In particular, x 7→ v(C(x, ωx, r)) is measurable.
Note that the existence of a (δ, r) cone at x is a non trivial assumption. A

domain Ω which contains an (δ, r) cone at x for any x ∈ Ω is said to satisfy
the (δ, r) interior cone condition.

In the Euclidean space context, the interior cone condition is perhaps the
most classical condition for the validity of various Sobolev embedding theo-
rems (cf. [1, 13]). In the geometric context of complete Riemannian manifolds,
we offer two results based on the interior cone conditions. The Sobolev in-
equalities stated in the following two theorems are of a different nature than
those discussed earlier in this paper because the functions involved need not
vanish at the boundary of Ω. To obtain these inequalities, we use Theo-
rem 3.3.

Theorem 8.1. Let Ω be a domain in an n-dimensional complete Riemannian
manifold (M, g) (without boundary). Fix K, R > 0 and assume that

• The Ricci curvature is bounded by Ric > −Kg on Ω.

• There exists δ ∈ (0, 1) such that for any x ∈ Ω, there is a (δ,R)-
cone C(x, ωx, R) at x contained in Ω with the additional property that
v(C(x, ωx, r)) > crn for any r ∈ (0, R).

For any f ∈ C∞(Ω) ∩W 1,p(Ω) we set

Arf(x) =
1

v(C(x, ωx, r))

∫

C(x,ωx,r)

fdv.

Then for all f ∈ C∞(Ω) ∩W 1,p(Ω) the inequality

∀ r ∈ (0, R), ‖f − Arf‖Ω,p 6 (ωn−1/cn)e2
√

(n−1)K r r‖∇f‖Ω,p

holds. Further, for p ∈ [1, n) and q = np/(n− p) the Sobolev inequality

∀ f ∈ C∞(Ω) ∩W 1,p(Ω), ‖f‖Ω,q 6 S(c, p, n,Kr2)
(‖∇f‖Ω,p + R−1‖f‖Ω,p

)

is satisfied.

Proof. Let f ∈ C∞(Ω) ∩W 1,p(Ω). For any x ∈ Ω we write

v(C(x, r))|f(x)− Arf(x)| 6
∫

ωx

∫ r

0

∫ s

0

|∇f(γx,u(τ))dτ |J(x, u, s)dsdSx
u.

By the Bishop–Gromov comparison theorem, for all 0 < τ < s < r < r(x, u)

J(x, u, τ)(s/τ)n−1e
√

(n−1)K s > J(x, u, s).
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Hence

v(C(x, r))|f(x)− Arf(x)|

6 e
√

(n−1)K r

∫

ωx

∫ r

0

∫ s

0

τ1−n|∇f(γx,u(τ))|J(x, u, τ)dτsn−1dsdSxu

6 e
√

(n−1)K rrn

n

∫

Ω∩B(x,r)

|∇f(z)|
d(x, z)n−1

dz.

Using the hypothesis v(C(x, r)) > crn, we obtain

|f(x)− Arf(x)|p

6 ep
√

(n−1)K r

(cn)p

(∫

Ω∩B(x,r)

dz

d(x, z)n−1

)p−1 ∫

Ω∩B(x,r)

|∇f(z)|p
d(x, z)n−1

dz.

The Bishop comparison theorem yields
∫

Ω∩B(z,r)

dx

d(z, x)n−1
6 ωn−1e

√
(n−1)K rr.

The inequality

‖f − Arf‖Ω,p 6 (ωn−1/cn)e2
√

(n−1)K rr‖∇f‖Ω,p

follows, and Theorem 3.3 gives the desired Sobolev inequality. ut

Theorem 8.2. Fix R > 0 and δ ∈ (0, 1). Let Ω be a domain in an n-
dimensional complete simply connected Riemannian manifold (M, g) without
boundary and with nonpositive sectional curvature (i.e., a Cartan–Hadamard
manifold). Assume that Ω as the (δ,R) interior cone property. Namely, for
any x ∈ Ω there is a (δ,R)-cone {y = γx,u(s) : u ∈ ωx, 0 6 s < R, } at x
contained in Ω. For any f ∈ C∞(Ω) we set

Arf(x) =
n

|ωx|rn

∫

ωx

∫ r

0

f(γx,u(s)sn−1dsdSxu.

Then for all f ∈ C∞(Ω) ∩W 1,p(Ω) the inequality

∀ r ∈ (0, R), ‖f −Arf‖Ω,p 6 δ−1/p r‖∇f‖Ω,p

holds. Further, for p ∈ [1, n) and q = np/(n− p), the Sobolev inequality

∀ f ∈ C∞(Ω) ∩W 1,p(Ω), ‖f‖Ω,q 6 S(δ, p, n)
(‖∇f‖Ω,p + R−1‖f‖Ω,p

)



370 L. Saloff-Coste

is satisfied.

Proof. Let f ∈ C∞(Ω) ∩W 1,p(Ω). For any x ∈ Ω we write

|f(x)−Arf(x)| 6 n

δrn

∫

ωx

∫ r

0

∫ s

0

|∇f(γx,u(τ))|dτsn−1dsdSxu.

Hence, using (5.1) for the last step,

‖f −Arf‖p
Ω,p 6 n

δrn

∫ r

0

∫

Ω

∫

ωx

∫ r

τ

|∇f(γx,u(τ))|pdSxusn+p−2dsdτdx

6 nrp−1

(n + p− 1)δ

∫ r

0

∫

Ω

∫

ωx

|∇f(γx,u(τ))|pdSx
udxdτ

=
rp−1

δ

∫ r

0

∫

Ω

∫

ωx

|∇f(γx,u(τ))|p1Ω(γx,u(τ))dSxudxdτ

6 rp−1

δ

∫ r

0

∫

M

∫

Sx

|∇f(γx,u(τ))|p1Ω(γx,u(τ))dSxudxdτ

=
rp

δ
‖∇f‖p

Ω,p.

This yields the desired pseudo-Poincaré inequality. To obtain the stated
Sobolev inequality, we simply observe that

|Arf(x)| 6 n

δrn

∫

ωx

∫ r

0

|f(γx,u(s)|sn−1dsdSxu 6 n

δrn

∫

Ω

|f |dv

because, on any Cartan–Hadamard manifold, J(x, u, s) > sn−1 for all u. It
then suffices to apply Theorem 3.3. ut

Example 8.1. Let M be an n-dimensional Cartan–Hadamard manifold. Let
C be a closed geodesically convex set, and let Ω = M \ C. We claim that Ω
has the (1/2,∞) interior cone property. Indeed, for any x ∈ Ω, let ωx be the
subset of those unit tangent vectors v at x such that C ∩ {y = γx,v(s) : s >
0} = ∅. Because C is geodesically convex and x ∈ Ω, for any u ∈ Sx, either
u or −u belongs to ωx. This implies that |ωx| > 1/2. Applying Theorem 8.2
with R = ∞, we obtain the Sobolev inequality

∀ f ∈ C∞(Ω) ∩W 1,p(Ω), ‖f‖Ω,q 6 S(p, n)‖∇f‖Ω,p, q = np/(n− p).

Note that the functions f ∈ C∞(Ω)∩W 1,p(Ω) do not necessarily vanish along
the boundary of Ω. Balls and sublevel sets of Busemann functions provide
examples of geodesically convex sets in Cartan–Hadamard manifolds.
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Example 8.2. Consider a geodesic ball of radius ρ > 1 in the hyperbolic plane.
It is not hard to see that it has the (δ, 1) interior cone property. One may ask
if, uniformly in ρ > 1, these balls have the (δ, aρ) interior cone property for
some δ, a ∈ (0, 1). The answer is no. If one wants to fit cones of length aρ in
a ball of radius ρ, then the aperture α(a, ρ) has to tend to 0 with ρ.
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7. Coulhon, T., Saloff-Coste, L.: Isopérimétrie pour les groupes et les variétés.
Rev. Mat. Iberoam. 9, no. 2, 293–314 (1993)

8. Coulhon, T., Saloff-Coste, L.: Variétés riemanniennes isométriques à l’infini.
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The p-Faber-Krahn Inequality Noted

Jie Xiao

Abstract When revisiting the Faber-Krahn inequality for the principal p-
Laplacian eigenvalue of a bounded open set in Rn with smooth boundary, we
simply rename it as the p-Faber-Krahn inequality and interestingly find that
this inequality may be improved but also characterized through Maz’ya’s
capacity method, the Euclidean volume, the Sobolev type inequality and
Moser-Trudinger’s inequality.

1 The p-Faber-Krahn Inequality Introduced

Throughout this article, we always assume that Ω is a bounded open set with
smooth boundary ∂Ω in the 2 6 n-dimensional Euclidean space Rn equipped
with the scalar product 〈·, ·〉, but also dV and dA stand respectively for the
n and n− 1 dimensional Hausdorff measure elements on Rn. For 1 6 p < ∞,
the p-Laplacian of a function f on Ω is defined by

∆pf = − div (|∇f |p−2∇f).

As usual, ∇ and div (|∇|p−2∇) mean the gradient and p-harmonic operators
respectively (cf. [8]). If W 1,p

0 (Ω) denotes the p-Sobolev space on Ω – the
closure of all smooth functions f with compact support in Ω (written as
f ∈ C∞0 (Ω)) under the norm

( ∫

Ω

|f |pdV
)1/p

+
( ∫

Ω

|∇f |pdV
)1/p

,
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then the principal p-Laplacian eigenvalue of Ω is defined by

λp(Ω) := inf





∫

Ω

|∇f |pdV
∫

Ω

|f |pdV

: 0 6= f ∈ W 1,p
0 (Ω)





.

This definition is justified by the well-known fact that λ2(Ω) is the principal
eigenvalue of the positive Laplace operator ∆2 on Ω but also two kinds of
observation that are made below. One is the normal setting: If p ∈ (1,∞),
then according to [26] there exists a nonnegative function u ∈ W 1,p

0 (Ω) such
that the Euler-Lagrange equation

∆pu− λp(Ω)|u|p−2u = 0 in Ω

holds in the weak sense of
∫

Ω

〈|∇u|p−2∇u,∇φ〉dV = λp(Ω)
∫

Ω

|u|p−2uφdV ∀ φ ∈ C∞0 (Ω).

The other is the endpoint setting: If p = 1, then since λ1(Ω) may be also
evaluated by

inf





∫

Ω

|∇f |dV +
∫

∂Ω

|f |dA
∫

Ω

|f |dV

: 0 6= f ∈ BV (Ω)





,

where BV (Ω), containing W 1,1
0 (Ω), stands for the space of functions with

bounded variation on Ω (cf. [9, Chapter 5]), according to [7, Theorem 4] (cf.
[16]) there is a nonnegative function u ∈ BV (Ω) such that

∆1u− λ1(Ω)|u|−1u = 0 in Ω

in the sense that there exists a vector-valued function σ : Ω 7→ Rn with
‖σ‖L∞(Ω) = inf{c : |σ| 6 c a.e. in Ω} < ∞

and

div (σ) = λ1(Ω), 〈σ,∇u〉 = |∇u| in Ω, 〈σ,n〉u = −|u| on ∂Ω,

where n represents the unit outer normal vector along ∂Ω. Moreover, it is
worth pointing out that

λ1(Ω) = lim
p→∞

λp(Ω), (1.1)

and so that ∆1u = λ1(Ω)|u|−1u has no classical nonnegative solution in Ω: In
fact, if not, referring to [18, Remark 7] we have that for p > 1 and |∇u(x)| > 0
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∆pu(x) = (1− p)|∇u(x)|p−4〈D2u(x)∇u(x),∇u(x)〉
+ (n− 1)H(x)|∇u(x)|p−1, (1.2)

where D2u(x) and H(x) are the Hessian matrix of u and the mean curvature
of the level surface of u respectively, whence getting by letting p → 1 in (1.2)
that (n − 1)H(x) = λ1(Ω) – namely all level surfaces of u have the same
mean curvature λ1(Ω)(n − 1)−1 – but this is impossible since the level sets
{x ∈ Ω : u(x) > t} are strictly nested downward with respect to t > 0.

Interestingly, Maz’ya’s [23, Theorem 8.5] tells us that λp(Ω) has an equiv-
alent description below:

λp(Ω) 6 γp(Ω) := inf
Σ∈AC(Ω)

capp(Σ; Ω)V (Σ)−1 6 pp(p− 1)1−pλp(Ω). (1.3)

Here and henceforth, for an open set O ⊆ Rn, AC(O) stands for the admis-
sible class of all open sets Σ with smooth boundary ∂Σ and compact closure
Σ ⊂ Ω, and moreover

capp(K; O) := inf
{∫

O

|∇f(x)|pdx : f ∈ C∞0 (O) & f > 1 in K
}

represents the p-capacity of a compact set K ⊂ O relative to O – this defini-
tion is extendable to any subset E of O via

capp(E; O) := sup{capp(K;O) : compact K ⊆ E}
– of particular interest is that a combination of Maz’ya’s [22, p. 107, Lemma]
and the Hölder inequality yields

cap1(E;O) = lim
p→1

capp(E;O). (1.4)

The constant γp(Ω) is called the p-Maz’ya constant of Ω. Of course, if p = 1,
then (p− 1)p−1 is taken as 1 and hence the equalities in (1.3) are valid – this
situation actually has another description (cf. [25]):

λ1(Ω) = γ1(Ω) = h(Ω) := inf
Σ∈AC(Ω)

A(∂Σ)V (Σ)−1. (1.5)

The right-hand-side constant in (1.5) is regarded as the Cheeger constant of
Ω which has a root in [4]. As an extension of Cheeger’s theorem in [4], Lefton
and Wei [20] (cf. [18] and [14]) obtained the following inequality:

λp(Ω) > p−ph(Ω)p. (1.6)

Generally speaking, the reversed inequality of (1.6) is not true at all for p > 1.
In fact, referring to Maz’ya’s first example in [25], we choose Q to be the open
n-dimensional unit cube centered at the origin of Rn. If K is a compact subset
of Q with A(K) = 0 and capp(K;Rn) > 0, and if Ω = Rn\∪z∈Zn(K +z), i.e.,
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the complement of the union of all integer shifts of K, then h(Ω) = γ1(Ω) = 0
and λp(Ω) > 0 thanks to Maz’ya’s [22, p.425, Theorem], and hence there is
no constant c1(p, n) > 0 only depending on 1 < p < n such that λp(Ω) 6
c1(p, n)h(Ω)p. Moreover, Maz’ya’s second example in [25] shows that if Ω is
a subdomain of the unit open ball B1(o) of Rn, star-shaped with respect to
an open ball Bρ(o) ⊂ Rn centered at the origin o with radius ρ ∈ (0, 1), then
there is no constant c2(p, n) > 0 depending only on 1 < p 6 n− 1 such that
λp(Ω) 6 c2(p, n)h(Ω)p.

Determining the principal p-Laplacian eigenvalue of Ω is, in general, a
really hard task that relies on the value of p and the geometry of Ω. However,
the Faber-Krahn inequality for this eigenvalue of Ω, simply called the p-
Faber-Krahn inequality, provides a good way to carry out the task. To be
more precise, let us recall the content of the p-Faber-Krahn inequality: If Ω∗ is
the Euclidean ball with the same volume as Ω’s, i.e., V (Ω∗) = V (Ω) = rnωn

(where ωn is the volume of the unit ball in Rn), then

λp(Ω) > λp(Ω∗) (1.7)

for which equality holds if and only if Ω is a ball. A proof of (1.7) can be
directly obtained by Schwarz’s symmetrization – see for example [18, Theo-
rem 1], but the equality treatment is not trivial – see [1] for an argument. Of
course, the case p = 2 of this result goes back to the well-known Faber-Krahn
inequality (see also [3, Theorem III.3.1] for an account) with λ2(Ω∗) being
(j(n−2)/2/r)2, where j(n−2)/2 is the first positive root of the Bessel function
J(n−2)/2 and r is the radius of Ω∗. Very recently, in [25] Maz’ya used his
capacitary techniques to improve the foregoing special inequality. This pa-
per of Maz’ya and his other two [23]–[24], together with some Sobolev type
inequalities for λ2(Ω) > λ2(Ω∗) described in [3, Chapter VI], motivate our
consideration of not only a possible extension of Maz’ya’s result – for de-
tails see Section 2 of this article, but also some interesting geometric-analytic
properties of (1.7) – for details see Section 3 of this article.

2 The p-Faber-Krahn Inequality Improved

In order to establish a version stronger than (1.7), let us recall that if from
now on Br(x) represents the Euclidean ball centered at x ∈ Rn of radius
r > 0, then (cf. [22, p. 106])

capp(Br(x);O)=





nωn

(
n−p
p−1

)p−1
rn−p when O = Rn & p ∈ [1, n),

0 when O = Br(x) & p = n,

nωn

(
p−n
p−1

)p−1
rn−p when O = Br(x) & p ∈ (n,∞).

(2.1)



The p-Faber-Krahn Inequality Noted 377

Proposition 2.1. For t ∈ (0,∞) and f ∈ C∞0 (Ω), let Ωt = {x ∈ Ω :
|f(x)| > t}.
(i) If p = 1, then

λ1(Ω∗) 6
(nω

1
n
n )

n
n−1

∫

Ω

|∇f |dV
∫ ∞

0

min{cap1

(
Ω∗;Rn

) n
n−1 , cap1

(
Ωt; Ω

) n
n−1 }dt

.

(ii) If p ∈ (1, n), then

λp(Ω∗) 6
(nnωp

n)
1

n−p

(n− p

p− 1

)n(p−1)
n−p

∫

Ω

|∇f |pdV
∫ ∞

0

(
capp

(
Ω∗;Rn

) 1
1−p + capp

(
Ωt; Ω

) 1
1−p

)n(1−p)
n−p dtp

.

(iii) If p = n, then

λn(Ω∗) 6
V (Ω∗)−1

∫

Ω

|∇f |ndV
∫ ∞

0

exp
(− n

n
n−1 ω

1
n−1
n capn

(
Ωt; Ω

) 1
1−n

)
dtn

.

(iv) If p ∈ (n,∞), then

λp(Ω∗) 6
(nnωp

n)
1

n−p

(p− n

p− 1

)n(p−1)
n−p

∫

Ω

|∇f |pdV
∫ ∞

0

(
capp

(
Ω∗;Ω∗) 1

1−p − capp

(
Ωt; Ω

) 1
1−p

)n(1−p)
p−n dtp

.

(v) The inequalities in (i)–(ii)–(iii)–(iv) imply the inequality (1.7).

Proof. For simplicity, suppose that r = (V (Ω)ω−1
n )

1
n is the radius of the

Euclidean ball Ω∗, Ω∗
t is the Euclidean ball with V (Ω∗

t ) = V (Ωt), and f∗

equals
∫ ∞

0

1Ω∗t dt, where 1E stands for the characteristic function of a set

E ⊆ Rn. Then
∫

Ω

|∇f∗|pdV 6
∫

Ω

|∇f |pdV &
∫

Ω

|f∗|pdV =
∫

Ω

|f |pdV.

Consequently, from the definitions of λp(Ω∗) and f∗ as well as [6, p.38, Ex-
ercise 1.4.1] it follows that

λp(Ω∗)
∫ r

0

|a(t)|ptn−1dt 6
∫ r

0

|a′(t)|ptn−1dt (2.2)
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holds for any absolutely continuous function a on (0, r] with a(r) = 0.
Case 1. Under p ∈ (1, n), set

s =
t

p−n
p−1 − r

p−n
p−1

α
, where α = (nωn)

1
p−1

(n− p

p− 1

)
.

This yields

t = (r
p−n
p−1 + αs)

p−1
p−n and

dt

ds
=

α(p− 1)
p− n

(
αs + r

p−n
p−1

) n−1
p−n

.

If b(s) = a(t), then
∫ r

0

|a(t)|ptn−1dt =
(α(p− 1)

n− p

) ∫ ∞

0

|b(s)|p(r p−n
p−1 + αs

) p(n−1)
p−n ds

and ∫ r

0

|a′(t)|ptn−1dt =
(α(p− 1)

n− p

)1−p
∫ ∞

0

|b′(s)|pds.

Consequently, (2.2) amounts to

λp(Ω∗)
(α(p− 1)

n− p

)p
∫ ∞

0

|b(s)|p(r p−n
p−1 + αs

) p(n−1)
p−n ds 6

∫ ∞

0

|b′(s)|pds. (2.3)

Case 2. Under p = n, set

s =
ln r

t

β
, where β = (nωn)

1
n−1 .

This gives

t = r exp(−βs) and
dt

ds
= −βr exp(−βs).

If b(s) = a(t), then
∫ r

0

|a(t)|ntn−1dt = βrn

∫ ∞

0

|b(s)|n exp(−nβs)ds

and ∫ r

0

|a′(t)|ntn−1dt = β1−n

∫ ∞

0

|b′(s)|nds.

As a result, (2.2) is equivalent to

λn(Ω∗)βn

∫ ∞

0

|b(s)|n exp(−nβs)ds 6
∫ ∞

0

|b′(s)|nds. (2.4)

Case 3. Under p ∈ (n,∞), set
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s =
r

p−n
p−1 − t

p−n
p−1

γ
, where γ = (nωn)

1
p−1

(p− n

p− 1

)
.

This produces

t = (r
p−n
p−1 − γs)

p−1
p−n and

dt

ds
=

(γ(p− 1)
n− p

)
(r

p−n
p−1 − γs)

n−1
p−n .

If b(s) = a(t), then

∫ r

0

|a(t)|ptn−1dt =
(γ(p− 1)

p− n

) ∫ r

p−n
p−1
γ

0

|b(s)|p(r p−n
p−1 − γs

) p(n−1)
p−n ds

and
∫ r

0

|a′(t)|ptn−1dt =
(γ(p− 1)

p− n

)1−p
∫ r

p−n
p−1
γ

0

|b′(s)|pds.

Thus, (2.2) can be reformulated as

λp(Ω∗)
(γ(p− 1)

p− n

)p
∫ r

p−n
p−1
γ

0

|b(s)|p(r p−n
p−1 − γs

) p(n−1)
p−n ds 6

∫ r

p−n
p−1
γ

0

|b′(s)|pds.

(2.5)
In the three inequalities (2.3)–(2.4)–(2.5), choosing

s =
∫ τ

0

( ∫

{x∈Ω:f(x)=t}
|∇f |p−1dA

) 1
1−p

dt

and letting τ(s) be the inverse of the last function, we have two equalities:

ds

dτ
=

1
τ ′(s)

&
∫ ∞

0

|s′(τ)|−pdτ =
∫

Ω

|∇f |pdV (2.6)

and Maz’ya’s inequality for the p-capacity (cf. [22, p. 102]):

s 6 capp

(
Ωτ(s); Ω

) 1
1−p . (2.7)

The above estimates (2.1) and (2.3)–(2.4)–(2.5)–(2.6)–(2.7) give the inequal-
ities in (ii)–(iii)–(iv).

Next, we verify (i). In fact, this assertion follows from formulas (1.1) and
(1.4), taking the limit p → 1 in the inequality established in (ii), and using
the elementary limit evaluation

lim
p→1

(c
1

p−1
1 + c

1
p−1
2 )p−1 = max{c1, c2} for c1, c2 > 0.
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Finally, we show (v). To do so, recall Maz’ya’s lower bound inequality for
capp(·, ·) (cf. [22, p. 105]):

capp(Ωt; Ω) >
( ∫ V (Ω)

V (Ωt)

µ(v)
p

1−p dv
)1−p

for 0 < t, p− 1 < ∞, (2.8)

where µ(v) is defined as the infimum of A(∂Σ) over all open subsets Σ ∈
AC(Ω) with V (Σ) > v.

From the classical isoperimetric inequality with sharp constant

V (Σ)
n−1

n 6 (nω
1
n
n )−1A(∂Σ) ∀ Σ ∈ AC(Rn) (2.9)

it follows that µ(v) > nω
1
n
n v

n−1
n and consequently

∫ V (Ω)

V (Ωt)

µ(v)
p

1−p dv 6





V (Ωt)
p−n

n(p−1) − V (Ω)
p−n

n(p−1)

(
n(p−1)

(n−p)(nω1/n)p/(p−1)

)−1 for 1 < p 6= n,

(nω1/n
n )n/(1−n) ln

( V (Ω)
V (Ωt)

)
for p = n.

(2.10)

Using (2.10) and (ii)-(iii) we derive the following estimates.
Case 1. If 1 < p < n, then

I1<p<n :=
∫ ∞

0

(
capp

(
Ω∗;Rn

) 1
1−p + capp

(
Ωt; Ω

) 1
1−p

)n(p−1)
p−n

dtp

>
∫ ∞

0

(
capp

(
Ω∗;Rn

) 1
1−p +

V (Ωt)
p−n

n(p−1) − V (Ω)
p−n

n(p−1)

(
n(p−1)

(n−p)(nω1/n)p/(p−1)

)−1

)n(p−1)
p−n

dtp

=

(
n(p− 1)

(n− p)(nω
1
n )

p
p−1

) p−n
n(p−1) ∫ ∞

0

V (Ωt) dtp

=

(
n(p− 1)

(n− p)(nω
1
n )

p
p−1

) p−n
n(p−1) ∫

Ω

|f |pdV.

Case 2. If p = n, then

Ip=n :=
∫ ∞

0

exp
(
− n

n
n−1 ω

1
n−1
n capn

(
Ωt; Ω

) 1
1−n

)
dtn

> V (Ω)−1

∫ ∞

0

V (Ωt) dtn = V (Ω)−1

∫

Ω

|f |ndV.

Case 3. If n < p < ∞, then
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In<p<∞ :=
∫ ∞

0

(
capp

(
Ω∗; Ω∗) 1

1−p − capp

(
Ωt; Ω

) 1
1−p

)n(p−1)
p−n

dtp

>
∫ ∞

0


capp

(
Ω∗; Ω∗) 1

1−p − V (Ω)
p−n

n(p−1) − V (Ωt)
p−n

n(p−1)

(
n(p−1)

(p−n)(nω
1/n
n )p/(p−1)

)−1




(p−1)n
p−n

dtp

=

(
n(p− 1)

(p− n)(nω
1
n
n )

p
p−1

) (p−1)n
p−n ∫ ∞

0

V (Ωt)dtp

=

(
n(p− 1)

(p− n)(nω
1
n
n )

p
p−1

) (p−1)n
p−n ∫

Ω

|f |pdV.

Now the last three cases, along with (ii)-(iii)-(iv), yield (v) for 1 < p < ∞.
In order to handle the setting p = 1, letting p → 1 in (2.8) we employ (1.4)
and

lim
p→1

(1− c
1

1−p )1−p = 1 for c > 1

to achieve the following relative isocapacitary inequality with sharp constant:

cap1

(
Ωt; Ω

)
> nω

1
n
n V (Ωt)

n−1
n . (2.11)

As a consequence of (2.11), we find

Ip=1 :=
∫ ∞

0

min{cap1

(
Ω∗;Rn

) n
n−1 , cap1

(
Ωt;Ω

) n
n−1 } dt

> (nω
1
n
n )

n
n−1

∫ ∞

0

min{V (Ω), V (Ωt)} dt

= (nω
1
n
n )

n
n−1

∫ ∞

0

V (Ωt) dt

= (nω
1
n
n )

n
n−1

∫

Ω

|f |dV,

thereby getting the validity of (v) for p = 1 thanks to (i). ut
Remark 2.1. Perhaps it is appropriate to mention that (ii)-(iii)-(iv) in Propo-
sition 2.1 can be also obtained through choosing q = p ∈ (1,∞) and letting
M(θ)-function in Maz’ya’s [25, Theorem 2] be respectively

λp(Ω∗)(nnωp
n)

1
p−n

(
n−p
p−1

)n(p−1)
p−n

(
capp

(
Ω∗;Rn

) 1
1−p + θ

)n(1−p)
p−n

for p ∈ (1, n),
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λn(Ω∗)V (Ω∗) exp
(− (nnωn)

1
n−1 θ

)
for p = n,

λp(Ω∗)(nnωp
n)

1
p−n

(
p−n
p−1

)n(p−1)
p−n

(
capp

(
Ω∗;Rn

) 1
1−p − θ

)n(1−p)
p−n

for θ 6 capp

(
Ω∗;Rn

) 1
1−p & p ∈ (n,∞),

and 0 for θ > capp

(
Ω∗;Rn

) 1
1−p & p ∈ (n,∞).

3 The p-Faber-Krahn Inequality Characterized

When looking over the p-Faber-Krahn inequality (1.7), we get immediately
its alternative (cf. [12, 13]) as follows:

λp(Ω)V (Ω)
p
n > λp

(
B1(o)

)
ω

p
n
n . (3.1)

It is well known that (3.1) is sharp in the sense that if Ω is a Euclidean ball
in Rn, then equality of (3.1) is valid. Although the explicit value of λp

(
B1(o)

)
is so far unknown except

λ1

(
B1(o)

)
= n & λ2

(
B1(o)

)
= j2

(n−2)/2, (3.2)

Bhattacharya’s [1, Lemma 3.4] yields

λp

(
B1(o)

)
> n2−ppp−1(p− 1)1−p, (3.3)

whence giving λ1

(
B1(o)

)
> n. Meanwhile, from Proposition 2.1 we can get

an explicit upper bound of λp

(
B1(o)

)
via selecting a typical test function in

W 1,p
0

(
B1(o)

)
, particularly finding λ1

(
B1(o)

)
6 n and hence the first formula

in (3.2).
Although it is not clear whether Colesanti–Cuoghi–Salani’s geometric

Brunn–Minkowski type inequality of λp(Ω) for convex bodies Ω in [5] can
produce (3.1), a geometrical-analytic look at (3.1) leads to the forthcoming
investigation in accordance with four situations: p = 1; 1 < p < n; p = n;
n < p < ∞.

The case p = 1 is so special that it produces sharp geometric and analytic
isoperimetric inequalities indicated below.

Proposition 3.1. The following statements are equivalent:
(i) The sharp 1-Faber-Krahn inequality

λ1(Ω)V (Ω)
1
n > nω

1
n
n ∀ Ω ∈ AC(Rn)

holds.
(ii) The sharp (1, 1−n

n )-Maz’ya isocapacitary inequality
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cap1(Ω;Rn)V (Ω)
1−n

n > nω
1
n
n ∀ Ω ∈ AC(Rn)

holds.
(iii) The sharp (1, n

n−1 )-Sobolev inequality

(∫

Rn

|∇f |dV
)( ∫

Rn

|f | n
n−1 dV

) 1−n
n > nω

1
n
n ∀ f ∈ C∞0 (Rn)

holds.

Proof. (i)⇒(ii) Noticing

V (Ω)−1A(∂Ω) > λ1(Ω) ∀ Ω ∈ AC(Rn),

we get (i)⇒(2.9). By Maz’ya’s formula in [22, p. 107, Lemma] saying

cap1(Ω;Rn) = inf
Ω⊂Σ∈AC(Rn)

A(∂Σ) ∀ Ω ∈ AC(Rn),

we further find (2.9)⇒(ii).
(ii)⇒(iii) Under (ii), we use the end-point case of Maz’ya’s inequality in

[24, Proposition 1] (cf. [28, Theorems 1.1-1.2]) to obtain
∫

Rn

|f | n
n−1 dV =

∫ ∞

0

V
({x ∈ Rn : |f(x)| > t}) dt

n
n−1

6
∫ ∞

0

(
(nω

1
n
n )−1cap1

({x ∈ Rn : |f(x)| > t})
) n

n−1
dt

n
n−1

6 (nω
1
n
n )

n
1−n

(∫

Rn

|∇f | dV
) n

n−1
,

whence getting (iii).
(iii)⇒(i) For Ω ∈ AC(Rn) and f ∈ W 1,1

0 (Ω), define a Sobolev function g
on Rn via putting g = f in Ω and g = 0 in Rn \ Ω. If (iii) holds, then the
inequality in (iii) is valid for g. Using Hölder’s inequality we have

∫

Ω

|f | dV 6
( ∫

Ω

|f | n
n−1 dV

)n−1
n

V (Ω)
1
n

and consequently,

∫
Ω
|∇f | dV∫

Ω
|f | dV

>
∫
Rn |∇g| dV

( ∫
Rn |g|

n
n−1 dV

)n−1
n V (Ω)

1
n

> nω
1
n
n

V (Ω)
1
n

.

This, along with the definition of λ1(Ω), yields the inequality in (i). ut

Remark 3.1. nω
1
n
n is the best constant for (i)-(ii)-(iii) whose equalities occur

when Ω = B1(o) and f → 1B1(o). Moreover, the equivalence between the
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classical isoperimetric inequality (2.9) and the Sobolev inequality (iii) above
is well known and due to Federer–Fleming [10] and Maz’ya [21].

Nevertheless, the setting 1 < p < n below does not yield optimal constants.

Proposition 3.2. For p ∈ (1, n), the statement (i) follows from the mutually
equivalent ones (ii) and (iii) below:
(i) There is a constant κ1(p, n) > 0 depending only on p and n such that the
p-Faber-Krahn inequality

λp(Ω)V (Ω)
p
n > κ1(p, n) ∀ Ω ∈ AC(Rn)

holds.
(ii) There is a constant κ2(p, n) > 0 depending only on p and n such that the
(p, p−n

n )-Maz’ya isocapacitary inequality

capp(Ω;Rn)V (Ω)
p−n

n > κ2(p, n) ∀ Ω ∈ AC(Rn)

holds.
(iii) There is a constant κ2(p, n) > 0 depending only on p and n such that
the (p, pn

n−p )-Sobolev inequality

(∫

Rn

|∇f |pdV
)(∫

Rn

|f | pn
n−p dV

) p−n
n > κ3(p, n) ∀ f ∈ C∞0 (Rn)

holds.

Proof. Note that (ii)⇔(iii) is a special case of Maz’ya’s [23, Theorem 8.5]. So
it suffices to consider the following implications.

(ii)⇒(i) This can be seen from [14]. In fact, for Σ ∈ AC(Ω) and Ω ∈
AC(Rn) one has

capp(Σ; Ω)
V (Σ)

>
capp(Σ;Rn)

V (Σ)
> κ2(p, n)V (Σ)−

p
n > κ2(p, n)V (Ω)−

p
n

and thus by (1.3),

λp(Ω)V (Ω)
p
n > (p− 1)p−1p−pκ2(p, n).

(iii)⇒(i) Suppose now that (iii) is true. Since there exists a nonzero mini-
mizer u ∈ W 1,p

0 (Ω) such that
∫

Ω

|∇u|p−2〈∇u,∇φ〉 dV = λp(Ω)
∫

Ω

|u|p−2uφ dV

holds for any φ ∈ C∞0 (Ω). Letting φ approach u in the above equation,
extending u from Ω to Rn via defining u = 0 on Rn \ Ω, and writing this
extension as f , we employ (iii) and the Hölder inequality to get
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λp(Ω) =

∫

Ω

|∇u|pdV
∫

Ω

|u|pdV

=

∫

Rn

|∇f |pdV
∫

Rn

|f |pdV

> κ3(p, n)
( ∫

Rn

|f | pn
n−p dV

)n−p
n

(∫

Rn

|f |pdV
)−1

= κ3(p, n)
( ∫

Ω

|u| pn
n−p dV

)n−p
n

(∫

Ω

|u|pdV
)−1

> κ3(p, n)V (Ω)−
p
n ,

whence reaching (i). ut
Remark 3.2. It is worth remarking that the best values of κ1(p, n), κ2(p, n),
and κ3(p, n) are

λp

(
B1(o)

)
ω

p
n
n , nω

p
n
n

(n− p

p− 1

)p−1

,

and

nω
p
n
n

(n− p

p− 1

)p−1(Γ (n
p )Γ (n + 1− n

p )

Γ (n)

) p
n

respectively. These constants tend to nω
1
n
n as p → 1. In addition, from Car-

ron’s paper [2] we see that (i) implies (ii) and (iii) under p = 2, and conse-
quently conjecture that this implication is also valid for p ∈ (1, n) \ {2}.

Clearly, (ii) and (iii) in Proposition 3.2 cannot be naturally extended to
p = n. However, they have the forthcoming replacements.

Proposition 3.3. For Ω ∈ AC(Rn), the statement (i) follows from the mu-
tually equivalent ones (ii) and (iii) below:
(i) The n-Faber-Krahn type inequality

λn(Ω)V (Ω) > nnωn

(n− 1)!
En(Ω)−1

holds where

En(Ω) := sup
f∈C∞0 (Ω),

∫
Ω
|∇f |ndV 61

V (Ω)−1

∫

Ω

exp
( |f | n

n−1

(nnωn)
1

1−n

)
dV.

(ii) The (n, 0)-capacity-volume inequality

V (Σ)V (Ω)−1 6 exp
(
−

( nnωn

capn(Σ; Ω)

) 1
n−1

)
∀ Σ ∈ AC(Ω)

holds.
(iii) The Moser-Trudinger inequality En(Ω) < ∞ holds.
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Proof. (ii)⇒(iii) Suppose (ii) holds. For f ∈ C∞0 (Ω) and t > 0 with∫
Ω
|∇f |n dV 6 1 let Ωt = {x ∈ Ω : |f(x)| > t}. Then the layer-cake for-

mula gives

∫

Ω

exp
( |f | n

n−1

(nnωn)
1

1−n

)
dV =

∫ ∞

0

V (Ωt) d exp
(
(nnωn)

1
n−1 t

n
n−1

)

6 V (Ω)
∫ ∞

0

d exp
(
(nnωn)

1
n−1 t

n
n−1

)

exp
(
(nnωn)

1
n−1 capn(Ωt; Ω)

1
1−n

)

where the last integral is finite by [24, Proposition 2]. As a result, we find

En(Ω) 6
∫ ∞

0

d exp
(
(nnωn)

1
n−1 t

n
n−1

)

exp
(
(nnωn)

1
n−1 capn(Ωt; Ω)

1
1−n

) < ∞,

thereby reaching (iii).
(iii)⇒(ii) If (iii) holds, then f ∈ C∞0 (Ω), f > 1 on Σ and Σ ∈ AC(Ω)

imply ∫

Ω

∣∣∣∇
( f

( ∫
Ω
|∇f |n dV

) 1
n

)∣∣∣
n

dV = 1,

and hence

V (Ω)En(Ω) >
∫

Ω

exp
(
(nnωn)

1
n−1 |f | n

n−1

( ∫

Ω

|∇f |ndV
) 1

1−n
)
dV

> V (Σ) exp
(
(nnωn)

1
n−1

( ∫

Ω

|∇f |ndV
) 1

1−n
)
,

whence giving (ii) through the definition of capn(Σ; Ω).
Of course, if either (ii) or (iii) is valid, then the elementary inequality

exp t > tn−1

(n− 1)!
∀t > 0

yields

V (Ω)En(Ω) > nnωn

(n− 1)!

( ∫
Ω
|f |n dV∫

Ω
|∇f |n dV

)
∀f ∈ C∞0 (Ω),

whence giving (i) by the characterization of λn(Ω) in terms of C∞0 (Ω) – see
also [19]. ut
Remark 3.3. The equality of (ii) happens when Ω and Σ are concentric Eu-
clidean balls – see also [11, p.15]. Moreover, the supremum defining En(Ω)
becomes infinity when (nnωn)

1
n−1 is replaced by any larger constant – see

also [11, p.97-98].
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Next, let us handle the remaining case p ∈ (n,∞).

Proposition 3.4. For p ∈ (n,∞) and Ω ∈ AC(Rn), the statement (i) follows
from the mutually equivalent ones (ii) and (iii) below:
(i) The p-Faber-Krahn inequality

λp(Ω)V (Ω)
p
n > En,p(Ω)

holds, where

En,p(Ω) := inf
f∈C∞0 (Ω),‖f‖L∞(Ω)61

V (Ω)
p−n

n

∫

Ω

|∇f |p dV.

(ii) The (p, p−n
n )-capacity-volume inequality holds:

capp(Σ; Ω)V (Ω)
p−n

n > En,p(Ω) ∀ Σ ∈ AC(Ω).

(iii) The (p,∞)-Sobolev inequality holds:

( ∫

Ω

|∇f |p dV
)
‖f‖−p

L∞(Ω)V (Ω)
p−n

n > En,p(Ω) ∀ f ∈ C∞0 (Ω).

Proof. (iii)⇒(ii) Suppose (iii) is valid. If f ∈ C∞0 (Ω), Σ ∈ AC(Ω) and f > 1
on Σ, then ‖f‖L∞(Ω) > 1 and hence

V (Ω)
p−n

n

∫

Ω

|∇f |p dV > En,p(Ω)‖f‖p
L∞(Ω) > En,p(Ω).

This, plus the definition of capp(Σ; Ω), yields

V (Ω)
p−n

n capp(Σ; Ω) > En,p(Ω).

Namely, (ii) holds.
(ii)⇒(iii) Suppose (ii) is valid. For q > p and Σ ∈ AC(Ω) we have

capp(Σ;Ω)

V (Σ)
q−p

q

> En,p(Ω)V (Ω)
p
q− p

n .

For f ∈ C∞0 (Ω) and t > 0 let Ωt = {x ∈ Ω : |f(x)| > t}. According to the
layer-cake formula and [24, Proposition 1], we have

∫

Ω

|f | pq
q−p dV =

∫ ∞

0

V (Ωt) dt
pq

q−p

6
(
En,p(Ω)V (Ω)

p
q− p

n

) q
p−q

∫ ∞

0

capp(Ωt; Ω)
q

q−p dt
pq

q−p
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6
(
En,p(Ω)V (Ω)

p
q− p

n

) q
p−q

(
Γ

(
pr

r−p

)

Γ
(

r
r−p

)
Γ

(p(r−1)
r−p

)
) r

p−1 ( ∫

Ω

|∇f |p dV
) r

p

,

where r = pq
q−p and Γ (·) is the classical gamma function. Simplifying the

just-obtained estimates, we get

( ∫

Ω

|f |r dV
) 1

r 6
(

Γ
(

pr
r−p

)

Γ
(

r
r−p

)
Γ

(p(r−1)
r−p

)
) 1

p− 1
r

( ∫
Ω
|∇f |p dV

En,p(Ω)V (Ω)
p
q− p

n

) 1
p

.

Letting q → p in the last inequality, we find r →∞ and thus

‖f‖p
L∞(Ω) 6

(
En,p(Ω)V (Ω)

n−p
n

)−1
∫

Ω

|∇f |pdV,

thereby establishing (iii).
(ii)/(iii)⇒(i) Due to (ii)⇔(iii), we may assume that (iii) is valid with

En,p(Ω) > 0 (otherwise nothing is to prove). For f ∈ C∞0 (Ω) and q > p we
employ the Hölder inequality to get

∫

Ω

|f |q dV =
∫

Ω

|f |q−p|f |pdV

6
((∫

Ω
|∇f |p dV

En,p(Ω)

) 1
p

V (Ω)
1
n− 1

p

)q−p ∫

Ω

|f |pdV

6




∫

Ω

|∇f |pdV
∫

Ω

|f |pdV




q−p
p

(
En,p(Ω)

) p−q
p V (Ω)

q−p
n

∫

Ω

|f |qdV,

thereby reaching ∫

Ω

|∇f |pdV
∫

Ω

|f |pdV

> En,p(Ω)V (Ω)−
p
n .

Furthermore, the formulation of λp(Ω) in terms of C∞0 (Ω) (cf. [19]) is used
to verify the validity of (i). ut
Remark 3.4. The following sharp geometric limit inequality (cf. [18, Corollary
15] and [17]):

lim
p→∞

λp(Ω)
1
p V (Ω)

1
n > ω

1
n
n ,

along with (1.3), induces a purely geometric quantity
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Λ∞(Ω) := lim
p→∞

γp(Ω)
1
p = lim

p→∞
λp(Ω)

1
p = inf

x∈Ω
dist(x, ∂Ω)−1.

Obviously, (1.7) is used to derive the ∞-Faber-Krahn inequality below:

Λ∞(Ω) > Λ∞(Ω∗). (3.4)

Moreover, as the limit of ∆pu = λp(Ω)|u|p−2u on Ω as p → ∞, the Euler–
Lagrange equation max{Λ∞(Ω) − |∇u|u−1, ∆∞u} = 0 holds in Ω in the
viscosity sense (cf. [17]), where

∆∞u(x) :=
n∑

j,k=1

(∂u(x)
∂xj

)( ∂2u(x)
∂xj∂xk

)(∂u(x)
∂xk

)
= 〈D2u(x)∇u(x),∇u(x)〉

is the so-called ∞-Laplacian.

Last but not least, we would like to say that since the geometry of Rn

– the isoperimetric inequality plays a key role in the previous treatment,
the five propositions above may be generalized to a noncompact complete
Riemannian manifold (substituted for Rn) with nonnegative Ricci curvature
and isoperimetric inequality of Euclidean type, using some methods and tech-
niques from [3, 14, 15] and [27].
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