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Vladimir Maz’ya was born on Decem-
ber 31, 1937, in Leningrad (present day,
St. Petersburg) in the former USSR. His
first mathematical article was published in
Doklady Akad. Nauk SSSR when he was a
fourth-year student of the Leningrad State
University. From 1961 till 1986 V. Maz’ya
held a senior research fellow position at
the Research Institute of Mathematics
and Mechanics of LSU, and then, dur-
ing 4 years, he headed the Laboratory
of Mathematical Models in Mechanics at
the Institute of Engineering Studies of the
Academy of Sciences of the USSR. Since
1990, V. Maz’ya lives in Sweden. At present,
Vladimir Maz’ya is a Professor Emeritus at <
Linkoping University and Professor at Liv-  Sergey L. Sobolev (left) and
erpool University. He was elected a Member  Vladimir G. Maz’ya (right).

of Royal Swedish Academy of Sciences in 2002. Novosibirsk, 1978

The list of publications of V. Maz’ya contains 20 books and more than 450
research articles covering diverse areas in Analysis and containing numerous
fundamental results and fruitful techniques. Research activities of Vladimir
Maz'ya have strongly influenced the development of many branches in Anal-
ysis and Partial Differential Equations, which are clearly highlighted by the
contributions to this collection of 3 volumes, where the world-recognized spe-
cialists present recent advantages in the following areas:

L. Function Spaces. Various aspects of the theory of Sobolev spaces, isoperi-
metric and capacitary inequalities, Hardy, Sobolev, and Poincaré inequalities
in different contexts, sharp constants, extension operators, traces, weighted
Sobolev spaces, Orlicz—Sobolev spaces, Besov spaces, etc.

i 2 II.  Partial Differential Equa-

E . tions. Asymptotic analysis, multi-
scale asymptotic expansions, homog-
enization, boundary value problems
in domains with singularities, bound-
ary integral equations, mathematical
theory of water waves, Wiener regu-
larity of boundary points, etc.

II1. Analysis and Applications.
Various problems including the
oblique derivative problem, spec-
Laurent;Schwartz (left) and tral properties of the Schrodinger
Vladimir Maz’ya (right). Paris, 1992 operator, ill-posed problems, etc.
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Function Spaces

Contributions of Vladimir Maz’ya

One of the crucial contributions of V. Maz’ya to the theory of function spaces
concerns the general understanding of relations between properties of em-
bedding maps of function spaces and geometrical conditions on the domains,
where the functions are defined. In 1960, V. Maz’ya discovered the equivalence
of embedding and compactness theorems for Sobolev spaces and properties
of isoperimetric and isocapacitory functions introduced by him. In particu-
lar, he found the best constant in the Gagliardo—Nirenberg inequality (this
result was obtained independently by H. Federer and W. Fleming in 1960).
V. Maz’ya studied sharp Sobolev type inequalities and discovered what is
called now the Hardy—Maz’ya—Sobolev inequalities. The approach of Maz’ya
did not use specific properties of the Euclidean space, which was remarked
by him already in the 1960’s. Recently Maz’ya’s results were extended to
Dirichlet forms and Markov operators on measure spaces.

— V. Maz’ya introduced the notions of p-capacity (1960) and polyharmonic
capacity (1963). In 1970, together with V. Khavin, he initiated the so-called
nonlinear potential theory based on LP-norms.

— Using capacity approach, V. Maz’ya found necessary and sufficient con-
ditions for fundamental spectral properties of elliptic operators. In 1962, he
obtained two-sided estimates for the first Laplace eigenvalue stronger than
the celebrated Cheeger inequality of 1970.

— Various contributions of V. Maz’ya to the development of the theory of
function spaces concern, in particular, some aspects of Orlicz—Sobolev spaces
(the characterization of Sobolev type inequalities involving Orlicz norms),
spaces of functions with bounded variation, weighted Sobolev spaces with
applications to boundary value problems in domains with conical points,
Sobolev spaces in singularly perturbed domains, etc.

— Recently V. Maz’ya has shown how to generalize his capacitary inequal-
ities to functions defined on topological spaces, which yields, in particular,
sharp forms of the classical Sobolev and Moser inequalities.

Main Topics

In this volume, the following topics are discussed:

e Hardy inequalities in nonconvex domains. Hardy—Sobolev inequalities for
symmetric functions in a ball. /Avkhadiev—Laptev/

e Weak Poincaré type inequalities, isoperimetric and capacitary inequalities
of Sobolev type and their applications, Mazya’s capacitary analogue of the
coarea inequality in setting of metric probability spaces.

/Bobkov—Zegarlinski/



xvi Main Topics

e Orlicz—Sobolev spaces, optimal Sobolev embeddings and related inequali-
ties in Orlicz spaces, classical and approximate differentiability properties
of Orlicz—Sobolev functions, trace inequalities on the boundary /Cianchi/

e Weighted Sobolev spaces with nonhomogeneous norms on cones and opti-
mal characterization of the structure of such spaces by Mellin transforma-
tion in noncritical and in critical cases /Costabel-Dauge—Nicaise/

e Hardy-Sobolev-Maz’ya inequalities. Necessary and sufficient conditions.
/Filippas—Tertikas—Tidblom/
e Hardy inequality for fractional Sobolev spaces on half-spaces. Sharp con-
stant. /Frank-Seiringer/

o Geometry of hypersurfaces in Carnot groups. The limit behavior of a fam-
ily of left-invariant Riemannian metrics on a Carnot group with step two.

/Garofalo—-Selby/

e Sobolev homeomorphisms and the invertibility of bounded composition
operators of Sobolev spaces. /Gol’dshtein-Ukhlov/

e [P versions of extended Dirichlet spaces in the context of generalized Bessel
potential spaces, and related variational capacities. /Jacob—Schilling/

e Multidimensional Hardy inequalities. Necessary and sufficient conditions.
/Kinnunen—Korte/

e Geometric properties of planar domains admitting extension for functions
with bounded variation. Necessary condition for a bounded, simply con-
nected domain to be a Whl-extension domain.

/Koskela-Miranda Jr.—Shanmugalingam/

e A new description of Besov spaces B~%9(Y) with negative exponents by
means of an integrability condition on the Poisson potential of its elements.
/Marcus—Véron/

e Isoperimetric Hardy type and Poincaré inequalities on metric spaces. Man-
ifolds where Hardy type operators characterize Poincaré inequalities.
/Martin-M. Milman/

e Sobolev and Poincaré inequalities on domains with fluctuating geometry,
in particular, fractal domains displaying random self-similarity.
/Mbakop-Mosco/

e C(lassical inequalities, including Maz’ya’s isocapacitary inequalities, with
their functional and isoperimetric counterparts in a measure-metric space
setting. A converse to the Maz’ya inequality for capacities. /E. Milman/

e Pseudo-Poincaré inequalities and applications to Sobolev inequalities in

different contexts, including setting on Riemannian manifolds.
/Saloff-Coste/

e The p-Faber-Krahn inequality. Improvement and characterization by means
of Maz’ya’s capacity method, the Euclidean volume, the Sobolev type in-
equality and Moser—Trudinger’s inequality. /Xiao/
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Hardy Inequalities for Nonconvex
Domains

Farit Avkhadiev and Ari Laptev

Abstract We obtain a series of Hardy type inequalities for domains involving
both distance to the boundary and distance to the origin. In particular, we
obtain the Hardy—Sobolev inequality for the class of symmetric functions in
a ball and prove that for d > 3 the Hardy inequality involving the distance
to the boundary holds with the constant 1/4 in a large family of domains not
necessarily convex. We also present an example showing that for any positive
fixed constant there is an ellipsoid layer such that the Hardy inequality with
the distance to the boundary fails.

1 Introduction

The classical Hardy inequality states that if d > 3 then for any function u
such that Vu € L*(R?)

() Lo e

The constant ((d —2)/2)? in (1.1) is sharp, but is not achieved. The Hardy
inequality for convex domains in R is usually formulated in terms of the
distance to the boundary. Let £2 C R? be a convex domain, and let §(x) =
dist (x, 912) be the distance from = € 2 to 9f2. The following Hardy inequality
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is well known (cf. [5, 6]):

L[ u(@)f
2de > ~ 3 (92). .
/Q [Vu|*de > 1/, 2w dz, we Hy(12) (1.2)

In this case, the equality is not achieved either, which gives room for im-
provements of the last inequality. As was shown by Bresis and Marcus [4],

/|vu|2dgc>1 |u(x)2dm+)\((2)/|u(x)|2dx we HY(Q)
%) 4 Jo 6*() o ’ o

where A\(£2) > ———5—
4diam=(12)
and Laptev [11] estimated A({2) via the Lebesgue measure of (2:

; 2/d
Vg

M) > - | = ,

>3 ()

where vy denotes the volume of unit ball.
Avkhadiev [1, 2] and Filippas, Maz’ya, and Tertikas [7] proved that

A(R2) = 3D2(02),

int

. M. Hoffmann-Ostenhof, Th. Hoffmann-Ostenhof

where Djn (£2) = 2sup {d(z) : € £2} denotes the interior diameter of 2.
Recently, Avkhadiev and Wirths [3] proved that

A(£2) > 420D (92),
where \g = 0.940... is the first positive root of the equation Jy(A) +
2)\J(l)()\) = 0 for the Bessel function; moreover this constant is sharp in all
dimensions.

Filippas, Moschini, and Tertikas [8] established some results on sharp
Hardy inequalities in the case of nonconvex domains. Note that Theorem
3.2 in [8] is generalized by our result presented in this paper: Theorem 2.4
below implies that the sharp Hardy inequality holds in £2\ B,, where (2 is a
convex domain and B, = {z : |z| < p} C {2 satisfying the condition (2.4).

In Section 2.3, for a given positive constant we present two ellipsoids Ff,
Es, E5 C E; such that the Hardy inequality in 2 = F; \ Es is not valid with
this constant.

2 Main Results

The first result deals with a Hardy inequality in nonconvex domains.

Theorem 2.1. Let 2 C R, d > 1, be a bounded domain, and let B, ={x:
|z] < p} C 2. For x € 2\ B, denote §,(x) = dist (x,0B,) = |z| — p and
8 = dist (x,092). Then for any u € H} (2 \ B,)
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o L d—1)(d—3) 1 1
/Q\Bp V)l 24/9\3,,( W2 T R@ B

Adg(x) 9 x-Vig(x)

B x - Vig(z)
do(z) |2[6,(2)d0 ()

—2
|z[200 ()

+2(d—1) )|u(az)|2dx.

From Theorem 2.1 we obtain several consequence of independent interest.

The following assertion follows from Theorem 2.1 because

_A5R(I) - d—1
Sr(x) — |z[or(z)’

x-Vog(x) = —|z|

Corollary 2.1. Let 2 = Bp = {z : |z| < R}, R > p, and let 6p = 6o =
dist (z,0Br) = R — |z|. Then for any u € H}(2\ B,)

/ |Vu(z)|* de
Br\B,

1 d-1)d-3) 1 1 5 .
“i /BR\BP( PIER T S A e R 5P(x)5R($))I ()| d.

Remark 2.1. In particular, as R — oo, Corollary 2.1 provides us with the
Hardy inequality for the exterior of the ball B,,:

/BR\Bp Vu()P dr > § /BR\BP (- mg_ 3, 63117)) (@) d.

Letting p — 0 and using (d — 1)(d — 3) + 1 = (d — 2)?, we obtain the
following assertion.

Corollary 2.2.

L[ 2?1 2 N
/BRV“(” dr> /BR( T w1

where u € HY(BR) ifd > 2 and u € H(Bg \ {0}) if d = 1.

Remark 2.2. The last inequality without the term 2/(|z|0g(x)) follows from
Theorem 3.2 in [8]. Note that both constants at the first two terms on the
right-hand side of this inequality are sharp.

Now, assuming —Adg(x) + (d — 2) 2 - Vég(x)/|x]? = 0 and setting p = 0,
we recover Theorem 3.2 in [8].

Corollary 2.3. Let 2 C R? be a bounded domain. Assume that —Adqo(z) +
(d—2)z-Vin(z)/|z|?> = 0. Then for any u € HE(2\ {0})
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1 (d—2)? 1

Vuachx>f/ + w(z)|? dx.

/!2\39' @fr>g | (o ) @)

As was noted by Frank and Seiringer [9, Lemma 4.3], for any nonnegative
symmetric decreasing function v in RY

2
—2/d u-(x
el » = v7? / (@) g, (2.1)

. |22

where ||u||2- 2 is the Lorentz norm and 2* = 2d/(d — 2). Taking into account
this fact, we obtain the following assertion.

Theorem 2.2. Suppose that Br = {x € R?: |z| < R}, d > 3, and ép(x) =
R — |x| is the distance from x to OBg. Then for any nonnegative symmetric
decreasing function u € H}(BRr) the following Hardy-Sobolev inequalities
hold:

/BR \Vu(z)? de > i /BR g;z)) de + o2/ ((d;2)>2 "

52 (2.2)

2
2% |

and

1 u?(x) 2/d
Vu(z)|?de > = / dr +d(d—2)v u
[ vtz [ [ e s i@ -2

where the constants are independent of the radius of the ball.

In the case d > 3, there is a large family of domains with the constant 1/4
in the Hardy inequality involving the distance to the boundary. To show this
fact, we first consider spherical ring domains. More precisely, we generalize
the basic inequality for convex domains by considering Bg\ B,, where Br :=
{zeR||z| <R}, B, ={zeR?||z|<p},0< p< R< +cc.

Theorem 2.3. Let Bp \ B, C R, d > 2. Then for any u € H}(Bg \ B,)

1 1 (d—1)(d—3)
Vul? dz > 7/ <+ uldz + o(u), (2.3
/B I il (5 =) u (w), (2.3)

where 6 = dist (z,0(Br\B,)) and o(f) is the integral over the middle surface
S = {2 €Br\B, |l =m = (p+ R)/2}

defined by
de,1

o) = F

/ lul?dw >0, (w=2a/|z).
Zm
Consider a convex open domain §2 in R%, d > 3, such that B, C {2 and

(d—2) dist (z,0(2\ B,) < p. (2.4)
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For instance, if d = 3 and {2 = Bpg, then the condition (2.4) is equivalent to
the inequality 3p > R.

Theorem 2.4. Let d > 3, and let 2 be a convex open set in R? satisfying
the condition (2.4). Then

1 2
/ Vul?dz > 7/ [l 4 Vue HHQ2\B,), (2.5
O\B, 4 Jo\B, 02

where ¢ = dist (z,0(£2\ B,)).

3 Proof of the Main Results

Proof of Theorems 2.1 and 2.2. We begin by proving a simple consequence
of the Cauchy—-Schwarz inequality and integration by parts. Different versions
of this assertion can be found, for example, in [11, 12].

Lemma 3.1. Let 2 C RY, and let F(z) be a vector field of x € 2. If F(z)
and div F(x) are finite for x € supp u, then

L (o - 1FoR) b < [ vt e o). 61

Proof. Indeed,

(/Qdiv]-'(a:)|u( |2dx /]—' (z)] )dx)

u2x $2U$2.’£.
4/|V|d/|f()||()|d
1

: /Q (20iv F(2) — |F@)P?) fute) ? da

It remains to note that

1 (v F@ute)ds)’ < [ P
<= u|® dx.
4 o |F(@)Plu(z \Qdat

O

We need the following simple geometrical lemma for bounded convex do-
mains.

Lemma 3.2. Let 2 C R? be a convex bounded domain with C* boundary.
Then the value of the interior radius R, = sup {dn(z) : © € 2} is achieved
at some point o € (2 and for any x € §2
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Vién(x) - (x —x9) < 0. (3.2)

Proof. The function dp : 2 — R, defined on the compact set {2 is continu-
ous. Thus, Rj, is attained at some point zg € (2.
Introduce (2,, 0 < r < Rjy, such that

2. ={xe2: dpx)>r}.

The domains (2, are convex, and xg € (2, for 0 < r < Rjy. Hence for any
x € 082, the vector —Vig,(z) is the outward unit normal to 92, at the point
x. Then —Vign(z) - (x — o) > 0, which completes the proof. O

Remark 3.1. Lemma 3.2 remains valid for an arbitrary bounded convex do-
main. In this case, at points where Vi, () is not uniquely defined, one should
consider in (3.2) a normal to any of the supporting hyperplanes to (2, at
T € 082,

The following result concerning the Laplacian of the distance function for
a convex domain is well known.

Lemma 3.3. Let 2 C R, d > 2, be a convex domain, and let 6o be the
distance function to its boundary. Then —Adgo(x) is a positive measure.

Proof. Let yo € £2. Assume that Vi, (yo) exists. Consider orthonormal coor-
dinates {y1, 92, ...,yq—1} in the hyperplane defined by yg € 2 and —Vin(y).
In these coordinates, 0f2 can be represented by a concave function of class
Lip,. Note that 9,,00(yo) = 0, where y, is the coordinate along Vi (y). Since
A is invariant under rotations and parallel shifts, we have Adg(yo) < 0. O

Let
(d—1)x Vi, (x) Vig(x)

@2 Spa)  do(x)
Since |Vo,(z)| = |Vdn(z)| =1, we obtain

F(x) =

d—1)d—-2) 1 1 (d-1) Adg(e)

WFE) =" "B %@  WhE) e O
Since Vé,(x) = x/|z|, we have
2 = (d—1)2 1 1
FOF =" T2 T Bae)
o d=1)  _(d—1)z-Vig(x) x - Vg (z)
2w 2 e RR,@ee) Y

Substituting (3.3) and (3.4) into the left-hand side of (3.1), we obtain the
assertion of Theorem 2.1.
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Combining (2.1) with Corollary 2.2, we obtain the first statement of The-
orem 2.2.

In order to prove the second inequality in Theorem 2.2, it suffices to use
(2.2) and note that (cf. [9])
d—2

——lu

Theorems 2.1 and 2.2 are proved. a

Proof of Theorem 2.3. Without loss of generality, we can assume that 0 <
p < R < oco. Consider the function

Y i=r"5, r=|z| € (p,m)U(m,R),

where « is a real parameter. It is clear that 0 is equal to 7 — p in (p,m) and
to R —r in (m, R) respectively. A direct computation shows that

dlogt . dlogy 2

li —_— .
r—l>rrlrlzl* T r—mt* dr R — P (3 5)
and Av 1 12 (n—2—a)
n — — 2 aln — —
—v—E—FTSgH(T—m)—FT—z, (36)

where r = |z| € (p,m) U (m, R).
Let f € Cg°(Bgr \ B,). It is obvious that

oY
s /BR\B,J (Vf ww’> -

2
-/ <|Vf2 (VS Vlog ) + —2|w|2) .
Br\B, P

To transform the middle term, we apply the Green formula to the domains
2_ ={x € Br\B, | |z| <m} and 2, = {x € Br\ B, | |x| > m} separately.
Summing up the results and using (3.5), we find

2ma—1

2 2 _ 2
/BR\BP((Vf Viogd) + f2AY)) dr = R—p/Z,,,fl dw > 0.

Using these formulas and the identity

Alogt + (Viogy)? = (A¢) /v,

we obtain

Ay omd—1
VI[P de > (——) 24 2dw. (37
/BR\Bp flPdx > /BR\Bp " |fI7 dx + Rp/zmm w. (3.7)
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Using (3.6) with a = (d — 1)/2 and (3.7), we obtain (2.3), which completes
the proof of Theorem 2.3. a

Proof of Theorem 2.4. To prove (2.5) for a given function f € C§°(£2\ B,),
it suffices to prove (2.5) for any convex d-dimensional polytope containing B,
and the support of f. This is a simple consequence of a result by Hadwiger
[10] on approximations of convex domains by polytopes (cf. also [1, 2] for
applications of this idea to Hardy type inequalities).

Without loss of generality, we can assume that (2 is a convex d-dimensional
polytope. Introduce the subdomans

_={xec\B,||z|—p<dist(z,002)}

and
2, ={x e 2\B,||z|—p>dist (z,00)}.

We also introduce the so-called “middle” surface X, by the formula

Ym={xe 2\ B,||z|—p=dist(z,00)}.

Let f € C3°(2\ B,). Using ¢ = r—(4=1/2 | /]z] — p in the same way as in
the proof of Theorem 2.3, we find

1 1 (d-=1)(d-3)
2 N T A ) 2 2
[owrtas > g [ (G S e [ ol as
(3.8)
_Ology (1 d—1)\ 0|z|
ole) = o (26 2|z ) ov (39)
and v is the exterior normal to the boundary of {2_. Taking into account

that 6 = |z| — p and 9|z|/0v = 0 on X, and using (2.4), we have p(x) > 0
on Y,,. Hence

where

1 1 (d-=1)(d-3)
2 > - -+ —= 2 dz. 1
YA (52+ el (3.10)
In order to prove Theorem 2.4, it remains to show that
1 |12
Vifde > 7/ 2 dx. 3.11
[, vt s g [ (3.11)

Let S; C 02 be a face of the polytope. Then
2, =U;98,

where 2; = {(a/,t) € 24 : 2’ € 5;,0 <t < l;(a')} and t = [;(a) is
the equation for equidistant points. By the standard one-dimensional Hardy
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inequality, we obtain

/0 ‘81‘9& 1) ‘ it > /O \f(xt2t)| it

Therefore,

(=" / 2
/ |Vf|2dx>// ‘M‘ dtds’
2; s; Jo ot
Li(2") Ioy|2 2

Summing up these inequalities, we obtain (3.11). a

4 Remarks

1. If the condition (2.4) is not satisfied, then (3.8) and (3.9) imply the in-
equality

d—1 |u|? 1 |u|2
|Vul|? do + —— —dS > 7/ dr Yu e Hy(2\ B,)
/n\Bp 2 s, ol 4 Jons, 62 0

for any convex open set {2 containing the closed ball B, provided that d > 3

2. The following statement is a consequence of Theorem 2.1 and is com-
plementary to Theorem 2.4.

Corollary 4.1. Let {2 be a bounded convex domain. Assume that the origin is
chosen in such a way that max {0o(x) : © € 2} is achieved at 0. Suppose that
B,c 2cC{x: (d—-2)|z|<(d—1)p}, d = 2. Then for any u € H}(2\ B,)

w2 de > & (d—1)(d - 3) 1 LN e
/Q\Bplv()ld>4/m30( P +5§<x)+5é(x))\()|d.

Proof. By Lemma 3.3, for convex domains we have Adg(z) < 0. By Lemma
3.2, 2-Vionp <0.If (d—2)|z| < (d—1)p, then

2 _2d-1)
dp(2)d0(z) = |zlde(x)’

which implies the required assertion. a

3. In particular, in the case d = 2, for any convex domain satisfying as-
sumptions of Corollary 4.1
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1 1 1 1
Vua:zdx>—/ — 4 — Vux)|*da.
/Q\Bp' @fdr> 3 | AT R * Fw) e

Hence we obtain (1.2) as p — 0.

4. Note that for d = 2 and 2 = {2, := By \ B, C R? Theorem 2.4 is not
true. As is shown in [1], the best constant A(2;) in the Hardy inequality

v 2 |u(z)|? 1
u|®dx = M) dr, w€ Hy(2s), (4.1)
2 0, 6%(z)
satisfies the inequalities
2 R 1 R
—log— < < log — + ko, 4.2
108 S S,y Slog, o (4.2)

where ko = (I"(1/4))*/(27%) = 8.75.. .. Clearly, A(£22) — 0 as R/p — oo.

5. Theorem 2.4 fails if B, is replaced with an arbitrary convex compact
subset of 2. We SIEV that for any d > 3 and € > 0 there exist d-dimensional
ellipsoids E1, Ez, E; C E; and a function f. € C3(§2.) such that

2 |fe(x)‘2
/!E|Vf€(ac)| dxge/!e - da, (4.3)

where 2. = E1 \ F, and §(z) is the distance from z € £2, to 9f2..

Indeed, using (4.1) and (4.2) for a given € > 0 we choose R/p > exp (me)
such that A(£22) < /2. Then for 25 := Bg\B, C R? there exists fo € C}(§22)
such that

712
V fala! 2daz'<i/ de’, 2’ = (1, 29). 4.4
[ wnEpa < [ B (r,a2). (44)
Let s > 0. Define g5 € C§(R) by the formula

1, t] < s,
gs(t) = 40, t] > 1+ s, (4.5)
(1= (t| —)%)?, s<|[t|<1+s.

Define 24 € R¢ as the product 25 x R?=2, and set
fe(@) == falwr, m2) I]_y g(x;).

It is obvious that

/ |V folx)|? do = (2s)d_2/ |V fo(2')|? da’ + A.
2q

£



Hardy Inequalities for Nonconvex Domains 11

Since dist (x, 9€Qq) = dist ((x1,x2), 002) =: 6(x’), we have

|[fe(2)? ~oma—z [ R,
/Qd dist?(x, 9924) dw = (25) /Q o) WP

where A and B are constants independent on s. By these equations and (4.4),
for d > 3 and sufficiently large s we have

, _ @)l
/Q d IVie(@)|"dx <e /Qd dist® (x, 94) o

Taking the ellipsoids Ej, j = 1,2, defined by

2 2 2 2
$1+$2 x3+"+xd 1 . ’
<1, a4=R, as—-
P w=R a=glor mn )

with sufficiently large b, we obtain (4.3).
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Distributions with Slow Tails and
Ergodicity of Markov Semigroups in
Infinite Dimensions

Sergey Bobkov and Boguslaw Zegarlinski

Abstract We discuss some geometric and analytic properties of probabil-
ity distributions that are related to the concept of weak Poincaré type in-
equalities. We deal with isoperimetric and capacitary inequalities of Sobolev
type and applications to finite-dimensional convex measures with weights and
infinite-dimensional Gibbs measures. As one of the basic tools, V. G. Mazya’s
capacitary analogue of the co-area inequality is adapted to the setting of met-
ric probability spaces.

1 Weak Forms of Poincaré Type Inequalities

In this paper, we discuss some geometric and analytic properties of proba-
bility distributions, such as embeddings, concentration, and convergence of
the associated semigroups, that are related to the concept of weak Poincaré
type inequalities. Such inequalities may have different forms and appear in
different contexts and settings. We mainly restrict ourselves to the setting
of an arbitrary metric probability space, say, (M,d, u) (keeping in mind the
Euclidean space R™ as a basic space and source for various examples). We
will be focusing on the following definition.

Definition. We say that (M, d, u) satisfies a weak Poincaré type inequality
with rate function C(p), 1 < p < 2, if for any bounded, locally Lipschitz
function f on M with p-mean zero
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Ifll, < C@) IVl Vpell,2). (L.1)

More precisely, (1.1) involves a parameter family of Poincaré type in-
equalities that are controlled by a certain parameter function. Here, we use

1/p
the standard notation || f||, = (/|f|p du) for the LP-norm, as well as

1/2
IVfll2= ( ik du) . Note that it is a rather convenient way to un-

derstand the modulus of the gradient in general as the function

V(@) =nmsuPW’ eu

(with the convention that |V f(xz)| = 0 if 2 is an isolated point in M). By
saying that f is “locally Lipschitz” we mean that f has a finite Lipschitz
seminorm on every ball in M, so that |V f(z)| is everywhere finite. Once
(1.1) holds for all bounded locally Lipschitz f, it continues to hold for all
unbounded locally Lipschitz functions with pg-mean zero, as long as the right-
hand side of (1.1) is finite. (The latter implies the finiteness of || f]|, for all
p<2)

As a more general scheme, one could start from a probability space (M, u),
equipped with some (local or discrete) Dirichlet form E(f, f), and to consider
the inequalities

within the domain D of the Dirichlet form. Within the metric probability
space framework, we thus put £(f, f) = ||[Vf||3. But one may also study
(1.2) in the setting of a finite graph or, more generally, of Markov kernels, or
the setting of Gibbs measures.

The main idea behind (1.1)—(1.2) is to involve in analysis more probability
distributions and to quantify their possible analytic and other properties by
means of the rate function. Indeed, if C'(p) may be chosen to be a constant,
we arrive at the usual form of the Poincaré type inequality

A1 Varﬂ(f) < g(faf)7 (13)

Var, (7) = [ £2du - (/fdu>2

stands for the variance of f under p. This inequality itself poses a rather
strict constraint on the measure p. For example, under (1.3) in the setting
of a metric probability space (M,d, i), any Lipschitz function f on M must
have a finite exponential moment. This property, discovered by Herbst [22]
and later by Gromov and Milman [20] and by Borovkov and Utev [13], may
be stated as a deviation inequality

where
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p{lfl >t} < Ce™t >0, (1.4)

with some positive absolute constants C' and ¢, where for normalization rea-
sons it is supposed that || f||Lip, < 1 and / fdp = 0. (The best constant in the

exponent is known to be ¢ = 2 and it is attained for the one-sided exponential
distribution on the real line M = R, cf. [7].) With a proper understanding
of the Lipschitz property, discrete and more general analogues of (1.4) also
hold under (1.3) (cf., for example, [2, 1, 24, 25]).

Another classical line of applications of the usual Poincaré type inequality
deals with the Markov semigroup P; of linear operators associated to p on R™
(or other Riemannian manifold). This semigroup has a generator L, which
may be introduced via the equality

so that P; = e' in the operator sense. Under (1.3) and mild technical assump-
tions, every P; represents a contraction on L?(u), i.e., P, may be extended
from D as a linear continuous operator acting on the whole space L?(u) with
the operator norm ||| < 1. Moreover, for any f € L?(p),

Var, (P, f) < Var,(f)e ™™, >0, (1.5)

which expresses the L?(u) exponential ergodicity property of the Markov
semigroup.

The exponential bounds such as (1.4)—(1.5) do not hold any longer without
the hypothesis on the presence of the usual Poincaré type inequality. However,
one may hope to get weaker conclusions under weaker assumptions, such as
the weak Poincaré type inequality (1.1). In the latter case, the rate of growth
of C(p) as p — 2 turns out to be responsible for the strength of deviations
of Lipschitz functions and for the rate of convergence of P;f to a constant
function, as well.

As aresult, in the general situation more freedom in choosing suitable rate
function C'(p) will allow us to involve more interesting probability spaces,
especially those without finite exponential moments. In this connection it
should be noted that another kind of inequalities, which serve this aim, is
described by the weak forms of Poincaré type inequalities, that involve an
oscillation term Osc (f) = esssup f — essinf f with respect to p. Namely,
one considers

Vary(f) < B(s)E(f, f) + s Osc (f)*. (1.6)

These inequalities are supposed to hold for all s > 0 with some function f3,
so that the case of the constant function 3(s) = 1/A; also returns us to the
usual Poincaré inequalities.

The inequalities with a free parameter have a long history in analysis,
including, for example, [32, 17, 16, 18, 27, 21, 5, 6] and many others. The
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weak Poincaré type inequalities (1.6) have recently been studied by Rockner
and Wang [35, 37|, as an approach to the problem on the slow rates in the
convergence of the associated Markov semigroups in R™. This work was mo-
tivated by Liggett [27], who considered similar multiplicative forms of (1.6).
In the setting of Riemannian manifolds, Barthe, Cattiaux, and Roberto [4]
studied the weak Poincaré type inequalities from the point of view of con-
centration and connected them with the family of capacitary inequalities, a
classical object in the theory of Sobolev spaces. Such inequalities go back to
the pioneering works of V. G. Maz’ya in the 60s and 70s; let us only mention
[28], his book [29], and a nice exposition given by A. Grigoryan in [19]. See
also [15], where entropic versions of (1.6) are treated. On the other hand,
although weak Poincaré type inequalities (1.1) should certainly be of inde-
pendent alternative interest, they seemed to attract much less attention. And
for several reasons one may wonder how to fill this gap.

We explore, how the weak forms of Poincaré type inequalities (1.1)/(1.3)
and (1.5) are related to each other (Section 8). Note that for probability
measures on the real line, all the forms may be reduced to Hardy type in-
equalities with weights and this way they may be characterized explicitly in
terms of the density of a measure (cf. [31, 29]). One obvious advantage of
(1.1) over (1.6) is that one may freely apply (1.1) to unbounded functions,
while (1.6) is more delicate in this respect. In fact, the relation (1.1), taken
as a potential “nice” hypothesis, gives rise to a larger family of Poincaré
type inequalities between the norms of f and |V f| in Lebesgue spaces. This
property, which we briefly discuss in Section 2, is usually interpreted as kind
of embedding theorems. It is illustrated in Section 3 in the problem of large
deviations of Lipschitz functionals. Sections 4 and 5 are technical, with aim
to create tools to estimate the rate function for classes of measures on the
Euclidean space under certain convexity conditions (cf. Sections 6 and 7). In
Section 10, we discuss consequences of our weak Poincaré inequalities for the
LP decay to equilibrium of Markov semigroups in R™. But before, in Section
9, we introduce the notation and recall classical arguments, that are used in
the presence of the usual Poincaré inequalities.

Later we extend the corresponding idea to infinite dimensional situation
in Section 11, where, in particular, we prove a stretched exponential decay
for a product case. As we demonstrate there, it is the infinite dimensional
case in which our more general than (1.6) inequalities play an important
role in estimates of the decay rates. Finally, in the last section, we prove a
weak Poincaré inequality for Gibbs measures with slowly decaying tails in
the region of strong mixing. Using this result, we obtain an estimate for the
decay to equilibrium in L? for all Lipschitz cylinder functions with the same
stretched exponential rate.
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2 LP-Embeddings under Weak Poincaré

Let us start with an abstract metric probability space (M, d, ) satisfying the
weak Poincaré type inequality

If =Efll, < COIVFl 1<p<2, (2.1)

with a (finite) rate function C'(p). For definiteness, we may put C(p) = C(1)
for 0 < p < 1, although in some places we will consider (2.1) for all p € (0,2)
with rate function defined in 0 < p < 1 in a different way. Here and in the

sequel, we use the standard notation Ef = E, f = / f du for the expectation

of f under the measure pu.
Let W(u) denote the space of all locally Lipschitz functions g on M,
equipped with the norm

[fllwa =1V fllg + 11/

Clearly, the norm is getting stronger with the growing parameter ¢. From
(2.1) it follows that ||f|, < (1 + C(p)) || fllw=, which means that all L” (),
1 < p < 2, are embedded in W?2 (). Therefore, one may wonder whether this
property may be sharpened by replacing W?(u) with other spaces W9(u).
The answer is affirmative and is given by the following assertion.

Theorem 2.1. Given 1 < p < g < +00, q = 2, for any locally Lipschitz f
on M

If =Efll, < C,a)IVflg (2.2)

with constants C(p,q) = %(T)p, where % = % 4 % _ %'

Thus, L?(u) may be embedded in W9(u), whenever 1 < p < ¢ < +o0 and
q=2.

In particular, % = 1— = for p = 2, so r represents the dual exponent

1
q
¢ =745 and C(2,9) = 2 ifq ) <24 C(g*). Hence we obtain a dual variant
of (2.1).

Corollary 2.2. Under (2.1), for any bounded, locally Lipschitz function f
on M
If —Efll < 24C(q) [V Fllg, a>2. (2.3)

Now, let us turn to the proofs, which actually contain standard arguments.
In the sequel, we will use the following elementary:
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Lemma 2.3. For any measurable function f on a probability space (M, 1)
with a median m and for any p > 1

— < inf — .
IF = mly < 3 inf [1F = cll

Proof. One may assume that the norm | f|, is finite and non-zero. Note
that, in general, the median is not determined uniquely. Nevertheless, by the
monotonicity of this multi-valued functional, for any median m = m(f) of
f there is a median m(|f|) of |f| such that |[m(f)] < m(|f]). On the other
hand, by the Chebyshev inequality,

p
H

1
ty < -,
pllfl > 1 < 22 < o

as long as t > 2P || f|l,, so m(|f]) < 2V/7||f|, for any median of |f|. The
two bounds yield

1f = m()llp < IFllp + lm(H)] < @+ 22) [ £llp < 311 ]p-

Applying this to f — ¢ and noting that m(f) — ¢ is one of the medians of
f — ¢, we arrive at the desired conclusion. ad

Lemma 2.3 allows us to freely interchange medians and expectations in
the weak Poincaré type inequality. This can be stated as follows.

Lemma 2.4. Under the hypothesis (2.1), for any locally Lipschitz function
f on M with median m(f)

If=mH)lpy < C'P) IV, 1<p<2, (2.4)

where C'(p) = 3C(p). In turn, (2.4) implies (2.1) with C(p) = 2C"(p).

Indeed, by Lemma 2.3, || f —m(f)|, <3|f—Ef]p, and thus (2.1) implies
(2.4). On the other hand, assuming that m(f) = 0 and starting from (2.4),
we get

1f =Bfllp < [ fllp + B <20 fllp = 2[1F = m(H)lly < 2C° (@) [V ]l2-

Lemma 2.5. Assume that the metric probability space (M,d, ) satisfies

£l < A@) IVFll2, 0<p<2, (2.5)

in the class of all locally Lipschitz functions f on M with median m(f) = 0.
Then in the same class,
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Ifll, < 2A(p, @) [IVfllgy 0<p<g<+oo, ¢22, (2.6)

A(r)

with constants A(p, q) = =~ p, where % = % +

1
P
Clearly, A(p,2) = A(p), so that (2.6) generalizes (2.5) within a factor of 2.
If (2.5) is only given for the range 1 < p < 2, one may just put A(p) = A(1)
for 0 <p<1.
Note that, due to the assumption p < g, we always have 0 < r < 2. The
assumption ¢ > 2 guarantees that r < p.

Proof of Lemma 2.5. We may assume that 2 < ¢ < +o0 and || f]|; < +oo.
First, let f > 0 and m(f) = 0. Hence p{f =0} > % By the hypothesis (2.5),
for any r € (0, 2)

Ef" <A(r) (B|VfP)72.

Apply this inequality to the function f?/”, which is nonnegative and has
median zero, as well as f. Then, using the Holder inequality with exponents
a, 3 > 1 such that é—l— % =1, we get

Ef? = E(fp/r)r < A(r)" (g)r (E fZ(%—l) \Vf|2)r/2
<aey (1) (Broe=)" @)’ @

Nowlet%z%—&—%—% and choose a so that 2« (2 —1) = p, i.e., i :%—%.

Since ¢ > 2, we have r < p, so a > 0. Moreover, a > 1 & % < % + % which
is fulfilled. Also, put % = %, so that 3 = 4 > 1. Then (2.7) turns into

Eff < A(r)" (];?)T(E fp)r/Qa (E‘Vf‘q)rﬂﬁ,

which is equivalent to
1l < Al @) [IV£llg- (2.8)

In the general case, we split f = f* — f~ with f* = max{f,0} and
f~ = max{—f,0}. Without loss of generality, let |V f(x)| = 0, when f(z) =0
(otherwise, we may work with functions of the form T'(f) with smooth T,
approximating the identity function and satisfying 77(0) = 0). Then both
f* and f~ are nonnegative, have median at zero, and [V f*| = [V f| 1{s>03,
IVf~| = |[Vfl1{y<0y. Hence, by the previous step (2.8) applied to these
functions,

p/q
[ du<A(p,q>P< / Vflqdu> ,
{f>0} {f>0}
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r/q
/ |fIP du < A(p, q)P (/ Vflqdu> -
{f<0} {f<0}

Finally, adding these inequalities and using an elementary bound a® + b° <
2(a+b)* (a,b>0,0<s< 1), we arrive at the desired estimate (2.6). O

Proof of Theorem 2.1. By Lemmas 2.4 and 2.5, for any locally Lipschitz f
on M with median m(f), whenever 1 < p < ¢ < +o0 and ¢ > 2, we have

6pC(r)

Ty

Another application of Lemma 2.4 doubles the constant on the right-hand
side. a

3 Growth of Moments and Large Deviations

As another immediate consequence of Theorem 2.1, we consider the case

q = +00. Then % = %7 and we obtain the following assertion.

Corollary 3.1. Under the weak Poincaré type inequality (2.1), any Lips-
chitz function f on M has finite LP-norms and, if || f||Lip < 1 and Ef =0,

I < so+20 (S25), pz1. )

In the case of the usual Poincaré type inequality,

M Var, (f) < / VP du

we have C'(p) = \/%, and the inequality (3.1) gives

6(p+2)
1l < VI VIR

Up to a universal constant ¢ > 0, the latter may also be stated as a large
deviation bound p{y/A1 |f| >t} < 2e ¢ (t > 0) or, equivalently, as

p>1

1

£l < YN (3.2)

in terms of the Orlicz norm generated by the Young function vy () = el*l — 1.
Thus, Theorem 2.1 may be viewed as a generalization of the Gromov—
Milman theorem [20] on the concentration in the presence of the Poincaré type
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inequality. Let us give one more specific example by imposing the condition

a
Clp) £ ——, 1<p<2 3.3
1) < g 1<p<2 (3.3)
with some parameters a,y > 0. In particular, if v = 0, we return to the usual
Poincaré type inequality.

Corollary 3.2. Let (M,d,pn) satisfy the weak Poincaré type inequality
(2.1) with a rate function admitting the polynomial growth (3.3). For any
function f on M with || f||Lip <1 and Ef =0

cot 1/(v+1)
p{lfl =t} <274 exp{_cl(’}/+1)< > } t>0, (34)
a
where c¢1 and co are positive numerical constants.

Proof. According to Corollary 3.1, for any p > 1

a _
||f||p < 6(p+2)m =6a-4 ’Y(p+2)'y+1 < 18a - (3/4)’7p’)’+1’
p+2

where we used p + 2 < 3p at the last step Hence, in the range p > 1, we
have got the bound E |f|p < (Cp)PO+D) with a constant given by Ol =
8- (3/4)7 a. This bound may a little be weakened as

E|f|P < 27FH(Cp)PO+Y (3.5)

to serve also the values 0 < p < 1. Indeed, then we may use || f|l, < || fll1 <
C7*1 so E|f|P < CPOFY . Hence (3.5) would follow from 1 < 2pP, which is
true since, on the positive half-axis, the function 2pP is minimized at p = %
and has the minimum value 2e=/¢ > 1.

Thus, (3.5) holds in the range p > 0. Now, by the Chebyshev inequality,

for any t > 0

wf{lf| =t} <

where g =p(y+1) and D = m The quantity (Dq)? is minimized,

when ¢ = 1/(De), and the minimum is

1/(v+1) 1/(v+1)
GO (v+1)t ~ex Ayt
Ce 3e (24 a)t/(v+1)

Thus, we arrive at (3.4) with ¢; = 4/(3e) and ¢y = 1/24. O



22 S. Bobkov and B. Zegarlinski

In analogue with the usual Poincaré type inequality and similarly (3.2),
the deviation inequality (3.4) of Corollary 3.2 may be restated equivalently
in terms of the Orlicz norm generated by the Young function

V1/(y+1) (1) = exp{[t['/OTV} — 1.

Indeed, arguing in one direction, we consider & = |f|"/0*+D as a random
variable on (R™, 1) and write (3.4) as

p{€ >t} < Ae”Bt t>0,
with parameters A = 20+1, B = ¢;(y+1) (£)Y/ 0+ Then for any r € (0, B)

+o0 +00 A
Ee™ —1= r/ e"tu{€ > thdt < Ar/ e~ Bt - Ty
0 0 B —Tr

ifr=ryg= ALjrl Hence E exp{r0|f|1/(’y+1)} < 2, which means that

1 (A+ 1)7+1 a (2w+1 + 1)v+1

1 sy S B Pl P I ) e

Thus, under (3.3), up to some constant ¢, depending on + only, we get

Hf“?bl/(wrl) < cya.

4 Relations for LP-Like Pseudonorms

To give some examples of metric probability spaces satisfying weak Poincaré
type inequalities, we need certain relations for LP-like pseudonorms, which
we discuss in this section. For a measurable function f on the probability
space (M, ) and ¢, > 0 we introduce the following standard notation. Put

151l =  [1s17a) "

and

+oo
Ml = [ 1> 7t 1l = sup [l > 0177

As for how these quantities are related, there is the following elementary (and
apparently well-known) statement: If 0 < ¢ < r, then

r—gq 1/q
1My 2 1 F oo = { = 1 1lq-
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In particular,

_ 1/q
£l > (S2) 1Al (1.1)

However, the constant on the right-hand side is not optimal and may be
improved, when ¢ and r approach 1.

Lemma 4.1. If 0 < ¢ <r < 1, then

1/q—1
r—q
= (S0 1l (1.2

I/

To see the difference between (4.1) and (4.2), we note that || f||,1 = || f]1
for the value r = 1 and, letting ¢ — 17, we obtain equality in (4.2), but not
in (4.1).

Proof. Introduce the distribution function F(t) = p{|f] <t} and put u(t) =
1 — F(t). Since u < 1, for any ¢ > 0

“+o0 t +oo +o0
£ = / s4dF(s) = / u(s) ds? —|—/ u(s)ds? < t9+4 q/ 5771 u(s) ds.
0 0 t t

p

Let 0 < r < 1. By the Holder inequality with exponents p = % and p* = o1

we have

+oo L
-1 —
/ STV u(s) ds < 597 o 1oy 11605) |2 (etoc)
t

too | 1/p* +oo 1/p
= (/ P (a1 ds> (/ u(s)P ds> .
t t

+oo
The last integral may be bounded from above just by || f||,1 = / u(s)? ds.
0

Note that p*(¢ — 1) < —1; moreover,

1— —
pla-1)+1=——L=_1—1

p—1  1—7
p(g—1)+1 1—pg p—1
( *) == =—(r—q).
D p—1 p

Hence the pre-last integral is convergent and
P (a—1D)+1
=

+o0 1/p* el 1-r
(/ s (a=1) ds> = f _— (1 ”") = (r—a)
' (=p*(g—1) = 1)}/» r—q

. —1
since ]% = pT =1 —r. Thus,
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r
r,1

1—r\"" (e
I < e a(3=5) e

It remains to optimize over all ¢ > 0 on the right-hand side. Changing the
variable t7 = s, we write

C o
1715 < () = s+ =577,

where o« = 2 — 1 and

_ 1—7r
- q(1 ) (f - 1) Wy = (=) — )" 11

r—q q

Since a > 0, the function ¢ is minimized at so = C'*/(®*+1) and, at this point,
c . 1
QD(SO) — C«l/(a+1) +ZC a/(a+1) =(14+= Cl/(a—i—l).
Q@ Q@
Note that o+ 1 = 5 and QT'H = TTTq, SO

OV = [(A =) (= )" 1] = (1 =)D (= )72,

and

T 1_
ols0) = - (1L =)D (= @) I

Therefore,

11
r N 1_
O e MR S 1

1_
r

It remains to note that 7(1 —7)7 = < 1, whenever 0 < r < 1. 0

5 Isoperimetric and Capacitary Conditions

Here, we focus on general necessary and sufficient conditions for weak
Poincaré type inequalities to hold on a metric probability space (M,d, p).
Sufficient conditions are usually expressed in terms of the isoperimetric func-
tion of the measure pu, so it is natural to explore the role of isoperimetric
inequalities. By an isoperimetric inequality one means any relation

WH(A) > I(u(4)), Ac M, (5.1)

connecting the outer Minkowski content or u-perimeter
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ut(A) = liminf AT = p(A)

e—0*+ €
_ lim(i)r+1f wfre M\ A: Ela; A, d(z,a) < e}

with p-size in the class of all Borel sets A in M with measure 0 < p(A4) < 1.
(Here A® denotes an open e-neighborhood of A.)

The function I, appearing in (5.1), may be an arbitrary nonnegative func-
tion, defined on the unit interval (0,1). If this function is optimal, it is often
referred to as the isoperimetric function or the isoperimetric profile of the
measure fi.

To any nonnegative function I on (0, %] we associate a nondecreasing func-
tion Cr(r) given by

1
= inf |I(t)t™ Y7 0 1. 5.2
o 03%[() |, o<r< (5.2)

One of our aims is to derive the following assertion.

Theorem 5.1. In the presence of the isoperimetric inequality (5.1), the
space (M, d, p) satisfies the weak Poincaré type inequality

If =Efllp, < C@)IVSll2, 0<p<2,

with rate function

C(p):SQiP:Iid[C’](r)( - )} (5.3)

We first consider one important particular case.

Lemma 5.2. Given ¢ > 0 and 0 < r < 1, we assume that (M,d, )

satisfies
pH(A) = ep(A)T (5.4)

for all Borel sets A C M with 0 < pu(A) < % Then for any locally Lipschitz
function f >0 on M with median zero and for all ¢ € (0,7)

1/q—1
i< 2 (7)) [ wlae (5.5

r—q

For the proof, we recall the well-known co-area formula which remains to
hold in the form of an inequality for arbitrary metric probability spaces (cf.
[10]). Namely, for any function f on M having a finite Lipschitz seminorm
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[wnans [t na

— 00

Note that the function ¢ — pt{f > t} is always Borel measurable for
continuous f, so the second integral makes sense. Hence, by Lemma 4.1,

i /o < oo,
1/q—1
r—q
I

A simple truncation argument extends this inequality to all locally Lipschitz
f=0.

+o00
/IVfldu > C/ pdf >t} dt =
0

Proof of Theorem 5.1. By the definition (5.2), whenever 0 < r < 1, the space
(M, d, ;1) satisfies the isoperimetric inequality (5.4) with ¢ = 1/C(r), so the
functional inequality (5.5) holds.

Let f > 0 be locally Lipschitz on M with median zero. Given 0 < ¢ < r <
1, apply (5.5) to fP/9 with p > 0 to be specified later on. Then

[rran= [ < ;(/q)l_q</|pr/q|du)q
e
) O (e (frre)”

where we used the Cauchy inequality at the last step. Choose p so that

2(£—-1) =p,ie,p=2q/(2—q) or ¢ =2p/(2+p). Then the obtained bound

becomes

: 1—q/2 1 N 9 q q/2
(fro) —<a(Gm) () (froma)

and, using 1= q/2 = % and ﬁ < 2, we get

1/p 1/q—1 1/2
(fra) <2Gm) (fora)

By doubling the expression on the right-hand side like in the proof of
Lemma 2.5, we may remove the condition f > 0 and thus get in the general
locally Lipschitz case

1/q—1
I =mDlh < 3 ()" 197k
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with ¢ = +p where m(f) is a median of f under p. Note that ¢ < 1 < p < 2.
Finally, by Lemma 2.4,

8 ro A\
_E < =2 .
I =Bl < 3 () 19l

It remains to take the infimum over all r € (g, 1), and we arrive at the desired
Poincaré type inequality with rate function (5.4). O

REMARK 5.1. In order to get a simple upper bound for the rate function

i1
. roo\¢ 2p
C(p)—Sqérgil [C](T)(T_q> }, where 1=5

in many interesting cases, one may just take

_1+q  3p+2
2 2p+2)

for example. In this case,

() <

r—q 1—¢q

for s = 2¢q/(1 — ¢). Hence we obtain the following assertion.

Corollary 5.3. In the presence of the isoperimetric inequality (5.1) with
the associated function Cr(r), the space (M, d, i) satisfies the weak Poincaré
type inequality

If =Efll, < C@) IVl 0<p<2,

with rate function C(p) = 8e2 Cp( 3213))

In particular, if p batibﬁeb a Cheeger type isoperimetric inequality p(A) >
cu(A) (0 < p(A) < 3), then C;(r) is bounded by 1/c, and Corollary 5.3 yields
the usual Poincaré type inequality

17— Efl < Sl

with a universal constant C. Thus, Theorem 5.1 includes the Maz’ya—Cheeger
theorem (up to a multiplicative factor).
Consider a more general class of isoperimetric inequalities.
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Corollary 5.4. Assume that the metric probability space (M,d, 1) satis-
fies, for some a > 0 and ¢ > 0, an isoperimetric inequality

t
T(A) > c——, t=u(4), 0<t<

M| =

Then for some universal constant C it satisfies the weak Poincaré type in-
equality with rate function

3 1/«
c0-C(r5)" rerca

c\2—p
Proof. First we show that, given p > 1, for all ¢ € (0, 1)

t [ae(p — 1]/«
logl/a(%) - 4r—1

. (5.6)

Indeed, for any C' > 0, replacing ¢ = 4s, we can write

¢ 1 c \"
- - p a(p=1) -
Clogl/o‘(%) >t <=3 log =) < afp 1)(4p1) .
But sup,,- g [ulog 1] = 1, so we are reduced to 2 < a(p — 1) (327)%, where
the best constant is C' = —A4"~
[ove(p—1)]*/

Now, using the definition (5.2) with » = 1/p and applying (5.6), we con-
clude that (M, d, ) satisfies an isoperimetric inequality with the associated

function )
C G 1
Cr(r) = - W, where C = W.
Take r = 1% = % with 1 < p < 2 as in Corollary 5.3 (¢ = zszp)~ Since
r> %, we have 471 < 41/5. Also %71 = }—i‘g = % > 2%’) and ol/® > e~e,
Therefore,

41/566 8/6 1/a
< .
Gt < = (2—1))

It remains to apply Corollary 5.3. a

Although the isoperimetric inequalities may serve as convenient sufficient
conditions for the week Poincaré type inequalities, in general they are not
necessary. To speak about both necessary and sufficient conditions expressed
in terms of geometric characteristics of a measure u, one has to involve the
concept of the capacity of sets, which is close to, but different than the concept
of the p-perimeter.
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Given a metric space (M, d) with a Borel (positive) measure p and a pair
of sets A C 2 C M such that A is closed and (2 is open in M, the relative
p-capacity of A with respect to (2 is defined as

cap, (A, 2) = int [ 97 d,

where the infimum is taken over all locally Lipschitz functions f on M,
such that f > 1 on A and f = 0 outside 2. The capacity of the set A is
cap,(A) = infg cap, (A, 2). This definition is usually applied, when M is the
Euclidean space R™ equipped with the Lebesgue measure p (or for Rieman-
nian manifolds, cf. [29, 19]). To make the definition workable in the setting
of a metric probability space (M, d, 1), so that to efficiently relate it to the
energy functional [V f|?dy, the relative capacity should be restricted to the
cases such as u(£2) < 1/2.

Thus, let (M, d, 1) be a metric probability space and A a closed set in M
of measure u(A) < 1/2. Following [4], we define the p-capacity of A by

cap,(A) = inf cap,(A, Q):inf{/|Vf2du:1A < f< ].g}, (5.7)

n(2)<1/2

where the first infimum runs over all open sets {2 C M containing A and
with measure u(£2) < 1/2, and the second one is taken over all such {2’s and
all locally Lipschitz functions f : M — [0, 1] such that f =1 on A and f =0
outside (2.

Note that, by the regularity of measure, we have u(A®) | u(A) as e |
0. Hence, if u(A) < 1/2, open sets {2 such that A C 2, pu(2) < 1/2 do
exist, so the second infimum is also well defined and the definition makes
sense. If p(A) = 1/2 and {2 does not exist, let us agree that the capacity is
undefined (actually, this case does not appear when dealing with functional
inequalities).

With this definition the measure capacity inequalities on (M, d, 1) take
the form

cap, (4) > J(u(4)), (5.8)

where J is a nonnegative function defined on (0, 3] and A is any closed subset
of M with u(A) < 1/2, for which the capacity is defined.
To see, how (5.8) is related to the weak Poincaré type inequality

If =Efl, < CO) IVl 1<p<2, (5.9)

we take a pair of sets A C 2 C M and a function f as in the definition (5.7).
Then f has median zero under p and, by Lemma 2.3,

1

17 =Sl > 5 1fllp > 5 ()

Wl
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Therefore, by (5.9),

/ VFP dp > ((A)Y?.

1
9C(p)?
Taking the infimum over all admissible f and the supremum over all p, we
get the following elementary assertion.

Theorem 5.5. Under the Poincaré type inequality (5.9), the measure ca-
pacity inequality (5.8) holds with

2
}, 0<t<

1 1
J(t) =~ -y
(t) 5 . Sup 5

1<p<2

[

In particular, the usual Poincaré type inequality, when C(p) = 1//A is
constant, implies that cap,(A) > cA1p(A) with a numerical constant ¢ > 0
(cf. [4]).

To move in the opposite direction from (5.8) to (5.9), we need a capacitary
analogue of the co-area formula or co-area inequality, which was used in the
proof of Lemma 5.2. It has indeed been known since the works by Maz’ya
(28, 29], and below we just adapt his result and the argument of [30] to the
setting of a metric probability space.

Lemma 5.6. For any locally Lipschitz function f > 0 on M with p-dedian
zero

1 [*ee
/{f } IVFI2du > E / cap,{f >t} dt?. (5.10)
>0 0

Note that the capacity functional A — cap,(A) is nondecreasing, so the
second integrand in (5.10) represents a nonincreasing function in ¢ > 0. For
a proof of (5.10), we consider (locally Lipschitz) functions of the form

1
g= max{min{f,c¢;} — ¢o,0}, where ¢; > ¢y > 0.
co

Cc1 —
We have g = 1 on the closed set A = {f > ¢1} and g = 0 outside the open
set 2 ={f > co}. Since u(£2) < 1/2, by the definition of the capacity,

/ IVg|? du > cap,, (A, £2) > cap,, (A).

On the other hand, since the function (¢; — ¢y) g represents a Lipschitz trans-
form of f, we have (¢ — ¢) |Vg(z)| < |V f(z)| for all z € M. In addition, g
is constant on the open sets {f < ¢o} and {f > ¢1}, so |Vg| = 0 on these
sets. Therefore,
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1
/|Vg|2du =/ Vol du < — / V5P d.
{eo<f<er} (1 =c0)* Jico<r<ery

The two estimates yield
-l apdfzab< [ Vi
{co<f<er}
or, given a € (0,1), for any ¢t > 0
[ WSz 20— 0 e, 1)
{at<f<t}

Now, we divide both sides by ¢ and integrate over (0, +00). This leads to

(1-a)? [+
/{f>0} |Vf|2 dp > W /0 tcapu{f >t} dt.

The coefficient on the right-hand side is greater than 2/5 for almost an opti-
mal choice a = 0.3.

Now, we are prepared to derive from the capacitary inequality (5.8) a
certain weak Poincaré type inequality. This may be done with arguments
similar to the ones used in the proof of Lemma 5.2. To get an estimate of
the rate function, consistent with what we have got in Theorem 5.5, let us
assume that (M, d, u) satisfies

p(A)

o) (5.11)

2
1
CapM(A) > sup |: :| ’ 0< IU’(A) < 57

0<p<?2

with a given positive function C(p) defined in 0 < p < 2. Equivalently, we
could start with the measure capacity inequality (5.8) with a “capacitary”
function J(¢) and then (5.11) holds with

ti/p

Cjy(p) = sup 0<p<2. (5.12)

o<t<1/2 /I (1)

Let = p/2 and ¢ < r < 1. Given a locally Lipschitz function f > 0 on
M, we may combine Lemma 5.6 with Lemma 4.1, to get from (5.11) that

“+oo
/ |Vf|2dﬂ>ﬁ/ M{f>t}1/rdt2:c/
{f>0} 0 0
1/q—-1
r—dq
iz (S0P

+oo
{2 = 0V de

=c| s




32 S. Bobkov and B. Zegarlinski

1 .
where ¢ = 5002 =0 @ Equivalently,

1—q

2 2 r E 2
I < see(() " [ i e

If f is not necessarily nonnegative, but has median zero, one may apply
(5.13) to the functions f* and f~, and, summing the corresponding inequal-
ities, we will be led again to (5.13) for f. Moreover, by doubling the constant
on the right, the assumption m(f) = 0 may be replaced with Ef = 0. Thus,
in general,

1-g
If —Efl3, < 10C(2r)? <r) / IVfPdp, 0<g<r<l
r—q
Finally, replacing 2q with the variable p, we arrive at the following assertion.

Theorem 5.7. Under the hypothesis (5.11), the weak Poincaré type in-
equality
If =Efll, < C'P)IVfll2, 0<p<2,

holds with rate function

1—p/2

C'(p) = V10 inf {C(Qr)( ! ) ’ } (5.14)

o<l r—p/2

Alternatively, if we start with the measure capacity inequality (5.8) with
a function J(t), one may associate to it the function Cj; defined in (5.12),
and then the rate function of the theorem will take the form

1—p/2

C'(p) =V10 inf  sup [tl/(%)( ! ) ' ]
L<r<iloc<ijz L /J(t) \7 —Dp/2 .

In particular, like in Corollary 5.3, choosing in (5.14) the value r = (14¢)/2

with ¢ = p/2 and using the bounds (Tiq)% < e and v10e < 9 (just to

simplify the numerical constant), one may take

C'(p)=9C(1+p/2)=9 sup

1
[ tTFp/2
0<t<1/2

|, 0<p<2 5.15
J(t) } (5.15)
Thus, starting with the weak Poincaré type inequality (5.9) with rate

function C(p), we obtain a geometric (capacity) inequality of the form (5.11),

which in turn leads to (5.9), however, with a somewhat worse rate function

C’(p). Nevertheless, in some interesting cases, these two rate functions are
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in essence equivalent as p — 2. For example, as in Corollary 5.4, if C'(p) =
C-(2—p)~Ye then C’'(p) = 9-2Y/*C - (2 — p)~/*, which is of the same
order. It is in this sense one may say that weak Poincaré type inequalities
have an equivalent capacitary description.

6 Convex Measures

Here, we illustrate Theorem 5.1 and especially its Corollary 5.4 on the exam-
ple of probability distributions on the Fuclidean space M = R" possessing
certain convexity properties. The obtained results will be applied to the so-
called convex measures introduced and studied in the works of Borell [11, 12].

A Borel probability measure p is called s¢-concave, where —oo < 2 < 1, if
for all t € (0,1) it satisfies a Brunn—Minkowski type inequality

H(EA+ (L= )B) > [tu(4)" + (1 — Hu(B)*]"~ (6.1)

in the class of all nonempty Borel sets A, B C R".

When 3 = 0, the right-hand side of (6.1) is understood as p(A)tu(B)'~*
and then we arrive at the notion of a log-concave measure, previously con-
sidered by Prékopa [33, 34] and Leindler [26] (cf. also [14]). When » = —oo0,
the right-hand side is understood as min{u(A), u(B)}. The inequality (6.1)
is getting stronger, as the parameter s is increasing, so the case » = —o0
describes the largest class, whose members are called convex or hyperbolic
probability measures.

Borell gave a complete characterization of such measures. If 14 is absolutely
continuous with respect to the Lebesgue measure and is supported on some
open convex set K C R™, the necessary and sufficient condition for p to
satisfy (6.1) is that it has a positive density p on K such that for all t € (0, 1)
and z,y € K

pltz + (1 —t)y) > [tp(a)™ + (1 - t)p(y)= ]/, (6.2)

where s, = 7%— (necessarily s < %) Thus, the s-concavity with s < 0

1—
means that the density is representable in the form p = V=7 for some positive
convex function V on R", possibly taking an infinite value, where § > n and
o

Below we consider s-concave probability measures with » < 0. As was
shown in [23] for the convex body case (» = 1) and then in [8] for the gen-
eral log-concave case (> = 0), any log-concave probability measure shares the
usual Poincaré type inequality. This property fails when s < 0 even under
strong integrability hypotheses. Nevertheless, with such additional hypothe-
ses one may reach weak Poincaré type inequalities! More precisely, we will

involve the condition that the distribution function F(r) = p{|z| < r} of the



34 S. Bobkov and B. Zegarlinski

Euclidean norm has the tails 1 — F(r) decreasing to zero, as r — 400, at
worst as =" As long as the parameter of the convexity s is negative, there
is no reason to distinguish between the case corresponding to the exponential
tails with « > 1 (which is typical for log-concave distributions) and the case
of (relatively) heavy or slow tails, when « < 1.

We need some preparations. Denote by B, an open Euclidean ball of radius
p > 0 with center at the origin.

Lemma 6.1. Any s-concave probability measure, —oo < s < 1, satisfies
the isoperimetric inequality
L[t "+ (1 —t)' (B

—x

where t = p(A), 0 < t < 1, with arbitrary p > 0.

In the log-concave case, the inequality (6.3) should read as

20t (A) > tlog% +(1—t)log : ! s log u(B,). (6.4)
By the Prékopa—Leindler functional form of the Brunn—Minkowski inequality,
(6.4) was derived in [8]. The arbitrary s-concave case was considered by
Barthe [3], who applied an extension of the Prékopa—Leindler theorem in
the form of Borell and Brascamp-Lieb. The inequality (6.3) was used in [3]
to study the isoperimetric dimension of s-concave measures with » > 0. A
direct proof of (6.3), not appealing to any functional form was given in [9].

To make the exposition self-contained, let us briefly remind the argument,
which is based on the following representation for the p-perimeter, explicitly
relating it to measure convexity properties. Namely, let a probability measure
w1 on R™ be absolutely continuous and have a continuous density p(z) on an
open supporting convex set, say K. It is easy to check that for any sufficiently
“nice” set A, for example, a finite union of closed balls in K or the complement
in R™ to the finite union of such balls

pt(A) = lim (1 —e)A+eB,) +p((1 —e)A+eB,) — 1

6.5
0+ 2re ’ (6.5)

where A = R™ \ A. In the case of a s-concave y, it remains to apply the
original convexity property (6.1) to the right-hand side of (6.5) to get

p(A) > lim ((1_E)M(A)%—'_E“(Bp)%)l/”—f—;(l—E)u(Z)”—&—s,u(Bp)”)l/%—l
et re

b

which is exactly (6.3). Note that, by the Borell characterization, we do not lose
generality by assuming that p is full-dimensional (i.e., absolutely continuous).
From Lemma 6.1 we can now derive the following assertion.
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Lemma 6.2. Let p be a s-concave probability measure on R™, —oo <
»x <0, and let A be a Borel subset of R™ of measure t = u(A) < % If p>0
satisfies

t
wlzl > p} < 3 (6.6)
then 1 _ (2/3)—%
ut(A) > C(p%) t, where c(3x)= % (6.7)
Proof. By Lemma 6.1, since u(B,) > 1 — %,
=203 (A) 2 1= [+ (1 - 1) 7] (1 - ;)

i) e8]

Clearly, on the interval 0 <t < 1/2, the ratio 1ft 73 is increasing and so
bounded by 2/3. Also 1 t/2 <1, so
N 2\ 7" 2\
—2pxpT(A) = 1— |t 3 +(1-t)=t|1- 3 ,
which is the claim (6.7). O
Note that c¢(s¢) continuously depends on 3¢ and lim,._.gc(x) = ¢(0) =
1log 2, while ¢(3) ~ —— as s — —oo. In particular, ¢(») > % for 3 < 0.

As a result, we obtain the following assertion.

Theorem 6.3. Let i1 be a »-concave probability measure on R™, —oo <
2% < 0, such that

[ @t dua) < (6.8)

for some increasing continuous function @ : [0,4+00) — [0,400). For any
Borel set A in R" of measure t = ji(A) < &

c t

pr(A) = 11— WTD) (6.9)

where ¢ is a positive universal constant and ®~' is the inverse function.
Indeed, by the Chebyshev inequality and the hypothesis (6.8),

{lo] > p} < =~ < &
wllz| > p} < —= < 5,
P(p) 2
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where the last bound is obviously fulfilled for p > ®~!(22). By Lemma 6.2,
we get
t

#1(2)

iwH(A) > o)

and the theorem follows.

As a basic example, we consider the function &(z) = exp{(z/\)*} with
parameters o, A > 0, which has the inverse &~1(y) = Alogl/o‘ y, y = 1. Then
the hypothesis (6.8) with D = 2 is equivalent to saying that the Orlicz norm
generated by the Young function 1, (z) = e/*I” — 1, z € R, is bounded by A
for the Euclidean norm, i.e., || |z| ||y, < A in the Orlicz space LY (R™, u).

Corollary 6.4. Let p be a »-concave probability measure on R™, —oco <
2 < 0, such that, for some a >0 and A > 0,

Joof () Vi <. o0

Then for any Borel set A in R™ of measure t = u(A) <
constant ¢ > 0

% with some universal
c t

L= Xog!/*(4/t)

p(A) =
Now, we may recall Corollary 5.4.
Corollary 6.5. Any s-concave probability measure 1 on R"™, —co < 3 <

0, such that
/exp{ (|i> }d,u(x) <2, a,A>0,

satisfies the weak Poincaré type inequality with rate function

cp=cri-» (7))

where C' is a universal constant.

7 Examples. Perturbation

Given a spherically invariant, absolutely continuous probability measure p
on R", we write its density in the form

1

p(z) = 7 e~ V=D

, reR"™
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where V' =V (¢) is defined and finite for ¢ > 0 and Z is a normalizing factor.
If V' is convex and nondecreasing, then p is log-concave (and conversely). If
not, one may hope that p will be »-concave for some s < 0. Namely, by the
Borell characterization (6.2) with s < 0, the »-concavity of u is equivalent
to the convexity of the function p*», where s, = 25—. In other words, p is
»-concave if and only if

1) the function V(¢) is nondecreasing in ¢t > 0;
2) the function e=*Y(® is convex on (0, +00).

If V is twice continuously differentiable, the second property is equivalent to
2) V'(t) = 3,V (t)2 >0 for all t > 0

As a more specific example, we consider densities of the form
L —(a+blal)® n
p(x) = Z € , xe€R™ (7.1)

with parameters a,b > 0 and « > 0, which corresponds to V (t) = (a + bt)*.

Tt is clear that property 1) is fulfilled. If & > 1, V is convex and the
measure 4 is log-concave. So, assume that 0 < a < 1, in which case V is not
convex. It is easy to verify, the inequality of property 2’) holds for all ¢ > 0
if and only it holds for ¢ = 0, and then it reads as

(a—1) — asxpa® > 0.

Hence an optimal choice is s, = — (11;2‘ or, equivalently,
-« . o
»=—————" provided that aa® —n(l —«a) > 0. (7.2)

aa® —n(l — )

CONCLUSION 1. The probability measure p with density (7.1) is convex
if and only if aa® —n(l — «) > 0, in which case it is »-concave with the
convezilty parameter s given by (7.2).

In other words, i is convex only if the parameter a is sufficiently large. By
Corollary 6.5, if »x > —o0, i.e., if aa® —n(1 — «) > 0, the measure p satisfies
the weak Poincaré type inequality

If =Efll, < C@) VS, 1<p<2 (7.3)

0<p>=c( & )/ (7.4)

2—p

with rate function

where C' depends on the parameters a, b, « and the dimension n.
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However, it is unlikely that the requirement (7.2), a > ag > 0, is crucial for
(7.3) to hold with some rate function. To see this, a perturbation argument
may be used to prove the following elementary:

Theorem 7.1. Assume that a metric probability space (M,d, p) satisfies

the weak Poincaré type inequality (7.3). Let v be a probability measure on M,

which is absolutely continuous with respect to p and has density w = g—: such

that
o <w(x) <co, TEM, (7.5)

for some ci,coa > 0. Then (M,d,v) also satisfies (7.3) with rate function

C'(p) = Z= C(p).

Proof. Indeed, assume that f is bounded and locally Lipschitz on M with
Ef = / fdu=0.

Then, by (7.3) and (7.5), for any p € [1,2)
1910y = [ 1P < ca [ 177 d

p/2 Co p/2
r( [ 1orkan) <@c(p>p(/|w2du) ,

1/p
c

[ fllr ) < C%C(p) IV fllL2w)-
1

SO

Since cg > 1, we find

. C2
Clglg If —cllzry < NG C) IVFllzzw)

But, in general, ||f —Ef]||, < 2| f — ¢, for any ¢ € R.

O

Let us return to the measure p = pu, with density (7.2). Write V,(z) =
(a + blz])™ and write the normalizing constant as a function of a, Z = Z(a),
although it depends also on the remaining parameters b > 0 and a € (0,1).
For all ay,as > 0 we have

Ve () = Vap (2)] < lar — as]®.

dpia, (x)

Therefore, the density w(x) =
dpta, (2)

satisfies ¢ < w(x) < 1/c with
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_ min{Z(a1), Z(az)}
max{Z(a1), Z(az)}

—|a1—az «
e | s

so that the condition (7.4) is fulfilled. Hence, by Theorem 7.1, the weak
Poincaré type inequality (7.3) holds for all measures u, simultaneously with
rate function of the form (7.4), as long as it holds for at least one measure .
But, as we have already observed, the latter is true under (7.2) by the con-
vexity property of such measures. Thus, Conclusion 1 may be complemented
with the following one.

CONCLUSION 2. Probability measures p having densities (7.1) with arbi-
trary parameters a,b > 0, a € (0,1) satisfy the weak Poincaré type inequality
(7.3) with rate function C(p) = C - (%)1/“, where C depends on a, b, a,
and n.

8 Weak Poincaré with Oscillation Terms

Let us return to the setting of an abstract metric probability space (M, d, ).
It is now a good time to look at the relationship between the weak Poincaré
type inequalities

If =Efl, < CO) IVl 1<p<2 (8.1)

which is our main object of research, and Poincaré type inequalities
Var,(f) < B(s) |[VfI3+s Osc(f)*, s>0, (8.2)

that involve an oscillation term Osc(f) = esssup f — essinf f and some
nonnegative function 3(s). (Note that we always have Var, (f) < 1 Osc (f)?,
so for s > 1/4 (8.2) is automatically fulfilled.)

In both cases, f represents an arbitrary locally Lipschitz function with
a possible reasonable constraint that the right-hand sides should be finite.
Hence, from the point of view of direct applications, (8.2) makes sense only
for bounded f, while (8.1) may also be used for many unbounded functions.
Nevertheless, both forms are in a certain sense equivalent, i.e., there is some
relationship between C(p) and S(s). To study this type of connections, we
first note the following elementary inequality of Nash type.

Theorem 8.1. Under the weak Poincaré type inequality (8.1), for all
bounded locally Lipschitz f on M and any p € [1,2)

Var,(f) < C(p)” Osc(f)* 7|V f]5- (8.3)
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Indeed, since (8.3) is translation invariant, we may assume Ef = 0. Then
it is obvious that essinf f < 0 < esssup f, so p-almost everywhere Osc (f) >

[fllee = |f]- By (8.1),
E[f>=E[f|” |f*"? <E|fP Osc(f)* < C(p)"(BIVf*)"* Osc (f)*7,

where all expectations are with respect to p.
From Theorem 8.1 we derive an additive form of (8.3).

Theorem 8.2. Under the weak Poincaré type inequality (8.1), (8.2) holds
with ,
B(s) = inf [C(p)* 31_5}. (8.4)

1<p<2

Proof. Using the Young inequality xy < % + y—ﬁ, where z,y > 0, o, 8 > 1,
é + % =1, for any € > 0 we can estimate the right-hand side of (8.3) by

C(p)*

E@®[VIPPPI | [ Ose () )7 ]
« I} '

Choose a = % and 3 = 52—, to get

ﬂ>
var, () < C2 g w2 + SO o (2. (8.5)
ag® 16
Put 5 18
_C)re _ { s ]
§ = —ﬁ , sothat ¢ Yolto s ok .

Then the coefficient in front of E|V f|? in (8.5) becomes

cpy Cp [ Bs 17" O
-G [ B ] ey L s

ag® o«
The first exponent on the right is

p(1+%)=p(1+57)=2-

For the second term we have

1 :2_7 2_p (2-p)/p <
ape/B 2 2 S

Also § = %71, and (8.5) yields Var,,(f) < C(p)?s'=2/P E|Vf|?>+s Osc(f)2.
O
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Corollary 8.3. If for some a,b > 0 and o > 0, the rate function in the
weak Poincaré type inequality (8.1) admits the bound

b

1/«
v 1<p<2, .
) rses (5.

cw) <af
then, with some numerical constants (o, 31 > 0, (8.2) holds with
B(s) = Blog?™ 27 s> 0, (8.7)
where 8 = Boa® (B1b)?/*.

Proof. We may and do assume that s < }L. Writep=2—¢,s0that 0 <e <1
and % — 1= 5%=. By Theorem 8.2, the hypothesis (8.6), and the inequality

e

57 < ¢, for the optimal value of 3(s) we have

2

1 1 1
ﬂ(s) < C(p)251—5 < a2 bQ/a 2

e2/a S2i5 = g2/age

for all € € (0, 1]. To optimize over all such e, we consider the function p(e) =
e?/%s*. Then ¢(0) = 0, (1) = s, and ¢'(g) = e¥/*s* (Z —log ). Hence the

(unique) point of maximum of ¢ on [0, +00) is g9 = s T and, at this point,

9 2/ ) 9 2/ 1
_ S G L
©(e0) <a10g%) e <a€) 10g2/a %

Hence, if g < 1, i.e., s < e 2/ then

1 ae\* 1 1
< 262/04 _ 2b2/a 1 2/a = < 1/e 2 b /al 2/a_.
B(s) <a e a - g’ - <elfa (be /% log .

Note that, since s < 1/4, the requirement s < e~2/* is automatically fulfilled,
as long as a > 1/log2. In that case, (8.7) is thus proved with constants
Bo = e/¢ and 1 =e.

Now, let & < 1/log2 and s > e~2/® Then ¢ is increasing and is maximized
on [0,1] at € = 1, which gives 3(s) < a?b*/® % So, we need the bound

®» | = —~

1
< Alog¥« =
s

in the interval e=%/® < s < 1/4. Since the function tlog% is decreasing in
t > 1/e, the optimal value of A is attained at s = 1/4, so A = 4/log?/® 4.
Therefore, (8.7) is valid with 3y = 4e'/¢ and 3, = e/log4. Corollary 8.3 is
proved. a
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In particular, we have the following assertion.

Corollary 8.4. Any »-concave probability measure n on R™, —oo < 3 <
0, such that fexp{(@)a}du(x) <2 (a, A > 0), satisfies (8.2) with

1
B(s) = Blog®* =, 5>0,
s
where 3 = BoA?(1 — 5)? f/a, Bo, 81 > 0 are numerical constants.

On the basis of (8.1) one may also consider a more general type of “oscil-
lations,” for example, Poincaré type inequalities of the form

Var,(f) < Be(s) IVFIE+slf —EfIF, s>0, (8.8)

with a fixed finite parameter ¢ > 2. As we will see, this form is natural in
the study of the slow rates of convergence of the associated semigroups P; f,
when f is unbounded, but is still in L?(u). Note that (8.8) is automatically
fulfilled for s > 1 (since 3, is nonnegative), so one may restrict oneself to the
values s < 1. We prove the following assertion.

Theorem 8.5. Under the weak Poincaré type inequality (8.1) with rate
function C(p), (8.8) holds with

By(s)= inf_|C(p)? s~ 7775 |. (8.9)

1<p<2

Proof. The argument is very similar to the one used in the proof of Theorem
8.2. Given p € [1,2) and ¢ > 2, by the Holder inequality, we have

E|f> <15 1157

where r = %. Therefore, if Ef = 0 (which we assume), by the hypothesis
(8.1),
E[fP <O 7 IV (8.10)

Using the Young inequality with exponents «, 3 > 1,
£ > 0 we can estimate the right-hand side of (8.10) by

1
a

+% = 1, for any

H\ZBS N [e 111517
o B

Cp)"

_2 _ 2
Choose a = = and 8 = 5= to get
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Clp)" Cp) e’
8

e

E|f]* < E|Vf[* + IF1I3- (8.11)

Put

_Cre’ _[ Bs ]1/5
s = 5 so that = o)y

Then the coefficient in front of E [V f|? in (8.11) becomes

Clp) O [ Bs 177 arey 1 g
- [C(p)r] =C(p) s N s .

aeg® «
The first exponent on the right is r(1+3) = r(1+ 2 2 2-1) = 2. For the second

term we have
1 o2 - \ETT
- =—_ (= < 1
ap/p 2 ( 2 ) <1

Also % = % —1= %2 , and we arrive at
q p
E|f* < C(p)?s 727 B[V +s|f]?
which is the claim. O

Now, we can strengthen Corollaries 8.3 and 8.4.

Corollary 8.6. If the rate function in the weak Poincaré type inequality
(8.1) admits the bound (8.6), then (8.8) holds with

[V )

By(s) = ﬁlog% , >0, (8.12)
where = 2a® (4b 1)/

Proof. As in the proof of Corollary 8.3, We assume that s < 1 and write

p=2—c¢, sothat0<€<1and—71— Pth—quyTheorem
8.5 and the inequality 5= < ¢, for the optlmal value of 3,(s) we have
Bu(s) < Cp)? Q=3 < a2 p?/o—— 1 2l L
q = 52/(1 QQfE = £2/agQe

for all € € (0, 1]. To optimize over all such €, we consider the function ¢(e) =
g2/25@¢. We have ¢(0) = 0 and (1) = SQ As we know, the (unique) point
of maximum of ¢ on [0, 4+00) is g9 = Oa 1 Dalos T and, at this point,

( ) 9 2/c _3/a 9 2/ 1
£ = —_— e = .
oL Qolog % Qe log?/® L




44 S. Bobkov and B. Zegarlinski

Hence, if ¢g < 1, i.e., s < e~2/Q then

212/ 2/«
i) < S =l () gl S < o Qe gt
where we used (£)%* < e!/¢ < 2. Thus, for this range of s, (8.12) is proved.
Now, we assume that s > e~2/Q% Then ¢ is increasing and is maximized
on [0,1] at ¢ = 1, which gives 3,(s) < a?b*/*s~%. So, we need a bound of
the form
579 < Alog?*(2/s)

or, equivalently,
ATYR L slog?/?(2)s)

in the interval e~2/9® < s < 1. The function slog®(2/s) with parameter
¢ > 0 is increasing in 0 < s < 2e~¢ and decreasing in s > 2e~ ¢, so we only
need to consider the endpoints of that interval. For the point s = 1 we get

A=1/log? 2,

while for s = e~ 2/Q we get

2/« 2/«
A= ¢*/ <[5 < 4%/
logQ/O‘ (2 2/Qq) log 2

The corollary is proved. a

REMARK 8.1. As a result, one may also generalize Corollary 8.4. Namely,
any -concave probability measure ¢ on R™ with s < 0 and

/exp{ ('%')a} du(z) <2, a,A >0,

satisfies the weak Poincaré type inequality (8.8) with

2
Ba(s) = Blog?* =, g >2,

where 3 depends on A, «;, s, and q.

REMARK 8.2. It is also possible to derive a weak Poincaré type inequality
(8.1) from (8.2) or (8.8) with some rate functions C(p) explicitly in terms of
B(s) or B,(s). This may be done by virtue of the measure capacity inequalities

cap,(A4) = J(u(A)),

which we discussed in Section 5. As was shown in [4], the latter is fulfilled
with J(t) = t/(483(t/4)) in the presence of (8.2). Hence, applying Theorem
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5.7 in a somewhat weaker form (5.15), we conclude that (8.1) holds with

4

74 L

C(p)* =81 sup [p] =81 sup [4ﬁ 17 6(1&/4)} .
o<t<1/2 | J(t) 0<t<1/2

Hence we arrive at the following assertion.

Theorem 8.7. In the presence of (8.2), the weak Poincaré type inequality
(8.1) holds with rate function given by

C(p)*=C?% sup {s% ﬁ(s)},

0<s<1/8

where C is a universal constant.

9 Convergence of Markov Semigroups

Let p be an absolutely continuous Borel probability measure on R™. We
assume that the measure is regular enough in the following sense: There exists
a family of operators (P;)¢>0, acting on some space D of bounded smooth
functions f on R™ with bounded partial derivatives, dense in all L?(p), p > 1,
such that

1) P.f € Dforall f €D,

2) Py is the identity operator, i.e., Pyf = f for all f € D,
3) P; forms a semigroup, i.e., Ps(Psf) = Piysf forallt,s >0
4) for any f € D, in the space L= (1), we have || P f — flloo — 0 ast — 0T,
5) for any f € D, in the space L'(u), the limit Lf = lim,_,o+ % exists,
6) for all f,g € D

/<Vf7 Vg) d /ngdu (9.1)

Equality in 5) expresses the property that L represents the generator of
the semigroup P,. This is usually denoted by P, = e”, where the exponential
function is understood in the operator sense. Owing to 1) and 3), it may be
generalized as the property that for any f € D and t > 0, in the space L*(u),

L(pf) = tim Tl 20

e—0*t £

(9.2)

In other words, the L'-valued map t — P.f is differentiable from the right
and has the right derivative L(P;f). The equalities (9.1) and (9.2) may be
used to prove, in particular, the following assertion.
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Lemma 9.1. Given a twice continuously differentiable function u on the
real line, for any f € D the function t — /u(Ptf) dp is differentiable from
the right and has the right derivative

d

& [Py du= - / A (Pof) VP2 dp. (9.3)

To illustrate classical applications, we assume that a measure p satisfies a
Poincaré type inequality

MV, (1) < [ (94 d (9.4)

for some A; > 0 in the class of all smooth f on R™.
For u(x) = x the equality (9.3) implies that the function () = /Ptf dp,
where f € D, has the right derivative zero at every point ¢ > 0. Since

this function is also continuous, it must be equal to a constant, i.e., [ fdu.

Taking u(r) = 2? and assuming that /fdu =0, from (9.3) and (9.4) we
have

d
%/IPthQdu: 72/|VPtf|2du < —2A1/\Ptf|2du-

Thus, the function ¢(t) = / | P f|? dp is continuous and has the right deriva-

tive satisfying ¢'(t) < —2M\¢(t). It is a simple calculus exercise to de-
rive from this differential inequality the bound on the rate of convergence,
o(t) < p(0)e~2Mt. Therefore,

/ PP du < e / fPdu, >0, (9.5)

In particular, we obtain a contraction property || P, f|l2 < || f|l2 for all f € D,
which allows us to extend P; to all L?(u) as a linear contraction. Moreover,
by continuity, (9.5) extends to all f € L?(u) with g-mean zero, and we also

have
[ Ptdu= [ ran
Our next natural step is to generalize (9.5) to LP-spaces.

Theorem 9.2. For all f € LP(u), p>1, andt >0

[ Ps@-Pt@P du@auts) < 52 [ [15@)-f0)P duto)auty).

(9.6)
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Proof. As in the previous example of the quadratic function, for any twice
continuously differentiable, convex function u on the real line and any f € D,
by (9.3) and (9.4), we have

d

a/u(Ptf)dM: —/u”(Ptf)|VPtf|2d,u

—/|Vv(Ptf)|2du < =\ Var, (P f)],  (9.7)

where the derivative is understood as the derivative from the right and v
is a differentiable function satisfying v'? = u”. In particular, we may take
u(z) = |z|P with p > 2, so that u”(z) = p(p — 1)|2[P~2 and

—1
o(z) = 20/ sign(z) |27/,
p

d —1
- / PP de < —an P / PP d (9.8)

to get

provided that
[ sien(®in) g =0

The last equality holds, for example, when P, f has a distribution under p,
symmetric about zero. Moreover, a slight modification of u(z) = |z|P near
zero allows us to replace the constraint p > 2 in (9.7) and (9.8) by the weaker
condition p > 1 (cf. details at the end of the proof).

Now, on M = R"™ x R", we consider the product measure p @ p. By
the subadditivity property of the variance functional, it also satisfies the
Poincaré type inequality (9.4) with the same constant A;. In addition, with
this measure one may associate the semigroup Py, ¢t > 0, acting on a certain
space D of bounded smooth functions on R™ x R™ with bounded partial
derivatives containing functions of the form

f(sc,y):f(x)—f(y), xayEan fED

It easy to see that for such functions

(Pef)(z,y) = Pif(x) = Pf(y), (Lf)(z.y) = Lf(x) = Lf(y),

where L is the generator of P;. Apply (9.8) to the product space (R™ x
R", u® ). Since Py f has a symmetric distribution under p ® p about zero,
the function

o(t) = / / Pf(x) — Pof (o) du(x)du(y)
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is continuous and has the right derivative at every point ¢ > 0 satisfying the
differential inequality
¢'(t) < —Co(t) (9-9)

with €' = 4X; 222, Then ¢(t) < ¢(0)e=", which is the claim.

Thus, when p > 2, every P; represents a continuous linear operator on
D with respect to the LP-norm, so it may be extended to the whole LP(u);
moreover, the inequality (9.6) remains valid for all functions f in LP ().

Now, let us see what modifications may be made in the case 1 < p < 2.
Given a fixed natural number N, define a convex, twice continuously differ-
entiable, even function uy through its second derivative

uy(2) = p(p — 1) min{|z[""*, N}, z€R,

and by requiring that ux(0) = u/y(0) = 0. Also, define an odd function vy
through its first derivative

oy (2) = sign(2) \/uy (2) = sign(=) Vplp — 1) min {|2[5~1, VN }, = #0,

or, equivalently,

on(2) = Voo = 1) / “mingly/5 1, VA dy.

We note that vy is differentiable everywhere, except for z = 0, at which point
the left and right derivatives exist, but do not coincide. On the other hand,
[y (2)] is continuous everywhere, including the origin point z = 0, so that,
in the class of all smooth g on R™, we always have a chain rule

ui (9(2)|Vg(x)|* = [Von(9(2))?, @ e€R",
even if g(z) = 0. Thus, the first part of (9.7) remains valid for uy, i.e.,

d

9 [ un(Pfydu= - / Von (Pf)2 dp.

We also recall that the Poincaré type inequality (9.4) extends to all locally
Lipschitz functions f on R"™. In particular, by the chain rule,

M Var, (T(g)) < / T (9)? [V du

if g is smooth on R™ and T" on R. For a fixed ¢ this inequality may be written
in dimension one as

A Var, (T) < /|T’\2d7r
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with respect to the distribution v of g under p and the distribution 7 of g
under the finite measure |Vg|? du. At this step, it is only required that 7' be
locally Lipschitz on the line, and this is indeed true for 7' = vy . Therefore,
the second part of (9.7) also holds for vy, and we get

d

& [ un(Pipydn < / o (Puf)2 dp (9.10)

provided that
/ on(Pf) dp = 0.

Now, to estimate further the right-hand side of (9.10), we use the integral
description of vy to see that for z > 0

0< v2)—ow(a) = VoD | [vf - minyt L VE}] dy
0
—+o0
<Vl - 1)/0 v ey 4y

=92 p;lN_z(zzip).
V p

8(p—1)
p

Hence

v(2)? —on(2)? < 20(2)(v(2) —vn(2)) < AN < L3

)

=

so that

p _4p—1)

iz —u(z)fiz
VN p VN

on(2)? = v(2)? - 5

and thus, for all z € R,

D o)~ ot
, un(z \/NZ .

Therefore, (9.10) may be continued as

/ wn (Pof) dp + % / \PfI% dp,

where we assumed that / un (Prf)dp = 0. Since f is bounded, all P, f are

on(2)? =

d -1
T un(Pif)dp < —4\ b

uniformly bounded (cf. Corollary 9.3 concerning large values of p), so the
above estimate yields
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d -1
= [un(Pif)dn < —4x

/UN(Ptf)dM"i'\/% (9.11)

with some constant A independent of ¢. Applying (9.11) in the product space
to functions of the form f(z) — f(y), as in the case p > 2, we find that the
function

on(t) = / / un (Pof (x) — Py f(y)) dyu(x) du(y)

is continuous and has the right derivative satisfying at every point ¢ > 0 the
following modified form of (9.9):

Pn(t) < —Con(t) +en,

where ey = \/% and C' =4\ pp%l, as above. In terms of 1 (t) = @ (t) e
Ct

this differential inequality takes a simpler form ¢ (t) < ey e®?, which is
easily solved as

U (1) < ow(0) + F (€7 - ).

Equivalently,
€
en(t) < on(0) e + ?N (1—e=,

SO
/ / un (P f(2) = Pof () dpu(z) dpy)
< [ (@) £0) du@dnty) + -

It remains to let N — oo and use the property that uy — w uniformly on
bounded intervals of the line. Thus, (9.6) holds for all functions f in D and
therefore for all f from the whole space LP(u). Theorem 9.2 is proved. O

REMARK 9.1. Let us describe several immediate applications of Theo-
rem 9.2.

1. Thus, every P; represents a linear contraction in LP(u). Note that if
/ fdpu =0, by the Jensen inequality, the left-hand side of (9.6) majorizes

| P:f||5 and the integral on the right-hand side is majorized by 2P| f||?. Hence
we get a hypercontractive inequality

_ 4

D Aqt
1Pefllp < 2e 22 " £l

2. Similarly, one may consider Orlicz norms different from LP-norms. For
2
example, using the Taylor expansion for o(z) = e — 1, from (9.6) we get
that for any a > 0
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/ (0l Py (2)-Pof () dia() dpa(y) //w (alf (@)~ ()]) dp()dps(y).

Hence the operator P; continuously acts on LY2(p).

3. Letting p — +00 in (9.6), we conclude that for any bounded measurable
function f on R™ and for any ¢ > 0

Osc (P:f) < Osc (f). (9.12)

In particular, P, represents a contraction in L (u), while for finite p > 1
these operators are hypercontractive.

4) Since the inequality (9.12) does not involve Aj, it remains valid in the
case \; = 0. Such properties may be seen with the help of Lemma 9.1.
Namely, from (9.3) it follows that, if u is additionally convex, then the func-

tion t — [ u(P:f)dp is nonincreasing, so that

Junan< [utsan (9.13)
For example, the case u(z) = |z|P, p > 1, yields

1Pl < W fllp- (9.14)

By the continuity of P; on LP, this inequality extends from D to the whole
space LP(u). Note that, in Lemma 9.1, it is assumed that u is twice continu-
ously differentiable and this is fulﬁlled as long as p > 2. However, the range
1 < p < 2 may be treated with the help of a smooth approximation, such as
in the proof of Theorem 9.2. Moreover, (9.14) remains valid for p = 1. We
also note that, applying (9.14) in product spaces with p = 400, we arrive
at (9.12).

10 Markov Semigroups and Weak Poincaré

As the next natural step, one may wonder what a weak Poincaré type in-
equality
If —Efl, <C@)IVFl2, 1<p<2, (10.1)

is telling us about possible contractivity property of the semigroup (P;)¢>0
associated to the Borel probability measure p on R™. As in the previous
section, we assume that properties 1)-6) are fulfilled, so that one may develop
analysis, such as the basic identity (9.3) of Lemma 9.1.

Since (10.1) is weaker than the usual Poincaré type inequality (9.4), it
is natural to expect to get a weak version of Theorem 9.2 on the rate of
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convergence of P, f to the constant function. In the classical case p = 2, lower
rate of convergence have been studied by many authors. In particular, for this
aim, developing the ideas of Ligget [27], Rockner and Wang [35] proposed to
use a weak Poincaré type inequality with the generalized “oscillation term”

Var,(f) < B(s) [VFIE+s@(f)? s>0, (10.2)
where @ is a nonnegative functional on D satisfying
(P f) < P(f) forall t>0. (10.3)

Indeed, by Lemma 9.1, applied to u(z) = 22, we have
d 2 2
o 1P dp = =2 [ 19 Pf2 dy

Hence, by (10.2) and (10.3), if /fdu =0, the function ¢(t) = / |P.f|? du
has the right derivative satisfying

/ _2Z 25 2
¢'(t) < 36) e(t) + A0s) o(f)".

This differential inequality is solved as
(1) < p(0) 2P0 5 (1 — 2P a(f)2,

SO

Jipstan < int |20 [ipaussan?|. o)

Thus, we get a more general statement on the rate of convergence than the
classical inequality (9.5), when 5(s) = 1/A1, which is obtained from (10.4) by
letting s — 0. In applications, the right-hand side of (10.4) can be simplified

Jipstan < e 5 [ 1P o) (105)

where £(t) = inf{s > 0: 3(s)log 2 < 2t}.

As the most interesting examples, one may apply this scheme to the
functionals @(f) = Osc(f), or more generally &(f) = ||f — Ef||, or just
&(f) = || fllq- Then, by the continuity of P, the resulting inequalities (10.4)
and (10.5) extend from D to Li-spaces.

In the presence of (10.1), we look for a corresponding expression for the
bound on the rate of convergence explicitly in terms of the function C(p).
For this aim, we may appeal to Theorem 8.5, which relates (10.1) to (10.2)
in the case &(f) = ||f — Efllq, ¢ > 2. Indeed, by (8.9), the inequality (10.2)
holds with
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B(s) = inf [C(p)2 Sq“_i,(l—z/p)}7

1<p<2

so the right-hand side of (10.3) is bounded from above by

inf inf [exp{— 2! 8‘132(2/’”‘”}/|f|2du+8||f—Ef|3}~

1<p<2 5>0 C(p)?

In particular, we have the following assertion.

Theorem 10.1. Assume that for some a,b > 0 and o > 0 the rate function
in the weak Poincaré type inequality (10.1) admits a polynomial bound

b 1/«

Then for any f € Li(n), ¢ > 2, such that /fd,u =0 and for allt >0

/ PfPdu < Bexp{—ct= )| f2. (10.7)

where the constant ¢ > 0 depends on the parameters a, b, a, and q only.

Indeed, by Corollary 8.6, the hypothesis (10.6) implies 5(s) < §log**(2/s),
where 3 = Bya? (B1b ;%2)2/ @ with some positive absolute constants (3, and
B1. Hence, in order to estimate £(t) from above, it remains to solve

Blog!t % (2/s) < 2t,
and we arrive at

et < 200~ ()77}

Finally, apply (10.5).

Now, recalling Corollary 8.3 and Remark 8.1, we obtain the hypercontrac-
tivity property (10.7) for a large family of convex probability measures.

Corollary 10.2. If a probability measure p is »-concave for some »x < 0

/exp { (i")a} du(z) <2, a A >0,

then it satisfies (10.7) for any f € LY (u), ¢ > 2, such that /fdu =0.
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Using a perturbation argument, one may obtain other interesting exam-
ples. In particular, they include all probability measures p on R™ with den-
sities of the form (7.1), i.e

dp(@) _ 1 _(asbjop®
_ a+b|z R”
dr A e , T € s

with parameters a > 0, b > 0, and a > 0.
At the next step, we generalize the previous results to LP-spaces, so that
to control the rate of convergence of P, f for norms different than L2-norms.
We start with the weak Poincaré type inequality (10.2) for the functional
d(f)=|f — Ef], i.e., with the family of inequalities

Var,(f) < Be(s) IVFIE+slf —EfIZ, s>0, (10.8)

where f is an arbitrary locally Lipschitz function on R", » > 2, and f, is a
function of the parameter s.

Theorem 10.3. Under (10.8), given ¢ > p > 1 such that & = q, for all
feLiu) andt,s =0

J[1Ps@ - PP duajauty)
<exp{ b } / 17(2) — 1) dye)du(y)

w5 s ([ 1760 - sl dute >du<y>)p/q. (109)

Proof. The argument represents a slight modification of the proof of Theo-
rem 9.2. By (9.3), given a twice continuously differentiable, convex function
w on the real line and a differentiable function v such that v’ = u”, we have

for any f € D such that /fdu =0 and for all ¢t,s > 0

%/“(Ptf) dp = _/u”(Ptf)WPtf\Qdﬂ
_ / Vo(Bf)? du

VaI"M[U(Ptf)] + HU(Ptf) _EMU(Ptf)Hz’

< 1 s

= B(s) B(s)
where the derivative is understood as the derivative from the right. In par-
ticular, we may take u(z) = |z|P with p > 2, so that u”(2) = p(p — 1)|2|P~2,
and v(z) = 2,/— sign(2) |z|P/2, to get
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d 4(p
P fPdy < — 2

provided that

/ PP dpt =2 [ |PLfP2]2 (10.10)

ﬁ()

[ sien(Put) PP dn =0

Note that the latter holds when P, f has a distribution under p, which is sym-
metric about zero. A slight modification of u(z) = |z|? near zero, described
in the proof of Theorem 9.2, allows one to replace the constraint p > 2 by
the weaker condition p > 1. Note that, by the contraction property (9.14),

NP PRIT = IPAN, o = I PAIG < NI,

so (10.10) yields

d P _
%/'Ptf‘ di < ey

Now, to guarantee that P, f has a symmetric distribution, we consider the
product measure ,u® pon M =R"™xR"™. With this measure we associate the
semigroup Py, t > 0, acting on a certain space D of bounded smooth functions
on R x R"™ Wlth bounded partial derivatives, containing all functions of the
form

4(p—1)

I7llg- (10.11)

?(m7y):f(x)_f(y)7 IayERn7 fED
It easy to see that for such functions
(Pef)(@,y) = Pef(x) = Pef(y). (Lf)(z,y) = Lf(z) = Lf(y),

where L is the generator of P;.

We are going to apply (10.11) to f on the product space (R xR", u®y), so
we need a hypothesis of the form (10.8) with respect to the product measure.
Note that

Varu@u(?) =2 Varu(f)a EM®M|V?(x,y)|2 = 2Eu|v.f|2

and, by the Jensen inequality,

E,u|f - Euf‘r < Eu@u‘ﬂr'

Hence (10.8) implies

Varueu(f) < Be(s)IIVAIS + 25 fI7, s> 0.

As a result, we obtain a slightly weakened form of (10.11), namely,
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IF115-

( )
(10.12)
Let us note that, by virtue of the subadditivity property of the variance
functional, (10.12) may be extended to the whole space D, however, with a
worse constant in place of 2.
Thus, the function

d [ == 4(p—1)
%/IPthPduéwé—(pT /|Pt Ipdu®u+

o(t) = / PP due = / / IPf(x) — Pof(y)]? du(e)du(y)

is continuous and has the right derivative at every point ¢ > 0 satisfying the
differential inequality

¢'(t) < —Ap(t)+ B

with
4(p—1)

s

-~ B=
Br(s)p Br(s)

Using the change op(t) = 1(t)e~4?, we obtain

A:

o) <O + T (1 - M) < o)+ D,
[ 1P5@ - Pl duteyint
[ 15 - S0P dut@aut) + 5.
But

B p Z\Ip
so we arrive at the desired inequality (10.9). Finally, by continuity of P;, this
inequality extends from D to the whole space L7(u). O

At the expense of some constants, depending on p and ¢, the inequality
(10.9) may be simplified. Namely, if /fdu =0, the left-hand side of (10.9)

majorizes ||P; f||b, while the integrals on the right-hand side are bounded by
2P| f]|P and 29]| f]|? respectively. Hence

Ap—1) 4
IPfIE < 2Pe” "7 7@

2P p p
p+5‘m 1%

Corollary 10.4. Given ¢ > p > 1, under (10.8) with r = %q, for all
f € LY(u) with mean zero and for all t > 0,
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_Alp=1)
12fllp < 220 f1G inf [e Q) +ﬂ%in s]. (10.13)

To further simplify this bound, define the function
. 2_ 4
t)=inf<s>0:06.(s)log— < —1
) =int {s>0:5,(5) 10 % < 2o}

depending also on the parameters p and r. Then the expression in the square
brackets in (10.13) is bounded by

s p p
2 < )
2 - S p-1”
Therefore,
p
I1Pfl} < P 27| fII5 €C2)- (10.14)

Now, let us start with the weak Poincaré type inequality (10.1) with rate
function C(p) satistying the bound (10.6), as in Theorem 10.1. Then, as we
know from Corollary 8.6, the hypothesis (10.8) holds with

2 2
Br(s) = flog™ ~,
where y
«
:22(41) ! ) .
B=2a —

Since r = %q, the coefficient is
2/
3 = 242 (4b L) .
q—p
We also find that
4 a/(a+2)
f(t)<2exp{f(—pt) }
Bp—1)
As a result, we obtain the following generalization of Theorem 10.1.
Theorem 10.5. Assume that the weak Poincaré type inequality (10.1)
holds with rate function C(p) satisfying the bound (10.6) with some parame-

ters a,b > 0 and o > 0. Given ¢ > p > 1, for all f € LI(u) with mean zero
and for all t > 0

r/q
/|Ptf|”du < % 27+ exp {—ctwiz } </|f|qdu) ., (10.15)
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where the constant ¢ > 0 depends on a, b, «, p, and q only.

More precisely, we may put
EA
p—1 (2a2)% (4b)=iz

11 L? Decay to Equilibrium in Infinite Dimensions

11.1 Basic inequalities and decay to equilibrium in the
product case

In this and next sections, we further simplify the notation for the expectation
setting uf =B, f = / f du for the expectation of f under a probability mea-

sure y. This will prove to be useful when we have to deal with more involved
mathematical expressions.
Consider a probability measure on the real line of the form

1
vo(dx) = Ze_v(r)dm
with V(z) = ¢(1 +22)%, where 0 < a < 1 and s € (0,00), while Z denotes a

normalization constant. Since |z| < (1+22)2 < 1+ |z|, by Theorem 7.1 and
Corollary 8.6, we have the following assertion.

Lemma 11.1. For any p € (2,00) there exists 5 € (0,00) such that for
any s € (0,1)

volf — o f? < B(s)wo V1> +5 (o |f — vof )7 (11.1)

with B(s) = 3 (log %)% for any function f, for which the right hand side is
well defined.

By a simple inductive argument, one gets the following property for cor-
responding product measures.

Proposition 11.2 (product property). Suppose that v;, i € N, satisfy

Sl

vilf = vif P <Bs)vi [Vif [ + s (wi lf = vif ') (11.2)

Then the product measure g = ®;env; also satisfies
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polf = pof1? < B(s) Y 110 [Vif I” + sAp o (f) (11.3)
€N
with .
Ao (F) =D o i lf —vif[P)7 . (11.4)
€N

Proof. Note that for f; = v;fi_1 = v f, i € N, with fo = f, we have

polf = pofI* = povilfics —vifial”

ieN

Hence, applying (11.2) to each term, we arrive at

3

po|f = pof> < po (B(S)Vi Vifial* + s Wil fior = vifial)

1€EN

).

Next, we note that (by using the Minkowski and Schwartz inequalities)

3

2
Svgior wilf —wifl)?

(Vi |fier —vifical?)
and
v |Vifi—1|2 S Vg |Vz‘f‘2 .

Thus, taking into the account the fact that pove, F' = poF (and similarly,
with v; in place of v¢;), we arrive at

polf = pof P <B(s)Y mo|Vifl?+5>  po(wilf - "7 (11.5)

1€N 1€N

This ends the proof of the proposition. O

The Dirichlet form defines the following Markov generator:

LO =31,

€N

with LEO) = A, — V'(2;)V,;, where A; and V, denote the Laplace operator
and derivative with respect to the ith variable respectively. It is well defined
on a dense domain in L?(pg). As in our situation V is smooth and V' is
bounded, the corresponding semigroup Pt(o) in L?(u) extends nicely to a
Co-semigroup onto the space of continuous functions C(§2), where 2 = RN,
Using Proposition 11.2 and the fact that functional

Ap o (f) = Zuo (vi|f — yif|?’)%

€N
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is monotone with respect to the semigroup (in the sense of (10.3)), one can
see that Theorems 10.1 and 10.4 hold. In particular, we have

2 _a
Ho Pt(o)f —pof| < Ce "™ Ap,uo(f)

with some constants C, ¢ € (0, 00) independent of f.

In the rest of the paper, we prove that an inequality of a similar shape
remains true for infinite systems described by nontrivial Gibbs measures.
Although the corresponding functional A, may no longer be monotone, with
extra work we show that the corresponding semigroups also satisfy stretched
exponential decay estimate. We begin from presenting the necessary elements
of the construction of the semigroups.

11.2 Semaigroup for an infinite system with interaction.

Let 2 = R®, with a countable connected graph R furnished with the natural
metric (given by the number of edges in the shortest path connecting two
points) and with at most stretched exponential volume growth.

Let V =¢(1+2%)%, with 0 < @ < 1 and ¢ € (0,00). Then

IV ooy IV [oo < 00

We set V;(w) = V(w;). Let U;(w) = Vi(w) + ui(w), where u; is a smooth
function. Later on we set

a= sup(2fyii + Z%j>, (11.6)
‘ J#i
Yij = [IViVjujlloo (11.7)

and assume that a € (0,00). We note that, by the definition of local inter-
action V;, we automatically have ||[V7V;||s < 00, so our assumption is only
about u;’s. For simplicity of exposition, we assume that R = Z% and that
the interaction is of finite range, i.e., for some R € (0,00) and all vertices ¢
one has Vyu; = 0 when dist (4, k) > R.

Let P/ be a Markov semigroup associated to the generator

Ly= Z LZ(-O) - Zviui Vi,
iER ieA

where
L = A = VVi(@)Vi = 4; = V' (@),

and the index 7 indicates that derivatives are taken with respect to w;, and
A CC R (ie., A is a bounded subset of R). The following lemma will play
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later a crucial role in the control of decay to equilibrium. Naturally, it holds
for P/ as well and is essential in defining the infinite volume semigroup as
follows:
Pf = lim P/
i f AEHR i f

on the space of bounded continuous functions (cf., for example, [21]).

Lemma 11.3 (finite speed of propagation of information estimate). There
exist A, B,C € (0,00) such that for any smooth cylinder function f and any
1E€R

VP f|[> < CeA=PAGAD ||| £[[]2, (11.8)
where Ay C R is the smallest set O C R such that f depends only on
{w; 11 € O} and

A1 =D IVifllZ.

i€ER

The proof is based on the following arguments (note that, under our
smoothness assumptions on the interaction, the pointwise operations are well
justified):

d
P |ViPi o P = Pr(LIViPr f[2 = 2ViPir f - LV:P, f)

+ 2P, (ViPirf - [L,Vi|Pir f)

> 2P, (vzptrf . [‘Ca VZ}PtTf)

=P, ( —2VIUViP f? =2 vivjujvipt_ffvjpmo
J#i
> —2||IViUilloe + D IViVjujlle) - PrIV;Prer f1?
J#i
= IViVjusl o PV P £,
J#i

Hence, with the notation introduced in (11.6) before the lemma, we have

t
VPP < TP+ S [ eIV Pg? .
J#i
In particular, if ¢ ¢ Ay, we get

t
VPP < Y [ eIV P A dr.
J#i 0
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By standard arguments (cf. [21] and the references therein), this leads to the
desired estimate of final speed of propagation of information (11.8).

11.3 L? decay

Our way to study the L? decay of the semigroup is as follows. Suppose that
u satisfies uF; f = pf for any i € R with the following probability kernels:

/fe_Uidwi =4, /fe_uidyi (11.9)

/e_Ui dw; /e_“idui

where ¢, denotes the Dirac mass concentrated at w and, by definition, v; is
an isomorphic copy of the probability measure ry. Then P; is a symmetric
semigroups in L?(u) with quadratic form of the generator given by

Ei(f) = E¥(f) = do

pIVE? =Y ulVifP.

1€ER
Let 2
Ap() = Apu(N) =D nwilf —wif)? .

i€ER

With this notation, we have the following assertion.

Lemma 11.4. Assume that, with a positive function ((s),

w(f — nf)? < B(s) uVfI2+ sA(f).
Then

u(rf =) <int {7 =l s s AP},

o<t

The above follows from the following simple arguments (cf., for example,
[35] and the references therein) similar to those in Section 10. For f; = P, f
we have

d 2 2 2 2s
%M(ft —uf)” = =2u|V S| < —%M(ft —uf)” + %Ap(ft)-

Hence
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i (fe— uf)? < e A p(f — ) + / e % S(fr)dr

<e FOu(f —puf)’ +s sup Ay(fr).

0<r<t

To go the route based on Lemma 11.4, we need an estimate for the func-
tional A,,.

Proposition 11.5 (estimate of A,(f;)). Suppose that A = A, CC R
satisfies

dist (A%, Ay) > i diam (A)

with diam (A) = 165t. Then

sup A, (fr) < |4 - G (ulf — ufP)* + De™ L[| |1
0<r<t

with some constants D, G € (0,00) independent of f.

Proof. For any A CC R we have

A=Y nilf, —uif)?

iER
2 2
:Z VzlfT_sz‘r p Z Vz‘fT_VifT|p)p-
€A i€A°

Since for p > 2 we have

p(wilfe = wifo)P) < (@alfs = nfo)7F)

gzl (B fr = nf )7
der > w s (| o — pfo)?

< dedrorllulle i — pfy?

N

Where we used the triangle and Holder inequalities and gained a factor

3 sup; |Juilloo

er while passing from expectations with the measure v; to the

expectation with the conditional expectation F;. Thus,

Ap(fr) <IAL-G (ulf —uf)7 + Y wwilfe —wifil?)”

i€ A°

with the constant G = 4e# S'Pi lluill~ T estimate the sum over i € A, we
note that for w,w € {2 satisfying w; = w; for j # i
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5:0) = 1@ = | [ do Vit o) < for - T 193

with configuration
[ 0 wr\slj = dijz + (1 — d4j)w;.
Thus, we get
|fr (@) = £+ (@)] < Jws — @i - CFe2sm FAEAD || 1))
which implies
(Wil fr = vifoP)P < ACAT=BUAD (lwnlP)F - |1 1|1

Since

1 a
vo(dz) = Ee_g(“rﬁ)z dz,

one can obtain the following estimate (using the Stirling bound):
2 1 Lo
(volwol?)? < Cex 2P

with some constant C" = C'(«, <) € (0,00) independent of p € (2,00). (This
is an important place where we take advantage of oscillations in LP; would
we have the functional Osc as in (1.6), we would be in trouble.) Hence we
obtain the following bound:

2 Ar—Bq(Ac,A
S wilfs = vif )7 < DeAT RN 2
ieAe
with
D =4CC"ew logr Z e~ 7 diAr)
i€ R:dist (i,A5)>d(A¢,Ap)+1
with the series being convergent due to our assumption about slower than

exponential volume growth of R. For 7 € [0,¢], choosing A = A; such that
dist (A°, Ay) > 1 diam (A) with diam (A) = 164¢, we get

2
S @il =7 < De A |||
i€ AC

Combining all the above, we arrive at the following estimate:

sup Ap(fr) < |- G (] f — pfIP)? + De=A ||| £]I%

o<t

The proposition is proved. a
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Given the above estimate for A,(f;), we conclude with the following result.

Theorem 11.6. Let A = At be an increasing family of bounded subsets
of R such that dist (A°, Ay) > 1 diam (A), with diam (A) = 164t and |A;| <
ediam (40)° , with some 0 € ( ) for all sufficiently large A;. Assume that for

a positive function 3(s) = £~1 (log(1/s))" defined with some £,m € (0,00)

u(f — uf)2 < B(s) VI + sAy(f)

for each s € (0,1).
If 0 € (0,1/n), then there exist constant ¢, J € (0,00), and € € (0,1) such
that

i = 1fo < e T ((f = )+ Gulf = nf )7 +IAUE)

REMARK 11.1. In the case of a regular lattice Z¢ and finite range interac-
tions, one would have |A;| ~ t?. Our weaker growth assumption allows one
to include more general graphs, as well as interactions which are not of finite
range.

We note that for our considerations it is relevant only what is the behavior
of f(s) for small s. This determines the long time behavior (while the short
time estimates can be compensated by a choice of constant J). This allows
us to disregard factor 2 (or any similar numerical factor) from within the log
in A(s) as compared to estimates used in the product case.

Proof of Theorem 11.6. By Lemma 11.4 and Proposition 11.5, we have

p(fi — nfe)’
<inf {e T (f = puf)? + s (14 - G (ulf = uf )% + De=d - lIfY2) b

Hence, choosing s = e~*" with o € (#,1/n), we obtain

plfe = ufo)* < exp{=&t' =" (f — nf)’
+ et (0BG (| f — pfP)P + DeA teR owr | ).

Thus, if o € (6,1/n), then there exists a constant J € (0, 00) such that with
e =min(l —on, 0 —0) and any ¢ € (0, min(1,¢)) we have

e = wf? < e T (wf = wf) + ulf = wf )7+ NIAIR) -

The theorem is proved. a
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12 Weak Poincaré Inequalities for Gibbs Measures

In this section, we prove a weak Poincaré inequality for Gibbs measures with
slowly decaying tails in the region of strong mixing property. Using this result,
we obtain an estimate for the decay to equilibrium in Lo for all Lipschitz
cylinder functions with the same stretched exponential rate.

For A CC R we define the following conditional expectations (generalizing
the E; introduced in (11.9))

/fe_uAdVA
dEy =0y | =

/ e A dVA

with some smooth function uy and vy = ®;c V4, so that for Ay C A we have
dEA|2A0 = PAodVAo

with [[10g pa,|leo < ¢|Ag| with some numerical constant ¢ € (0,00). Recall
that, by definition, a Gibbs measure satisfies

pEA(f) = puf

for each finite A and any integrable function f (cf., for example, [21]).
We begin from the following lemma.

Lemma 12.1 (perturbation lemma). Suppose that v;, i € N, satisfy

vilf = vif? <B(s)vi [Vif > + 5 (i | f — vif |P)?

with a function B : (0,s0) — R, for some so > 0. Then the conditional

expectation E; = %efuidl/i satisfies
k2

Eilf — Ef1> < B()E: [Vif|* +5 (i | f — vif|P)?

with B B
/6(5) = OS¢ (ul)ﬂ(567 osc (ui))
for s € (0, 50e°%° i), where osc (u;) = sup u; — inf u,.
If f depends on wpr, with I'N A= Ay, then

Ealf = Eafl® < Ba(s)Ea [Vaf P 4+ 590 S By (v |f - vif')?
i€Ao

with Ba(s) = 2?0l F(e=261015) for s € (0, spe?¢l o).



Distributions with Slow Tails 67

Proof. We have

1 .
Eilf - Ef < Ei|f —vif]’ = / If —vifl? 7€ “dy;
K3
1 inf ws
<ge Ml -l
K3
Hence, by the assumed inequality for v;, we get
2
P
Z
P . 2
< TG () B [V f P+ e (] f — 7).

1 —infu; g 1 —inf u;
Ei|f = Eif|" < e” ™ B () [Vif |+ s-e” ™0 (| f = wif )

Hence .~ ) N
Eilf = Eif|” < B)Ei Vif|” +s(wi|[f —vif|")"
with B

E(S) = 08¢ “",6’(567 osc ul)

for s € (0, spe®® i), where osc u; = sup u; — inf u;. Similarly,

1
Enlf = Eafl” S Ealf = vafl” = / [ —vafP e dva

1

< gz Mt —vaff?

and therefore (using the product property of Weak Poincaré inequality as in
Proposition 11.2),

1 .
Ex|f — Eaf]” < =—e MU B(s)vy VS

Za
1 ) 2
+ sZ—e_‘“f“A ZVA (vilf —wvif|")?
A i€A
. 2
< 0S¢ (uA)ﬂ(S)EA |vAf|2 + se°%¢ (ua) ZEA (Vz' |f - Vif|p)p

i€

with osc (ua) = supuy — infuy. In the case where f depends on wp, with
I'N A = Ag, one can stream-line the above arguments as follows. Noting that
dEA|s,, = paydva, with [[logpa,|[oc < @|Ao| with some numerical constant
¢ € (0,00), by similar arguments as above, we obtain

Eq|f - EAf|2 = Epx,, |f = E/1|2,,Of|2 < Eazy,, |f - l//10f|2

< 62¢|AUIB(5)EA|VAJ‘|2 + se2¢l 4ol Z EA(Vi|f - V¢f|p)%'
i€Ao

The lemma is proved. a
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Later on we consider a given set A CC R (for example, a ball of radius
L € N in a suitable metric of the graph) and write A+ j to denote a similar
set around a point j € R. (If the graph R admits a structure of a linear
space, this will coincide with a translation of A by the vector j.)

Lemma 12.2 (product property bis). Suppose that

Exlf — Eafl* < Ba()Ea|VafP+5 Y Eawilf —vifI")7.
1€ Ao

Let I' = Ujen A + Ji with j; such that dist (A + ji, A+ jir) = 2R, for 1 # 1.
Assume that E 4 satisfy the following local Markov property:

VfGEA == EA(f)EEAR,

where Agp = {j € R : dist (j,A) < R} for a given R > 1. Then

Ep|f — Erfl> <Ba()Er|Vrf*+sY  Er(vilf —wvifl’)?.
i€l
If f e Xo (z e. Af CO) and Ay NI CJ, Ao+ ji, then the above inequality
holds with B(s) = Ba,(s).

REMARK 12.1. The local Markov property is true when the interaction is
of finite range R.

Because of the local Markov property, in our setup E acts as a product
measure. Therefore, the proof is similar to the proof of Proposition 11.2
(product property).

Later on we consider a family of I}y, € R, k € N. Let II,(f) =
Er, ... Ep, (f). We note that, as in [38, 39], setting

fOEf and anEF,Lfnflzﬂn(f)v

we have

p(f —pf)* = wEr, (fao1 — Er, fa-1)*.

neN

Hence, by Lemma 12.2, we get

Er, (fao1 = Er, fa1)” < Ba($)Er, |V, fa1|®
+s Z EF Vz|fn 1_szn 1| )

i€y,

'd\m

Now, we prove the following bound for expectation of terms involving the
pth norms.
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Lemma 12.3.
Z “(”i’EFvLF_”iEFrLF‘p>% < Z UUM(VJ’F_VJF‘ )%
i€l 41 i€l 41, J

where n;; = 268114l and
2 . 1
Mij =2 Z [OSC Ay NAF (EAk(i)\AF (Dl))] ' e4¢(‘Ak(l)0AF‘+2)|Ak(i) NAg|
k(i):5 €Ak
with
PAiy (wAk(i) o w; e wR\Ak(i)U{i})

pAk(,.) (wAk'(") o w; e WR\Ak(->U{i})

DiE -1

where Ay C Iy, @ € Inya, is such that i € OrApg) = {j € Ay
dist (Ja Ak: z)) R}

Proof. First we note that for ¢ € I}, N [,41 the quantity Er, F — v, Ep, F
vanishes. For i € I, 41 let Ay;) C I, be such that

1€ 6RA,C(Z) = {] € Az(z) . dist (j, Ak(z)) < R}

Let I\ = I, \ AW and A = UAy(,). Note that Er, F = Eqo B F and
v; B~ o = E- P Vi Hence, using the Minkowski inequality for the L, (v;) norm
and the Schwartz inequality for E~ 7, we get

(vi] B B F — viBgo B FI )P < EF<>(1/Z-|EZ(7¢)F—yiEZ(i)F|p)%.

On the other hand, we have

STV
3

(Vi |EZ(1)F - ViEZ(i)F|p> < 2 (l/i |E/‘i(,;) (F — VlF)|p)
2
P

+2 (v |[E0, vl F[) 7, (12.1)
where
[Eg(i),l/i]F = E/T(i) ViF — ViE/Nl(i)F~
The first term on the right-hand side of (12.1) can be bounded as follows:

2
3

2 4] P
2(i| Bz (F = wil)|") 7 < 2e"1 0 (0| E il F = viF ")
2
< 2l Bx ) (| F — viFIP)? (12.2)
where E:'{(i) denotes an expectation with interaction u; removed so it com-
mutes with v; expectation, and we can apply the Minkowski inequality (for

the L,(v;) norm) and the Schwartz inequality for Eﬁi(w at the end inserting
back the interaction wu;.
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The second term on the right-hand side of (12.1) is estimated as follows.
First we note that

2 2
2(ui|[E 0, vl F|") " <2 (wi][Bay g, vl F|7) . (12.3)

Next, we observe that
[EAk(i),l/i]F = /l/l(dcfvdl){EAk(l) (DZ(F — EAk(i)F))}7 (124)

where
_ PAy (O‘)Ak(i) ow; ® wR\Ak(q‘,)U{i})

PAk) (WAW) ow; e WR\Ak(i)u{i})

If F depends on variables Ay;) N Ar, then

D; 1.

|EAk(i) (Di(F - EAk(i)F))|
- |EAk(i) (EAk(i)\AF‘ (Di)(F - EAk-(i)F))|
< os¢ (Bpyonap(Di)) - Bay) |F = Eay, F (12.5)

with oscillation over variables indexed by points in Ay \ Ap. Thus,
2
(ViHEAk(n’Vi]F‘p) !
2 2
< [0s¢ (Bayo\ar (Di)]” - viBa ) |F = Eay FI™. (12.6)
Using (12.3)-(12.6), we arrive at
2(vi|[Ee, i F|") 7

<23 [ose (Eaguvap (D)) - viBay, |F — Eag FI*. (12.7)

Next, we note that

2 20| ApiyNAR| 2
F_EAk<1:>F| <e @ VAk(z‘>ﬂAF|F_VAk<i>ﬁAFF| .

EAk(i)

On the other hand, choosing a lexicographic order {j; € A};—1. ||, we have

2
I/A‘F—VAF|2:VA‘ Z VA;,F_VAI,_HF‘
I=1...|A|-1
2
<A S vavs|F = viFI> <|AY va (v|F — v FP) 7 (12.8)
jeA jeA
with the convention that v4, = I is the identity operator and A;4; = 4; U

{Ji+1}- Using this together with the previous inequality, we get the following
assertion.
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Lemma 12.4.

2 HNA 2
F—Ep, F|" < Mol gy 0 Ap| Y B, (v|F = v FP)7
JEAk(s)

EAk(i)

Combining with (12.7), we arrive at
2
2<Vi|[Eﬁ<i>»Vi]F|p) P2 Z [OSC Ag(iyNAp (EAk(i)\AF(Di))]Q
k(i)

. 64¢U/‘k(zﬂ)ﬁ/\F\+% |Ak(i) N AF|

2
Y EiEa,, (vj|F — v;FP)". (12.9)
jeA

This ends the estimates for the second term on the right-hand side of (12.1).
Using (12.2) and (12.9), we find
2 2
(Vi‘Eﬁ(Li)E/](wF — I/iEﬁ(Li)EZ(i)FF) P QQGHWHEZ”) (V2|F _ I/iF’p) P
2 v 1
+2 Z [OSC Ak(iyNAF (EAk(i)\AF (Di))] ’ €4¢HAMZ)OAF‘+;] |Ak(i) N AF|
k(3)
2
. Z Eﬁ(li)EiEAk(i) (I/j‘F — VjF|p) P
JE€EAR )
From this we conclude that

Z M(l/i‘EFnF—ViEpnF|p)% < Z 266”WHN(V¢’F_VZ’F}1))%

i€ 41 1€ 41

+2 Z Z [OSC Ar@yNAr (EAk(t)\AF(Di))]Q

1€ 41 k(i)

LA AR A N AR Y (| F — v FIP) 7.
JE€EAR )

Lemma 12.3 is proved. a

Applying iteratively Lemma 12.3, we arrive at the following result.

Proposition 12.5. Suppose that I,, n € N, is a periodic sequence of
period N such that\J,_,  n Ii = R. Then there exists a constant C' € (0, 0)
such that for any p € (2,00) and any 1 <n <N —1
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S Wil f — v, 77

1€l 41

2
<> > Migo Mingn— - - Mizg it W51 = v fIP)7

1€ 41 jn €L \ 11 €N\ T

<O uWwilf —vifIr)e .

i€eR
Moreover, forn =N
2 2
Y wWlINF = yIINFP)? SAY p(y|F — v FP)?
i€l 41 JER

with

A=sup Y > Miju Mjmin—1 - Mjaj- (12.10)
TER €l i1 jin €T\ it yorjr €L\

Therefore, for any n € N
2 2] 2
S pWilIlaf = vl fP)7 < CAFDY ()| f — v fIP)7
ieR i€R
where [n/N] is the integer part of n/N, with some constant C' € (0, 00).

REMARK 12.2. Because of our assumption that conditional expectations
satisfy local Markov property, A is defined by a finite sum and therefore is
finite.

Lemma 12.6. There exists a constant vy € (0,00) such that for any
p € (2,00) and s € (0, sp)

~ 2
w|ViEr, FI? < yop |ViFI*+8(s) > myulVFIP+s > myu(vi|F — viF|P)e
; ;

with
Nij = Z 70” OSC ApynAr (EAk(i)\AF(viUAk(i)))Hio
E(i):5€ Ak

. e4¢|Ak(i)nAF||Ak(i) N AF|
defined for j € AW and zero otherwise.
Proof. For i € I, 41 let Ay C I, be such that

i € OrAwgiy = {7 € Ay + dist (4, Aei)) < R}
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Let I\ =1, \ A® where A = UAg ;). Note that

Er, F=Ezo EzonF, ViEpo = EzoVi.

Hence
Vi.Er, F = viEfff)E/T(i)F = Eﬁ(j)viE/T(i)F'
On the other hand, we have

where [V, B3] F = ViE5, F — Ej,)ViF. We note that

Vi, Ezo|F = ZE/TU) (EAW) (F?viUAku)))’
k(i)

where
EAk(i) (F; viUAk(i)) = EAW) (F : viUAk(i)) - EAk(i) (F)EAW) (ViU/lk(i))'
If F' depends on variables in Ay N Ap, we have

’EAku) (F; viUAk(z‘)) | = |EAk(i) ((F - EAk(i)F) ’ EAk(i)\AF (viUAk(i)))}

< 0sC ApyNAF (EAk(i)\AF (ViU/lk(i))) : EAk(i) F— EAk(i)F"
Thus, in this case,
\ViBr, F| < Br,|ViF| + Exo|[Vi, Ezo 1 F|
< Er,|ViF|+ > Er|(Ea., (F;ViUa,,))|
k(q)
< Er, |ViF| +ZErn OSC Ay ;N AR (EA,CU)\AF(ViUAW)))
k(i)

By |[F = B P

Therefore, there exists a constant vy € (0, 00) depending only on the number
of k(i)’s such that

H‘vz’EFnF|2 < ’YO,U|VZ‘F|2 + Z’YOH 08C ApyNAr (EAk(i)\AF (viUAk(i))) Hio
k(1)
'“(EAW) B EAk(i)F‘Q)'

Using Lemma 12.1, we obtain
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/’("ViEFnF|2 <70U’ViF‘2 +5(s) Z"?ijﬂ|ij|2
J
+ SznijN(Vj|F - VjF‘p)%’
J

where n;;, for i € Z4\ A dist (i, AD) < R, j € AD | are defined by
2

Nij = Z 7o H OSC AyynAr (EAW)\AF (ViUAkm)) Hoo
k(i):5 €Ak

. e4¢|Ak(i)ﬁAF||Ak(Z_) ) AF|~

The lemma is proved. a

Proposition 12.7. Suppose that I,, n € N, is a periodic sequence of
period N such that |J,_, n 17 = R and so for any i € R there exists 1 <
(i) < N for which V,Er,, f = 0. Then for any p € (2,00) and any 1 < n <
N -1

2
W|ViEr, ... En FI? < X(s)u|ViF|* +5Z(5) > p (| F — v;F[P)?

J

with X (s) = X(148(s)N1) and Z(s) = Z(1+B(s)N 1) with some constants
X, Z > 0. Moreover, forn > N

pIVIL, fI* < sZ()AR Y p(vilf — v fIP)7 -
JER

Proof. For n < N, by Lemma 12.6, we have

p|Vr L F| = Y )|V,

i€l 41
< Z l{iEFn+1\Fn}A(n+1’n)(ts)]'{jnern\-rnfl}iu' |v]nﬂn_1F|2
%,Jn
2
+5 > Lger ran" M enar, i (v, [T o F — vy, I, FIP)7
4,Jn
where

A("H’”)(s)ij = (al + 7]("+1’n)) (Y0055 + 5(s)nff+l’"))7

i
where 1¢; cp .\, ,} denotes the characteristic function of the set I5, \ I}, 1

(nt1,m) 4g provided by Lemma 12.6 (with ¢ € I',41 \ I3, and j € I},). By

and 7;;
induction, we arrive at the bound
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w|Vr I F|P <00 v, F?

2
s 3 DYy [ HaiF — v I )P

k=1..n i,j
where
enm)
= Ler, A" )1, ernr, g A" T )15, er, o)
cLGerne\ Ly AT () e n
with the convention that Iy = @, and

r#) = @nn—Fk) (n+1 k,n— k)]‘{JEFn RV

with the convention that @™ = Lm0\
Using Proposition 12.5, we can simplify the above estimate as follows:

2 n,1) 2
p|Vr L F] <Y 00 u (VPP +5 > (v |F — v FP)7
,J ,J
where

YW= 3" Yen, o gn" Y e nanyn® Y.
k=1...n

We note that there is a constant X € (0, 00) such that for n < N —1

sup 360" < X(1+ 56N,

If we assume that for each ¢ there is an { < N such that V;Er, = 0, then we
get
2 N 2
IU“VFN+1HNF‘ <s ZT’E] ),u(uj |F_ VjF|p)p
]
Since

supZT C'(1+ B(s)N 7Y

with some constant C’ € (0, 00) independent of n < N, we get
2
‘VFN+1HNF| <s C'(1+ B(s)N T Zu (vj|F — v FI")? .
J

As a consequence for n > N, setting F' = IT,,_nf and using Proposition
12.5, we conclude that
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1|V o f” < s Z4 BN NEN S w (v |f = v /1)

JER

where Z = CC". O

Theorem 12.8. Suppose that I',,, n € N, is a periodic sequence of period N
such that | J,_; y 11 =R and so for any i € R there exists 1 < 1(i) < N for
which V;Er, ,, [ = 0. Suppose that the parameter X introduced in Proposition
12.5 satisfies A € (0,1). Then for any p € (2,00)

plf = pfl? < BV + 5> pwilf - wvif?)?
i€ER

with

B(s) = B ()X (W ()N = X (B0 (s) + B0 (s))V)N
for s € (0,9(s0)), where J(s) = sN(C + B(s)Z(s))(1 = X)L with Z(s) =
Z(1+ B(s)N=1Y), with some constants X, Z,C > 0.

Proof. By Lemma 12.2, we have

/‘El“nﬂ |an - EFn+1H”f|2 < B(S),LL |VF"+1an}2
t5 S wWilIf — v, fPP)F

i€l +1

Hence, by Propositions 12.5, 12.7 and Lemma 12.6, for n < N — 1 we have

/’LEFn+1 ‘an - EFn+1 nf’ ( )/J’ |Vf|
+s(0+6 )Y wwilf —vif|)?
i€ER

while for n > N we have

MEF1L+1 ‘an_EFn+l n.ﬂ C+ﬁ( ) )))‘[%]ZN’(Vi'f_Vif‘p);'
i€R

Thus, provided that A € (0,1), we arrive at

2
ﬂ‘f _ﬂf|2 = Z :uEFn+1 |an7EFn+1ﬂnf’
nezZt
< BS)X(S)Np| VI + sN(C+ B(5)Z(s) (1= N1 p(wilf = wif[P)7 .

i€R

The theorem is proved. a
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Examples. Suppose that R = Z?, d € N. Then the corresponding cover-
ing I, n = 1...2% was introduced as a collection of suitable translates a
sufficiently large cube Ay for d = 1 in [40] and for general d in [36]. In the
case where the local specification E,, A CC Z% satisfies the strong mizing
condition (for cubes)

|Ea(f39) < Const ||| f]]] - [[|g][e=" @t (Aras)

with some constant M € (0,00) independent of size of the cube, one shows
(cf., for example, [40, 36, 21]) that, starting with a sufficiently large cube Ay,
one can achieve A € (0,1). In our case, the strong mixing condition holds at
least for finite range sufficiently small interactions u .

In our setup, by Corollary 8.6 and Lemma 12.1, 3(s) = Co(log(1/s))? with
some positive Cy and ¢ € (0, 00) for all sufficiently small s > 0. Hence

B(s) = C(log(1/s)™?

with some positive constant C for all sufficiently small s > 0. Thus, the above
considerations (cf. Theorem 12.8) apply and we have the following result.

Theorem 12.9. Let i1 be a Gibbs measure on RZ* corresponding to the
reference product measure g = V(?Zd, where the probability measure dvy =
+ exp{—V}dz on real line is defined with V = ¢(1 +2?)%, with 0 < a < 1,
s € (0,00), and a local finite range smooth interaction uy, A CC Z%, which
1s sufficiently small or more generally such that the Strong Mizing Condition
holds.

Then p satisfies the weak Poincaré inequality

plf = pfl? < B)ulV 12 + sAp(f)?

with B(s) = C(log(1/5))N° with some positive constant C and N = 2% for all
s € (0,3) for some s > 0. Hence there exists € € (0,1) and constants ¢, H €
(0,00) such that the semigroup P, = etV'y (with the generator corresponding
to the Dirichlet form u|V f|?) satisfies

WP =) < e H (ulf = )+ (ulf = uf )7 + 17111

for each cylinder function for which the right hand side is well defined (with
a constant H € (0,00) dependent on Ay).
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Abstract We survey results, obtained by the author and his coauthors over
the last fifteen years, on optimal Sobolev embeddings and related inequali-
ties in Orlicz spaces. Some of the presented results are very recent and are
not published yet. We recall basic properties concerning Orlicz and Orlicz—
Sobolev spaces and then dicsuss embeddings of Sobolev type and embeddings
into spaces of uniformly continuous functions, classical and approximate dif-
ferentiability properties of Orlicz—Sobolev functions and also trace inequali-
ties on the boundary.

1 Introduction

The Orlicz—Sobolev spaces extend the classical Sobolev spaces in that the
role of the Lebesgue spaces in their definition is played by more general Or-
licz spaces. Loosely speaking, this amounts to replacing the power function
t? in the definition of the Sobolev spaces by an arbitrary Young function.
The study of Orlicz—Sobolev spaces is especially motivated by the analysis
of variational problems and of partial differential equations whose nonlin-
earities are non-necessarily of polynomial type. Systematic investigations on
these spaces were initiated some forty years ago by Donaldson [23] (1971),
Donaldson and Trudinger [24] (1971), Maz’ya [33, 34] (1972/1973), Gosser
[28] (1974), Adams[5] (1977) and have been the object of a number of subse-
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quent papers. Some of the main contributions on this topic can be found in
the monographs [41, 42] by Rao and Ren.

Researches have pointed out that some properties of standard Sobolev
spaces are preserved when powers are replaced by arbitrary Young functions,
but others take a different form, and reproduce the usual results only under
additional assumptions on the relevant Young functions. This witnesses a
richer structure of the Orlicz-Sobolev spaces compared to that of the plain
Sobolev spaces.

Interestingly, the theory of Orlicz—Sobolev furnishes a unified framework
on several issues, which, by contrast, require separate formulations in the
theory of classical Sobolev spaces. Under this respect, the former not only
extends, but also provides further insight on the latter. Let us add that,
unlike that of Lebesgue spaces, the class of Orlicz spaces turns out to be
closed under certain operations, such as that of associating an optimal range
in Sobolev and trace embeddings. In the light of these facts, one can be led to
maintain the opinion that Orlicz spaces provide a more appropriate setting
than Lebesgue spaces in dealing with Sobolev functions.

In the present paper, we survey several results, obtained by the author
and his coauthors over the last fifteen years, on optimal Sobolev embeddings
and related inequalities in Orlicz spaces. Let us emphasize that some of them
are very recent and are contained in papers still in preprint form, or even
in preparation. After recalling some basic notions and properties concerning
Orlicz and more general rearrangement invariant spaces in Section 2, we give
the definition of Orlicz—Sobolev space and present embeddings of Sobolev
type in Section 3. Embeddings into spaces of uniformly continuous functions
are the subject of Section 4, whereas Section 5 deals with classical and ap-
proximate differentiability properties of Orlicz—Sobolev functions. The last
section is concerned with trace inequalities on the boundary.

2 Background

We recall here a few definitions and properties of function spaces to be used
in what follows.

Let (R, v) be a positive, o-finite and nonatomic measure space, and let f be
a measurable function on R. The decreasing rearrangement f* :[0,v(R)) —
[0,00] of f is defined as

fi(s)=sup{t =2 0:v({z e R:|f(x)| >t}) > s} fors € [0,v(R)).

In other words, f* is the unique nonincreasing right-continuous function on
[0,(R)) which is equimeasurable with f.

A Banach function space X (R), in the sense of Luxemburg (cf., for exam-
ple, [8]), is called rearrangement invariant (r.i., for short) if
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||f||X(R) = ||9||X(R) whenever [f=g. (2.1)
If v(R) < oo, then

L*(R) — X(R) — L'(R) (2.2)
for every r.i. space X (R). Here, the arrow 7 — ” stands for continuous embed-
ding. Thus, L>(R) and L'(R) are the smallest and the largest, respectively,
r.i. space on R.

The Orlicz spaces, the Lorentz (—Zygmund) spaces, and their combination,
the Orlicz—Lorentz spaces, are special instances of r.i. spaces. Each one of
these families of spaces provides a generalization of the Lebesgue spaces.

A function A : [0,00) — [0,00] is called a Young function if it is convex
(non trivial), left-continuous and vanishes at 0; thus, any such function takes
the form

A(t) = /Ot a(T)dr fort >0 (2.3)

for some nondecreasing, left-continuous function a : [0,00) — [0, c0] which
is neither identically equal to 0 nor to co. Since limy;_. A(t) = oo, in what
follows any Young function A will be continued to [0, oo] on setting A(co) =
0.
The Orlicz space L*4(R) associated with a Young function A is the r.i.
space equipped with the Luzemburg norm defined as

| fllza(r) = inf {/\ >0: /RA ('f()\x)> dv(zr) < 1}

for any measurable function f on R. In particular, L4(R) = LP(R) if A(t) =
tP for some p € [1,00), and L4(R) = L (R) if A(t) = 00X (1,00)(1).
The Young conjugate of A is the Young function A defined as

A(t) = sup{rt — A(7) : 7 >0} for t>0.

A Young function A is said to dominate another Young function B near
infinity if positive constants ¢ and ¢y exist such that

B(t) < Alct) for ¢t >tp. (2.4)

Two functions A and B are called equivalent near infinity if they dominate
each other near infinity. We write B < A to denote that A dominates B near
infinity, and A ~ B to denote that A and B are equivalent near infinity.

The function B is said to increase essentially more slowly than A near
infinity if B < A, but A £ B. This is equivalent to saying that

A—l
lim (r) =

Jim 5y = (2.5)




84 A. Cianchi

Here, A=! and B! are the (generalized) right-continuous inverses of A and
B respectively.

The notion of dominance comes into play in the description of inclusion
relations between Orlicz spaces. Actually, when v(R) < oo,

LAYR) — LB(R) if and only if B=<A. (2.6)

The Matuzewska-Orlicz upper index I, (A) at infinity of a finite-valued Young
function A is defined as

log (limsup,_, A(t:)
[o(A) = lim ( )

t—00 logt

(2.7)

The Lorentz space LP1(R), with p,q € [1, 0], is the collection of all mea-
surable functions f on R making the quantity

1.1 ,,
I fllrary = s 7 f* ()|l Laco,m(Rr)) (2.8)

finite. When v(R) < oo, the Lorentz—Zygmund space LP*%7Y(R), with p,q €
[1,00] and v € R is defined as the set of measurable functions f for which
the expression

1flleancry = N2 77 (1 +1og((R) /5)) £* () 2o(0.0(R)) (2.9)

is finite. Generalized Lorentz—Zygmund spaces, involving iterated logarith-
mic weight functions, also naturally arise in applications (cf. Examples 3.15
and 6.8).

The class of Lorentz—Zygmund spaces not only extends those of the
Lebesgue spaces (p = ¢, « = 0) and of the Lorentz spaces (« = 0), but also
overlaps with that of the Orlicz spaces. Actually, the spaces LP%7(R) repro-
duce (up to equivalent norms) the Orlicz spaces L?(logL)*(R) (1 < p = q,
v = «a/q) associated with any Young function equivalent to ¢*(log¢)* near
infinity, and the Orlicz spaces expL?(R) (p = ¢ = oo, v = —1/3) associated
with any Young function equivalent to exp(#?) near infinity.

Note also that LP%7(R) need not be an r.i. space for certain values of the
parameters p, ¢ and . A complete description of the admissible values of these
parameters can be found in [7] (cf. also [37]). However, in the applications
of the present paper, LP*%7(R) will always be an r.i. space, possibly up to
equivalent norms.

Assume that ¥(R) < co. Let p € (1,00], g € [1,00), and let D be a Young
function. If p < oo, assume that

> D)

T dt < oo.
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We denote by L(p, ¢, D)(R) the Orlicz—Lorentz space of all measurable func-
tions f on R for which the quantity

1 1
Hf”L(p,q,D)(R) =|s"rf (V(R)3“)||LD(0,1) (2.10)

is finite. The expression ||-[|(p,q, 0)(r) is @ norm, and L(p, ¢, D)(R), equipped
with this norm, is an r.i. space (cf. the proof of [14, Proposition 2.1]). Note
that the spaces L(p,q, D)(R) include (up to equivalent norms) the Orlicz
spaces and various instances of Lorentz and Lorentz—Zygmund spaces.

3 Orlicz—Sobolev Embeddings

Let {2 be an open subset of R™, n > 2. The mth order Orlicz—Sobolev space
Wm™A() associated with a positive integer m and with a Young function A
is defined as
Wm’A(Q) ={u ELA(Q) :u is m — times weakly differentiable in (2
and D%u € L*(£2) for every a such that |a| < m}.

Here, « is any multi-index having the form o = (aq, ..., ay,) for nonnegative
integers aq,...,an, o] = a1 + -+ + ap, and D% = %. The space
o1 020
WmA(2) is a Banach space endowed with the norm
m
w||yprm, = VFu ’ , 3.1
Jllw a0 szo (. (3.1)

where V¥u stands for the vector of all the derivatives D%u with |a| = k, and
|V¥u| denotes the Euclidean norm of V¥u.

The space VVch’A(Q) is defined accordingly as the collection of functions
u in 2 such that u € W™A(£2') for every open set 2’ such that 2’ CC £2.

It is clear that the choice A(t) = 7, with p € [1,00), or A(t) = 00X (1,00)(%),
in Wm™A4(£) and I/VIZZC’AP(Q) reproduces the classical Sobolev spaces WP ((2)
and W, P (£2), with p € [1,00), or p = 0o, respectively.

In the present section, we are concerned with optimal embeddings of
Wm™A(£) into Orlicz spaces and into rearrangement invariant spaces. Here,
we limit ourselves to considering the case when |£2| < oo; results for domains
with infinite volume are also available (cf. [11, 14]).
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3.1 Embeddings into Orlicz spaces

We begin with a sharp embedding theorem for W4 (§2) into Orlicz spaces,
and with related Sobolev—Poincaré inequalities. Given a Young function A,
we exhibit another Young function A=, an mth order Sobolev conjugate of

A, having the property that L% (£2) is the smallest Orlicz space into which
WmA() is continuously embedded. The function Ax is defined as follows.
Let 0 < m < n, and let A be any Young function satlsfymg

/0 (14’&)) T gt < oo, (3.2)

Let H : [0,00) — [0,00) be the function given by

n—m

H(r)= (/OT (AIEL‘)) n dt) "’ for r > 0. (3.3)

Then A% is defined as

Ax(t)y=A(H"'(t))  fort>0, (3.4)
where H~! denotes the (generalized) left-continuous inverse of H. The use
of the index ;> is due to the fact that A= depends on n and m only through
their quotient.

Let us emphasize that assumption (3.2) is not restrictive. Indeed, by (2.6),
replacing, if necessary, the function A by an equivalent Young function near
infinity fulfilling (3.2) leaves the space W™ 4 (£2) unchanged (up to equivalent
norms), since we are assuming that |2| < oc.

Our statements involve a standard notion of Lipschitz domain, namely
a bounded set with a Lipschitz boundary (cf., for example, [35, Definition
1.1.9/1] for a precise definition).

Theorem 3.1. Let (2 be a Lipschitz domain in R™. Let 1 < m < n, let A
be a Young function satisfying (3.2), and let A~ be the Sobolev conjugate
defined by (3.4). Then a constant C = C(£2,m) exists such that

< Cllullwm.a o) (3.5)

el 2 g

for every u € W™A(82), or, equivalently,

Ju(y)| )
An d
/” < (fn (i [VEu(2)]) d )m/" !
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m

g/ A(Y IV u(a)) do (3.6)
2 k=0

for every u € W™A(02). The space L% (£2) is optimal among all Orlicz
spaces, in the sense that if (3.5) holds with Ax replaced by another Young

function B, then L% (2) — LB(2).

Theorem 3.1 for m = 1 is established in [11] with A,, replaced by an equiv-
alent Young function, and in [12] in the present form. The case m > 1 can be
found in [15]. Earlier Orlicz—Sobolev embeddings involving a Sobolev conju-
gate of A different from Az, which is not optimal in general, are contained
in [24] and [4]. Sobolev inequalities of special form, involving Orlicz norms
and general measures, have been characterized in terms of isocapacitary in-
equalities by [33].

Remark 3.2. In view of (2.6), the space LA%(.Q) is determined (up to
equivalent norms) just by the asymptotic behavior of A= near infinity.

Remark 3.3. Note that Theorem 3.1 is only stated for 1 < m < n since if
m = n, then trivially

WA(2) — W (2) — L¥(9)

(cf., for example, [4, Theorem 5.4]). On the other hand, Theorem 3.1 tells us
that the embedding
WA(2) — L™(R) (3.7)

also holds if 1 < m < n provided that A grows so fast at infinity that

/OO (A’Et)> 7t < . (3.8)

Indeed, if (3.8) is in force, then A,, /., (t) = oo for every t > H,, ,,(00). Hence,
by Remark 3.2, LA»/m (02) = L>=(12).

The embedding (3.7) for m = 1 was obtained, under a condition equivalent
to (3.8), in [34], and independently rediscovered in [46]. The higher-order case
can be found in [31].

Example 3.4. Assume that
A(t) = 7 (log )",

where either p > 1 and o € R, or p = 1 and a > 0. From Theorem 3.1 and
Remark 3.3 we deduce that



88 A. Cianchi
L= (log L)mms () if1<p< 2,
exp Lm=m—am (£2) ifp=2 and a < 222,
WmA(02) — expexp L= (£2) if p= "1 and a = “7, (3.9)
L™ (02) if either p =
and a > "=, or p > .

Moreover, all the range spaces are optimal in the class of Orlicz spaces. Here,
exp exp L7 (£2) denotes the Orlicz space on {2 associated with the Young
function exp (exp (tm)) —e.

When p # -, embedding (3.9) agrees with the standard Sobolev embed-
ding if @ = 0, and overlaps with results from [24] if « #0. If p=n, a =0
and m = 1, (3.9) reproduces a result from [39, 47, 48]; the case where m > 1
is contained in [39, 45]. The embedding (3.9) for p =n, « < 0and m =1
recovers [27], and, for p = n and arbitrary « and m, overlaps with [25].

Example 3.5. Assume that
A(t) = t*(log(log t))“,

where p and « are as in Example 3.5. Then, we obtain from Theorem 3.1 and
Remark 3.3 that

WmA(Q) — L7 (92),
where

)

B

m

t%loglogt D ifl1<p<
Aﬂ(t z{ ( ( ))

n am
et n—m (logt) n—m n

m

if p=

If, instead, p > -, then
WmA(Q) — L>(92).

Moreover, the range spaces are sharp in the framework of Orlicz spaces on (2.
Notice that, unlike the case of Example 3.4, the space L% (£2) is never
n

embedded into L°°(§2) in the limiting case where p = . whatever « is.

The condition (3.8) also characterizes the Young functions A and the in-
tegers n and m for which the Orlicz—Sobolev space W™ 4(§2) is a Banach
algebra ([16]). Recall that W™ (£2) is an algebra if uv € W™4(£2) whenever
u,v € W™A(£2), and

[uvl|ywm.ao) < Cllullwm.allv]lwma) (3.10)

for some constant C' and for every u,v € W™4($2).
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Theorem 3.6. Let 2 be a Lipschitz domain in R™. Let m be a nonnegative
integer, and let A be a Young function. Then W™A(02) is a Banach algebra
if and only if either m = n, or 1 < m < n and (3.8) is in force.

We now present Sobolev—Poincaré type inequalities where the L% (2)
norm of a function in W™ ({2) is estimated in terms of the L*(£2) norm of
its derivatives of highest order m. Obviously, this is only possible under some
normalization condition on u. We first consider the case where v is assumed
to belong to the subspace Wgn’A(Q) of W™A(£2) of those functions which
vanish on 942, together will all their derivatives of order less than m, in a
suitable sense. Precisely, we define

Wgn’A(Q) ={u € W™A(R) : the continuation of u by 0 outside £
is an m—times weakly differentiable function
in the whole of R"}.

Note that, unlike the ordinary Sobolev spaces, taking the closure in Wm’A(Q)
of smooth compactly supported functions in {2 yields, in general, a subspace
smaller than W" “(£2), even in the case where (2 is a smooth domain. This
is due to the fact that smooth functions are not dense in W™4(£2), unless
A satisfies the so-called As-condition (cf., for example, [4, Chapter §]).

Theorem 3.7. Let 1 < m < n, and let A be a Young function satisfying
(3.2). Then there exists a constant C = C(n,m) such that for any open
bounded subset 2 of R™

lull 2 ) < CIT ey (3.11)

for every u € Wén’A(Q) or, equivalently,

[u(y)| m
An < AV u(x T .
/_Q " ( C( [ AlV™u(z |)dx)m/n> WS /9 { () (312)

for every u € W (02).

The following result provides us with a Sobolev—Poincaré inequality in
W™A(£2). As in the case of standard Sobolev spaces, admissible functions
can be normalized by subtracting a suitable polynomial of degree less than
m. Given a nonnegative integer h, the class of polynomials of degree < h is
denoted by Py,.

Theorem 3.8. Let 2, m and A be as in Theorem 3.1. Then there exists
a constant C = C(£2,m) such that for every u € W™A(£2) a polynomial
Pp_1 € Pp_1 exists satisfying

lu = Pl 2 ) < ClIV™ullaca) (3.13)
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or, equivalently,

|u( ) lm,]_(y” m
An dy < A(|lV™u(x)|) dx . .
/Q ( (fg (IVmu(z |)dx)m/n> v s /Q ( @)D (3:14)

We conclude this subsection with a compactness theorem of Rellich type.

Theorem 3.9. Let 2, m and A be as in Theorem 3.1. Let B be any Young
function increasing essentially more slowly than A= near infinity. Then the
following embedding is compact:

WmAR) — LB(Q).

Remark 3.10. The embedding
WmA(2) — LAR) (3.15)

is compact for every Lipschitz domain (2 and for every Young function A.
Indeed, it is easily verified from (3.4) that every finite-valued Young function
A increases essentially more slowly than A» near infinity; thus, in this case,
the compactness of embedding (3.15) follows from Theorem 3.9. If, instead,
A(t) = oo for large t, then (3.15) is equivalent to the compact embedding
Wm0 (2) — L°(92).

Proofs of Theorems 3.7-3.9 can be found in [11, 12] for m = 1 and in
[15] for m > 1. A version of Theorem 3.7, for m = 1, in anisotropic Orlicz—
Sobolev spaces whose norm depends on the full gradient Vu, and not only
on its length [Vul, is established in [13].

3.2 Embeddings into rearrangement invariant spaces

This subsection deals with an optimal Orlicz—Sobolev embedding into rear-
rangement invariant spaces. The solution to this problem involves an Orlicz—
Lorentz space of the form L(p,q, D), whose norm is defined as in (2.10).

Let m be any positive integer such that m < n, let A be any Young
function satisfying (3.2), and let a be the function related to A as in (2.3).
We call E' the Young function given by

E(t) = /Ot e(r)dr fort > 0, (3.16)

where e is the nondecreasing, left-continuous function in [0, c0) obeying
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o T 1 nﬁlrn 7% nzrzn
e l(s) = (/ (/ () dt) dTn) for s > 0.
a=1(s) 0 a(t) a(T) e

(3.17)
Here, a=! and e~! are the (generalized) left-continuous inverses of a and e
respectively.
The optimal r.i. range space for embeddings of W™ 4((2) is either L>(2)
or L(7=,1, £)(£2), namely the r.i. space equipped with norm

£l 1m0 = s f (121l Le0,1)- (3.18)

Theorem 3.11. Let 2, m and A be as in Theorem 3.1.
(i) If

m

/OO <A’(5t>> "t = oo, (3.19)

then a constant C' = C(£2,m) exists such that

lullLcz 1,m)2) < Cllullwm.aa) (3.20)

for every u € W™A(82), or, equivalently,

/0 E(és_%u*(\fﬂs)) dsg/QA(kZ_owku(m)D dr  (3.21)

for every u € W™A((2).
(i) If

/OO (/@) o dt < o0, (3.22)

then a constant C' = C(£2,m, A) exists such that
[ull Lo (@) < Cllullwmaca) (3.23)

for every u € W™A((2).

Both L(7+,1, E)(£2) and L>(82) are optimal among all r. i. spaces in (3.20)
and (3.23) respectively. Indeed, if A fulfills (3.19), and (3.20) holds with
L(=,1,E)(£2) replaced by another r.i. space X (£2), then L(7=,1,E)({2) —
X (£2); of A fulfills (3.22), and (3.23) holds with L>(§2) replaced by another
r.i. space X (§2), then (trivially) L>°(2) — X (£2).

The case where m = 1 of Theorem 3.11 is contained in [14], whereas the
result for higher-order Orlicz—Sobolev spaces is proved in [15].

Remark 3.12. In analogy with Remark 3.2, note that L(=,1, E)({2) de-
pends (up to equivalent norms) only on the behavior of E near infinity.
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Remark 3.13. One can show that the function A always dominates E [14,
Proposition 5.1]. Moreover, A is equivalent to E near infinity if and only
if the Matuzewska—Orlicz index I.(A) < n/m [14, Proposition 5.2]. Thus,
when I (A) < n/m,

lullcz 1,2 = s~ " w* ()l Laco, e -
Remark 3.14. Sobolev-Poincaré inequalities involving L(7=, 1, E')(£2) hold

in the same spirit as those considered in Subsection 3.1 ([15]).

Example 3.15. Let A be as in Example 3.4. Via Theorem 3.11 and Remark
3.13 one can show that

L= 5 (Q)  ifl1<p<n,

WmAR2) = L Lo ~1(Q2) ifp=L and a < 220 (3.24)

m

m

Lo =" H(2) if p=2 and a = =2,

m

up to equivalent norms, and that all the range spaces are optimal among r.i.

spaces. Here, L%~ % ~1(£2) denotes a generalized Lorentz-Zygmund space
on {2 endowed with the norm given by

1l gy = 5™ % (1 log(121/)) %

x (14 log(1+1og(121/5) " £ (), 2 01 (3.25)

for any measurable function f on 2.

The embedding (3.24) overlaps with results scattered in various papers,
including [7, 9, 22, 25, 26, 29, 30, 35, 36, 38]. In particular, the case where
p # n and a = 0 is contained in [36, 38], and the case where p =n and o = 0
can be found in [9, 30, 35]; the sharpness of these results is proved in [26]
and [22].

4 Modulus of Continuity

Results from the preceding section (cf. Remark 3.3, or Theorem 3.11 (ii)) tell
us that if a Young function A fulfills (3.22), then any function in W™ 4(§2)
is essentially bounded. Here we are concerned with continuity properties of
functions in W™4(£2).

In what follows, we denote by C°(£2) and C'(§2) the space of continuous
functions on {2, and the space of continuously differentiable functions on {2
respectively, equipped with the usual norms. Moreover, given a modulus of
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continuity o, namely an increasing function from [0, co) into [0, 00) vanishing
at 0, we denote by C?({2) the space of uniformly continuous functions on {2
whose modulus of continuity does not exceed o. The space C7(£2) is endowed
with the norm defined for a function u by

u(z) — u(y)|
luller () = llullco(ny + sup ————.
2 s (e —y)

A first result asserts that, if the condition (3.22) is fulfilled, then functions
in W™A(§2) are, in fact, continuous (cf. [31] and, independently, [10] for
m =1, and [15] for m > 1).

Theorem 4.1. Let {2 be an open set in R™. Let m be a nonnegative integer,
and let A be a Young function. Then

WmA(R2) — CO(2)) (4.1)

for every open set £ CC §2 if and only if either m > n, or 1 < m < n
and (3.22) holds. Moreover, if either of these condition is in force and 2 is
a Lipschitz domain, then (4.1) holds with 2’ = 0.

The next theorem is concerned with embeddings of W™ 4(£2) into spaces
of uniformly continuous functions. Given 1 < m < n and a Young function
A, define &, : (0,00) — [0, 0] as

_n__ & E(T)
£(t) = vt /t S dr fort >0, (4.2)
and . N
n A
n(t) = tr—m¥1 / 1-&-(7;)‘1 dr fort > 0. (4.3)
0 T n—m-+

Theorem 4.2. Let §2 be an open subset of R™. Let 1 < m < n, and let A
be a Young function such that the integral on the right-hand side of (4.3)
converges for t > 0.

If1<m < n—1, assume that

/Oo <A§t)> 7 gt < 0. (4.4)

If m = n, assume that
. t

Then the function 94 : [0,00) — [0,00), given by
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1—n

g—q(ﬁ if m=1,
Valr) = rm”<515.n)+,71@ﬂ> if 2<m<n—1, (4.6)
W if m=mn,
1s a modulus of continuity, and
WmA(Q) — V() (4.7)

for every open set 2 CC 2.
Moreover, the space C?4(£2') is optimal, in the sense that if (4.7) holds
with CV4 (") replaced by some other space C7(£2"), then C?4(2') — C°(£2').
Conversely, if there exists a modulus of continuity o such that

WmA(02) — C7(82') (4.8)

for every open set 2 CC 2, then either of (4.4) or (4.5) holds.

A proof of Theorem 4.2, as well as of the remaining results of this section,
can be found in [19]. Related results for m = 1 are in [18].

Remark 4.3. The assumption that the integral on the right-hand side of
(4.3) be convergent in Theorem 4.2 is not a restriction, by the same reason
why the convergence of the integral in (3.3) is not a restriction in Theorem 3.1.

Remark 4.4. Assumption (4.5) is equivalent to
LY2) G LY(2)
for every 2 CC 2.

Remark 4.5. The case where m > n in Theorem 4.2 is uninteresting. Ac-

tually, in this case
WA (02) — CH(8)

for every 2" CC 2, since, if £2” is any Lipschitz domain such that 2’ CC
2" cc §2, then
Wm’A(.Q) N Wm’l(_Q”) N WnJrl,l(Q/I) N CI(Q//) N Cl(Q/)

A characterization of embeddings of W™4((2) into the space Lip({2’) of
Lipschitz continuous functions on ' CC (2, namely the space C?({2") with
o(r) =r, can be easily derived from Theorem 4.2.

Corollary 4.6. Let §2 be an open subset of R™. Let 1 < m < n, and let A
be a Young function. Then

Wm™A(£2) — Lip(2') (4.9)
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for every open set 2 CC §2 if and only if either
m=1 and A(t)=o00 forlarget,
or

S t nri_—m
2<m<n and / <A(t)) dt < oo. (4.10)

A global version of Theorem 4.2 holds provided that (2 is a Lipschitz
domain.

Theorem 4.7. Under the same assumptions as in Theorem 4.2, if, in addi-
tion, §2 is a Lipschitz domain, then

WmA(2) — C74(0). (4.11)

We conclude this section with a discussion of the compactness of the em-
beddings of Theorems 4.1 and 4.2.

Let o1 and o9 be moduli of continuity. Following [24], we say that oy
decays to 0 essentially faster than oy if there exists a modulus of continuity
o such that o1(s) < o2(s)o(s) for s > 0.

Theorem 4.8. Under the same assumptions as in Theorem 4.2, if, in addi-
tion, §2 is a Lipschitz domain, then the embedding

wmAR) - C0(N) (4.12)

is compact. Moreover, if o is a modulus of continuity such that 94 decays to
0 essentially faster than o, then also the embedding

WA(2) — C7(2) (4.13)

is compact.

5 Differentiability Properties

In this section, differentiability properties of Orlicz—Sobolev functions are
taken into account, both in the classical and in the approximate (integral)
sense.

In the spirit of Rademacher’s theorem (and its extensions) and of the
approximate differentiability results for functions in the standard Sobolev
spaces, it turns out that functions in the Orlicz—Sobolev space W™4(2) do
posses a classical mth order differential at a.e. points in {2, provided that A
grows sufficiently fast at infinity. Otherwise, they are merely approximately
differentiable at a.e. points in {2 in the Orlicz—Sobolev conjugate norm of
WmA(2). The discriminant between these two situations is the same as that
coming into play when the boundedness and continuity of Orlicz—Sobolev
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functions are in question, namely the convergence or divergence of the integral

/Oo (14’(2)) dt. (5.1)

Precisely, given v € W™4(£2), let T (u) denote the Taylor polynomial of
degree m of u, which is well-defined at a.e. x € {2 as
m 1 « «@ n
T (u)(y) = Z a!D u(x)(y — x) for y € R™.

0<lal<m

Here and in what follows, D“u denotes the precise representative of the weak
derivative of u corresponding to the multi-index «, and a! = oy - ag -+ - .
The classical differentiability result reads as follows.

Theorem 5.1. Let {2 be an open subset of R™, and let A be a Young function.
Assume that either m > n, or 1 <m <n and

/OO (Ait)> ™ gt < oo (5.2)

If u € W™A(£2), then u has an mth order differential almost everywhere in
2, namely for a.e. v € 2

u(y) = T;"(w)(y) = o(ly —=[™)  asy— = (5:3)

The next result provides us with an approximate differentiability result
replacing (5.3) when condition (5.2) fails. In the statement we make us of the

notation L
d d
]ir(x)f(y) Y= B Br(x)f(y) y

for a locally integrable function f in 2, where B,.(z) is the ball, centered at =
and with radius r, and |B, ()] is its Lebesgue measure. Moreover, we define
the averaged norm

. If(y)l)
n =inf<A>0: An | /2 ) dy<1,.
TV m{ o o ()

Theorem 5.2. Let {2 be an open subset of R™. Let 1 < m < n and let A be
a Young function. Assume that

/OO (Ait)> T = oo, (5.4)

If u € W™A4(92), then for every o > 0
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iy 4y (MO0 4, 55

r—0t B, (z)

for a.e. x € £2. Hence

u() = T (w)()

,rm

lim
r—0+

=0 (5.6)

for a.e. x € 2.

Theorem 5.2 can be slightly improved as follows.

Theorem 5.3. Under the same assumptions of Theorem 5.2, for every o > 0

B, (x)

r—0+ oly —z|™

for a. e. x € £2. Hence

[0 - T w0
r—0+ |- —x|™

. =0 (5.8)
2% (B, (2)

for a. e. x € £2.

Theorems 5.1, 5.2, and 5.3 are the object of [6] in the case where m = 1,
and of [20] for m > 1.

Example 5.4. In the special case where
A(t) =P,

with p > 1, via Theorems 5.1 and 5.2 one recovers the classical results to
which we alluded above. Indeed, equation (5.2) holds in this case if and only
if p > . Thus, if either m > n or 1 <m <n and p > -, then any function
u € WP™(£2) has an mth order differential almost everywhere in 2 [44,
Chapter 8]. If instead, 1 < p < =, we have that for a.e. x € 2

. [uly) = T @@
1 BT(@( ) dy =0 (5.9)

r—0+ |x — y|™

(cf. [49, Chapter 3]).

This classical framework does not include the borderline case where p =
-, which can be dealt with via Theorems 5.1, 5.2, and 5.3. We state the
corresponding result in the more general situation when

A(t) = tm (logt)®

for some o > 0. Let u € W™4(2). If & > £ — 1, then Theorem 5.1 tells
us that v has an mth order differential almost everywhere in 2. If, instead,
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a < & —1, then from Theorem 5.3 we infer that, for every o > 0,

_m "omoam
lim exp <|“(y) v <u)(y)|) —1)dy=0  (5.10)
=0t JB, () oly —z|™

for a.e. z € (2. Finally, in the limiting case where a = > — 1, again Theorem
5.3 entails that, for every o > 0,

. July) = T (W) @)\ ™ _
Tl_l)r(% o (eXp (exp ( T ) > — e> dy=0 (5.11)

for a.e. x € (2. Analogous results involving norms also follow from Theo-
rem 5.3.
Conclusions (5.10) and (5.11), with m = 1, overlap with results from [2].

Let us also mention that fine properties of functions from Orlicz—Sobolev
spaces involving capacities, such as quasi-continuity, are analyzed in [3, 21,
32, 43].

6 Trace Inequalities

If {2 is a Lipschitz domain in R™, then a linear bounded operator
Tr: WHHQ2) — LY(092), (6.1)
the trace operator, exists such that
Tru=ujppn

whenever u is a continuous function on 2. In particular, the operator Tr
is well-defined on the Orlicz-Sobolev space W4 (£2) for every Young func-
tion A.

In this section, we are concerned with optimal trace embeddings for
W™A(£2) into Orlicz spaces and into r.i. spaces on 9f2, with respect to the
(n — 1)-dimensional Hausdorff measure. The material that will be presented
is taken from [17]; earlier trace embeddings with non optimal ranges were
established in [5, 24, 40].

Embeddings into Orlicz spaces are contained in Theorem 6.1 below, where
we associate with any Young function A another Young function Ap hav-
ing the property that LA7(92) is the smallest Orlicz space into which the
operator Tr maps W4 (£2) continuously.

Note that, as in the case of embeddings into function spaces defined on
the whole of {2, we may restrict our attention to the case where
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1<m<n.

Moreover, since we are dealing with Orlicz—Sobolev spaces on domains {2
with finite measure, we may assume, without loss of generality, that

m

/O <A’(5t>> "t < oo (6.2)

The Young function A coming into play in the trace embedding into
Orlicz space is defined by

n—1—

AT(t):/OH_l(t) <A(T)> T s dr fert30, (63)

T

where H : [0,00) — [0, 00) is given by (3.3).
Note that only the asymptotic behavior at infinity of the integral on the
right-hand side of (6.3) is relevant in applications.

Theorem 6.1. Let {2 be a Lipschitz domain in R™. Let 1 < m < n and let
A be a Young function fulfilling (6.2).
(i) Assume that

m

/oo (AEt)) "t = . (6.4)

Then there exists a constant C = C(£2,m) such that

[Trul| par 92y < Cllullwn.a) (6.5)
for every u € W™A(£2). Moreover, LAT(082) is the optimal Orlicz space in

(6.5), in the sense that if (6.5) holds with Ap replaced by another Young
function B, then LAT(082) — LB(0102).

(ii) Assume that
S t s

Then there exists a constant C' = C(£2,m, A) such that
[Trul[z<002) < Cllullwm.aa) (6.7)

for every u € W™A(02). The space L>(02) is (trivially) the optimal Orlicz
space in (6.7).

Remark 6.2. The inequality (6.5) implies (and is, in fact, equivalent to) the
integral inequality
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I Tru(y)] )
Ar — | dH" " (y)
/fm ( C( [ ATy [VFu(a)]) da)™! !

.
7

< (/QA<]€Z \Vku(x)|> dx) ' (6.8)
=0

m,A /I _ _n
for every u € W4 (£2). Here, n' = -25.

Example 6.3. Let
A(t) =~ tP(logt)®,

where either p > 1 and a € R, or p = 1 and a > 0. An application of Theorem
6.1 tells us that

L5 (log L) " (092) if 1 <p <
eXme(&Q) ifp=- —
Tr: W™A(2) — exp exp L= (912) if p=-—and a = =, (6.9)
L>(092) if either p = 2 and
a> "0 orp >

all the range spaces being optimal in the class of Orlicz spaces. The case
where p # n and @ = 0 in (6.9) reproduces the standard trace inequality in
Sobolev spaces. When p = n and o = 0, embedding (6.9) is a special case of
a result from [1] and [35].

Example 6.4. Assume that
A(t) ~ t*(log(logt))®,
where p and « are as in Example 6.3. Then, we infer from Theorem 6.1 that
Tr: W™A(0) — LA (00),

where

a(n—1)
tnmp lo 10 D) ifl<p<
Ar(t) ~ (log( 8 ) p< L

tn—m (log t) n—m

e ifp=_,

whereas
Tr: W™A(0) — L=(00) ifp>2

m”
Moreover, the range spaces are sharp in the framework of Orlicz spaces on 0f2.

The optimal rearrangement invariant range space for trace embeddings
of Orlicz-Sobolev spaces under assumption (6.4) is exhibited in the next
theorem. Such a space turns out to belong to the family of Orlicz—Lorentz
spaces defined as in (2.10). In fact, it agrees with the space L(=,n’, E)(042),
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where E is defined by (3.16)-(3.17). Hence L(2,n/, E)(952) is the Orlicz—

m’

Lorentz space equipped with the norm given by

—m oy n— 1
1|z myo2) = s~ f*(H"H(82)s77) || Lo 0,1) (6.10)

for any measurable function f on 0f2.

Note that, when (6.4) fails to hold, Theorem 6.1 (ii) already provides the
optimal r.i. range in the trace embedding of W™ A(§2), since L>°(912) is the
smallest r.i. space on 942 by (2.2).

Theorem 6.5. Let 2, m and A be as in Theorem 6.1 (i). Let E be the Young
function defined by (3.16)~(3.17), and let L(,n', E)(0§2) be the r.i. space
endowed with the norm defined as in (6.10). Then there exists a constant
C = C(£2,m) such that

ITrullp(z n,m)00) < Cllullwma) (6.11)

for every u € W™A(02). Moreover, L(Z,n, E)(012) is the optimal r.i. space
in (6.11), in the sense that if (6.11) holds with L(7=,n', E)(042) replaced by
another r.i. space X(02), then L(7%,n', E) (082) — X (012).

In view of applications of Theorem 6.5, owing to (2.6) the function E
comes into play only through its behavior at infinity.

Remark 6.6. The inequality (6.11) turns out to be equivalent to the integral
inequality

1 n
/O E(clsn(Tru)*(H”1(an)sw))ds</QA(kZ_O|vku|)dm (6.12)

for u € W™A(£2).

One always has that £ < A [14, Proposition 5.1]. Moreover, E ~ A if
and only if Ioo(A) < 7=, and the latter inequality is in turn equivalent to
the fact that L(X,n/,E)(02) = L(Z,n', A)(012), up to equivalent norms
[14, Proposition 5.2]. The norm in L(:,n’, A)(912) is defined as in (2.10),
namely

— I ek g m— L
Lz, ay00) = s~ F(H"1(02)s77) || Lao,1)
for any measurable function f on 9f2. Thus, we have the following corollary
of Theorem 6.5.

Corollary 6.7. Let 2, m and A be as in Theorem 6.1 (i). There exists a
constant C'= C(£2,m) such that

[Trullp(z nay00) < Cllullwmag) (6.13)

m’

or every u € W™A() if and only if I.(A) < . Moreover, under this
J Y y o )

assumption, L(Z,n', A)(012) is the optimal 1.i. space in (6.13).

m
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Example 6.8. Let A be as in Example 6.3. From Theorem 6.5 and Corollary
6.7 one can deduce that

p(n—1)

Lw=mP5(02) ifl<p<L,

Tr: Wm’A(Q) — q Lomi 5t TH00)  ifp= ~and a < IR (6.14)
Lo =" H002) ifp=2 and a = =2

up to equivalent norms, and that all the range spaces are optimal among r.i.
spaces.
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Mellin Analysis of Weighted Sobolev
Spaces with Nonhomogeneous Norms
on Cones

Martin Costabel, Monique Dauge, and Serge Nicaise

Abstract On domains with conical points, weighted Sobolev spaces with
powers of the distance to the conical points as weights form a classical frame-
work for describing the regularity of solutions of elliptic boundary value
problems (cf. works of Kondrat’ev and Maz’ya—Plamenevskii). Two classes
of weighted norms are usually considered: homogeneous norms, where the
weight exponent varies with the order of derivatives, and nonhomogeneous
norms, where the same weight is used for all orders of derivatives. For the
analysis of the spaces with homogeneous norms, Mellin transformation is a
classical tool. In this paper, we show how Mellin transformation can also be
used to give an optimal characterization of the structure of weighted Sobolev
spaces with nonhomogeneous norms on finite cones in the case of both non-
critical and critical indices. This characterization can serve as a basis for the
proof of regularity and Fredholm theorems in such weighted Sobolev spaces
on domains with conical points, even in the case of critical indices.

1 Introduction

When analyzing elliptic regularity in a neighborhood of a conical point on
the boundary of an otherwise smooth domain, one is faced with the following
dilemma.
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Near the singular point, the conical geometry suggests the use of estimates
in weighted Sobolev spaces with homogeneous norms, and a well-known tool
for analyzing them and for obtaining the estimates is the Mellin transforma-
tion. This analysis is carried out in the classical paper [3] by Kondrat’ev.

On the other hand, since this analysis corresponds to a blow-up of the
corner, i.e., a diffeomorphism between the tangent cone and an infinite cylin-
der, the conical point moves to infinity, and therefore functions in this class
of spaces always have trivial Taylor expansions at the corner. Depending on
the weight index, they either have no controlled behavior at the corner at all
or they tend to zero. If one wants to study inhomogeneous boundary value
problems, then smooth right-hand sides and the corresponding solutions will
require spaces that allow the description of nontrivial Taylor expansions at
corner points.

Appropriate spaces have been analyzed using tools from real analysis by
Maz’ya and Plamenevskii [6]. Such spaces can be defined by nonhomogeneous
weighted norms, where the weight exponent is the same for all derivatives.
The simplest examples are ordinary, nonweighted Sobolev norms. As pre-
sented in detail in the book [4] by Kozlov, Maz’ya, and Rossmann, the anal-
ysis of these spaces with nonhomogeneous norms shows several peculiarities:

1. For a given space dimension n and Sobolev order m, there is a finite set
of exceptional, “critical” weight exponents 3, characterized in our notation
by the condition
such that, in the noncritical case, the space with nonhomogeneous norm splits
into the direct sum of a space with homogeneous norm and a space of poly-
nomials, corresponding to the Taylor expansion at the corner. In the critical
case, the splitting involves an infinite-dimensional space of generalized poly-
nomials. The study of the critical cases is of practical importance, because
for example in two-dimensional domains, the ordinary Sobolev spaces with
integer order are all in the critical case n = m — 1.

2. The relation of the spaces with nonhomogeneous norms with respect
to Taylor expansions at the corner is somewhat complicated, depending on
the weight and order. For 7 < 0, the space with nonhomogeneous norm co-
incides with the corresponding space with homogeneous norm and contains
all polynomials, but has no controlled Taylor expansion. For 0 < n < m, the
nonhomogeneous norm still allows all polynomials and controls the Taylor ex-
pansion of order [n] at the corner. If n > m, then the space with nonhomoge-
neous norm again coincides with the corresponding space with homogeneous
norm and has vanishing Taylor expansion of order m — 1. Thus, there are two
(nondisjoint) classes of spaces involved, and the weighted Sobolev spaces with
nonhomogeneous norms fall into one or the other of these classes, namely the
class of spaces with homogeneous norms on one hand and a class of spaces
with weighted norms and nontrivial Taylor expansion on the other hand.
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3. Whereas the definition of the nonhomogeneous norms is simple, it turns
out that for the analysis of the spaces one also needs descriptions by more
complicated equivalent norms, where the weight exponent does depend, in a
specific way, on the order of the derivatives. Such “step-weighted” Sobolev
spaces were studied by Nazarov [7, §].

In [4], the analysis of the weighted Sobolev spaces with nonhomogeneous
norms is presented using real-variable tools, in particular techniques based
on the Hardy inequality.

In this paper, we present an analysis of the spaces with nonhomogeneous
norms based on Mellin transformation. We show how the three points de-
scribed above can be achieved in an optimal way. In particular,

1) we characterize the spaces with nonhomogeneous norms via Mellin
transformation in the noncritical and in the critical case,

2) we give a natural definition via Mellin transforms of the second class of
spaces mentioned in point 2 above, namely the spaces with weighted norms
and nontrivial Taylor expansions,

3) we show how the question of equivalent norms can be solved via Mellin
transformation.

The analysis in this paper is a generalization of the Mellin characterization
of standard Sobolev spaces that was introduced in [2] for the analysis of
elliptic regularity on domains with corners. For the case of critical weight
exponents, we give a Mellin description of the generalized Taylor expansion
that was introduced and analyzed with real-variable techniques in [4]. Based
on our Mellin characterization, one can obtain Fredholm theorems and elliptic
regularity results, in particular analytic regularity results, on domains with
conical points. This is developed in the forthcoming work [1].

2 Notation: Weighted Sobolev Spaces on Cones

A regular cone K C R™,n > 2 is an unbounded open set of the form

‘K:%eW\m}:ﬁeG} (2.1)

where G is a smooth domain of the unit sphere S*~! called the solid angle
of K. Note that if n = 2, this implies that K has a Lipschitz boundary
(excluding domains with cracks), which is not necessarily the case if n > 3.
Note further that our analysis below is also valid in the case of domains with
cracks.

The finite cone S associated with K is simply

S = K nB(0o,1). (2.2)



108 M. Costabel et al.

In the one-dimensional case, we consider K = R, and S = (0,1), which
corresponds to G = {1}.
Fork €N, |-, , denotes the standard Sobolev norm of H*(0).

2.1 Weighted spaces with homogeneous norms

The spaces on which relies a large part of our analysis are the “classical”
weighted spaces of Kondrat’ev. The “originality” of our definition is a new
convention for their notation.

Definition 2.1. e Let 3 be a real number, and let m > 0 be an integer.
e [ is called the weight exponent and m the Sobolev exponent.
e The weighted space with homogeneous norm K7 (K) is defined by

KP(K) = {u€ L} (K) : rTlelotu e LX(K) Va, [o| <m}  (2.3)

and endowed with seminorm and norm respectively defined as

m

ol aa 2 2
|u‘Km(K) E ||rﬁ+| ‘ax UHO;K’ HUHK;:L(K) = E |U|Kk(K) (24)
‘al:m k=0

The weighted spaces introduced by Kondrat’ev in [3] are denoted by
VT/(T(K ). The correspondence with our notation is

Wi (K) = Ky_(K), iey KE(EK) = Wi (K).

These spaces are also of constant use in related works by Kozlov, Maz’ya,
Nazarov, Plamenevskii, Rossmann (cf. the monographs [9, 4, 5] for example).
They are denoted by Vﬁm(K ) with the following correspondence with our
spaces

Vi (K) = K5, (K), ie., K (K)=Vi, (K).
We choose the convention in (2.3) because it simplifies some statements. An

obvious, but fundamental property of the scale Kg is its monotonicity with

respect to m
K *(K) C K} (K), meN.

This allows a simple definition of ¥°° and analytic functions with weight, see
Definition 4.1. Also, in mapping properties of differential operators with con-
stant coefficients, as well as in elliptic regularity theorems (“shift theorem”),
the shift in the weight exponent 3 is independent of the regularity parameter
m, in contrast to what happens with the Kondrat’ev or the VJ* spaces.

The space K3’ (S) with its seminorm |-k (s) and norm |- [[kr (s) is defined
similarly by replacing K by S.
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2.2 Weighted spaces with nonhomogeneous norms

Definition 2.2. e Let 3 be a real number, and let m > 0 be an integer.
e The weighted space with nonhomogeneous norm Jg”(S) is defined by

J3(S) ={ueli(9) : rPtmogu e L2(S) Ve, |af <m} (2.5)

loc

with its norm ) )

la|<m
The seminorm of JjI*(S) coincides with the seminorm of K3 (S):

2 2
_ B+|al o
arisy = 2 IOz o (2.6)

lee|=m

2
|u Jm(9) = |u
B

e The space Jj}'(K) with its norm and seminorm is defined in the same way.

Our space Jji*(S) is the same as the space denoted by W3, (5) in [4].
The following properties are obvious consequences of the definitions:

Lemma 2.3. (a) For all 3 < 8" we have the embedding JF'(S) C J5(S).
(b) We have the embeddings for all 8 € R and m € N

K2 (S) € J3H(S) € K (S).- (2.7)

(¢) Let a« € N™ be a multiindex of length |a| = k < m. Then the partial
differential operator 0f is continuous from J3'(S) into Jg:,f(S).

In contrast to the scale Kj', we do not necessarily have the inclusion of

JE(S) in J?‘l(S). We will see (Corollary 3.19) that such an inclusion does
hold when m is large enough, which allows the definition of J7°(S) and of the
corresponding analytic class.

A remarkable and unusual property of the spaces J’B”(S ) is that we do not,
in general, obtain an equivalent norm for Jii*(S) if we retain in (2.5) only the
seminorm (|a| = m) and the L? norm (|a| = 0). A counterexample for such
an equivalence is obtained with the following choice

mz=2 m<n=-fF-g5g<m+1l, u=uz. (2.8)

Then 77+™9%u is square integrable for |a| = 0 and for |a| > 2, but not for
a=(1,0,...,0) (cf. Subsection 3.4 for further details).

We need more precise comparisons between the K and J spaces than the
embeddings (2.7). As we will show later on, the space K3 () may be closed
with finite codimension in Jj'(S) (noncritical case), or not closed with in-
finite codimension (critical case). In the following lemma, we compare the
properties of inclusion of the space ¥*°(S) of smooth functions.
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Lemma 2.4. Let 3 € R, and let m € N. Let n = -0 — 3.

(a) The space €>°(S) is embedded in K3'(S) if and only if n < 0.
(b) The space €°°(S) is embedded in JE(S) if and only if n < m.

Proof. Using polar coordinates and the Cauchy-Schwarz inequality, we see
that
L>®(S) C L3(S) <= pB>-%L.

The sufficiency follows by using this for all derivatives of u € ().
We find the necessity of the conditions on 7 by considering the constant
function v = 1 in both cases. ad

Concerning spaces of finite regularity, it follows from the definition that
the standard Sobolev space H” without weight coincides with J™, . For the
Sobolev spaces H™ we have the embeddings corresponding to (2.7), namely

K™ (S) C H™(S) € KI*(S). (2.9)

In addition, we know from the Sobolev embedding theorem that if k is a

nonnegative integer such that k < m — 3, we have the embeddings

H™(S) c €%(S) c HE(S).

In particular, for elements of H™(S) all derivatives of length |a| < k have a
trace at the vertex 0. On the other hand, by the density of smooth functions
which are zero at the vertex, the elements of KiI'(5), as soon as they have
traces, have zero traces at the vertex.

One can expect that the spaces J have vertex traces similar to the standard
Sobolev spaces. The investigation of this question will be the key to the
comparison between the J spaces and the K spaces.

Using the same simple argument as in the proof of Lemma 2.4, we find the
conditions for the inclusion of polynomials in the weighted Sobolev spaces.

We denote by P (S) the space of polynomial functions of degree < M on
S and by PM(S) the space of homogeneous polynomials of degree M.

Lemma 2.5. Suppose that 3 € R, m,k €N, andn=—08— 3.

(a) PF(S) CKF(S) <= PYS)CKR(S) <= n<0.

(b) PH(S) CJR(S) <= PUS)CIR(S) <= n<m.

This complete similarity between the K spaces and the J spaces is no
longer present if we refine the probe by considering the space of homogeneous

polynomials. Still using the same simple argument based on finiteness of
norms, we now get

Lemma 2.6. Suppose that 8 € R, m,k €N, andn=—0§— 3.
(a) PF(S) CKZ(S) <= n<k.
(b) If k = m, then PF*(S) C JG(S) = n<k.
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(c) Ifk <m—1, then P*(S) C JF(S) <= POS) CJF(S) <= n<m.

As we will show in the following, the question of inclusion of polynomials
completely characterizes the structure of the spaces JgL(S ) and their corner
behavior.

3 Characterizations by Mellin Transformation
Techniques

The homogeneous weighted Sobolev norms can be expressed by Mellin trans-
formation, which is the Fourier transformation associated with the group
of dilations. We first recall this characterization from Kondrat’ev’s classical
work [3]. Then we generalize it to include nonhomogeneous weighted Sobolev
norms, based on the observation that the nonhomogeneous norms are defined
by sums of homogeneous seminorms.

3.1 Mellin characterization of spaces with
homogeneous norms

In this section, we recall the basic results from [3].
For a function u in €§°((0,00)) the Mellin transform ./ [u] is defined for
any complex number A\ by the integral

dr

: (3.1)

AN = [ )
0
The function A — .#[u]()) is then holomorphic on the entire complex plane
C. Note that .#[u](\) coincides with the Fourier-Laplace transform at i\ of
the function ¢ — u(e?).
Now, any function u defined on our cone K can be naturally written in
polar coordinates as

Ry x G 3 (r,9) — u(x) = u(rd).

If v has compact support which does not contain the vertex 0, the Mellin
transform of u at A € C is the function .#Z[u](N\) : 9 — Z[u](\,9) defined
on G by
e d
L%MQM:/‘F%WD%,ﬂEG (3.2)
0

If we define the function @ on the cylinder R x G by (t,9) = u(e!d), we see
that the Mellin transform of v at A is the partial Fourier—Laplace transform
of uw at —iA.
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Hence the Mellin transform of a function u € 5°(K) is holomorphic with
values in €§°(G). On the other hand, if u is simply in L?(K), the function
e='% belongs to L2 on the cylinder R x G and A + . [u]()\) therefore defines
an L? function on the line Re A = —%, with values in L*(G).

More generally, the Mellin transformation extends to functions u given in
a weighted space KJ(K) with a fixed real number 3: Since rPu belongs to
L?(K), the function @ in turn satisfies that e(*+%)!% belongs to L?(R x G).
Therefore, A — . [u](\) defines an L? function on the line ReA = —f — %. If
u belongs to KIZL(K ), then there appear parameter-dependent H” norms for
its Mellin transform, which motivates the following definition.

Definition 3.1. Let G be the solid angle of a regular cone K, and let m € N.
e For )\ € C, the parameter-dependent H” norm on G is defined by

m

2 — 2
OIS o = D0 WP 2H(U - (33)
k=0

e Let A — U()) be a function with values in H™(G), defined for A in a strip
bp < Re X < by. Then for any b € (by, b1) we set

NZ(U,b) = {/REH U g dImA}é (3.4)

and

NG (U, [bo, b1]) = sup NG(U,b).
be (bo,b1)

Later on, we will use the following observation: Let A — U(X) be mero-
morphic for by < Re A < by with values in H™(G). If N2 (U, [bo, b1]) is finite,
then U is actually holomorphic. In fact, if U has a pole in Ao, then N2 (U, b)
is bounded from below by C'|b — Re \g|~*.

As a consequence of the isomorphism between K7'(K') and HE » (R x Q),
one gets the following theorem.

Theorem 3.2. Let 3 be a real number, and let m € N. Let
ni=—p-% R :={ eC:ReX=n}.

The Mellin transformation (3.2) u +— #|u] induces an isomorphism from
K (K) onto the space of functions U : Rn] x G 3 (A, 9) = U(X, V) with
finite norm NZ(U,n). The inverse Mellin transform can be written as

u(x) = ! / A A u](N)(9) AN, x =710 (3.5)
Re A=n

© 2ir

From this theorem, we see immediately that if u belongs to the intersection
of two weighted spaces Ki'(K) and K7 (K) with § < (', the Mellin trans-
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form of u is defined on two different lines in C. Since u belongs also to all
intermediate spaces K7\, (K) for 8 < 8" < ', the Mellin transform is defined
in a complex strip. In fact, the Mellin transform of w is holomorphic in this
strip, and this characterizes the intersection of weighted spaces with different
weights, as stated in the following theorem.

Theorem 3.3. Let 3 < (3 be two real numbers, and let m € N. Let

ni=—B-12, o =-p -1

(a) Let u € KF(K) N K (K). Then the Mellin transform U := .#[u] of
u is holomorphic in the open strip ' < Re X < n with values in H™(G) and
satisfies the following boundedness condition:

m /
NE W, 1 m) < © (10l ey + Nl ) ) (3.6)

(b) Let U be a holomorphic function in the open strip ' < Re A < n with
values in H™(Q), satisfying N2 (U, [ ,n]) < oo. Then the mapping

b ((g,ﬂ) U+ 15,19)) (3.7)

has limits as b — n and b — 1, and the inverse Mellin transforms

1 1
’LL/ = — T)\ U(A) d)\, U= - T)\ U(A) d)\7 (38)
um Re A=n’ um Re A=n

coincide with each other and define an element of Kij'(K) N K3 (K).

In the following theorem, we recall the close relation between asymptotic
expansions and meromorphic Mellin transforms.

Theorem 3.4. Let 5 < 3 be two real numbers, and let
n=—-B-2 and n =—-f 2.

Let Mg be a complex number such that n’ < Re g < 1. Let q be a nonnegative
integer, and let @, ..., ¢, be fived elements of L*(G).

(a) Let v’ € K%, (K) be such that the identity

q

u(x) = u'(x) + 7 Z % log? 7 ¢; (1) (3.9
i=0 7’

defines a function u in K%(K). Then the Mellin transform U of u', defined
for Re X =1/, has a meromorphic extension to the strip ' < Re X < n such
that the function V defined as
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q
— E : ¥j

is holomorphic in ' < Re A\ < n with values in L?(G) and satisfies the bound-
edness condition
NEW, [’ ) < oo. (3.11)

(b) Conversely, let U be a meromorphic function with values in L*(G),
such that V' defined by (3.10) is holomorphic in the strip ' < ReX < n and
satisfies the boundedness condition (3.11). Then, like in the holomorphic case,
the mapping (3.7) has limits at n and ', and the inverse Mellin formulas
(3.8) define u € K%(K) and u' € K9, (K). They satisfy the relation (3.9),
which can be also written in the form of a residue formula

u(x) —u'(x) = 1 r
(x) (x) /@ U(N)dA (3.12)

2w

for a contour € surrounding Ao and contained in the strip n’ < Re X < 1.

3.2 Mellin characterization of seminorms

The principle of our Mellin analysis is to apply to a function v and some
of its derivatives d¢u the Mellin characterization of K-weighted spaces from
Theorems 3.2, 3.3, and 3.4.

Definition 3.5. e For any o € N”, we denote by 2¢ the differential oper-
ator in polar coordinates satisfying

rlelge = 929,10, 8y). (3.13)

e For any m € N and A € C, let the parameter dependent seminorm

| - |m;G;9(/\) be defined on H™(G) by

2 o 2
lor]=m
Lemma 3.6. Let 3 < [y be two real numbers, and let n = —f — 5 and

o = —Bo— 5. Let m € N. Let u € K} (K) with support in B(0,1) be such
that its K} (K') seminorm is finite.

Then the Mellin transform of u is holomorphic for Re A < ng and has a
meromorphic extension U to the half-plane Re X\ < n. Its poles are contained
in the set of integers

{0,...,m =1} N (no,7n)

and U satisfies the estimates, with two constants ¢, C > 0 independent of u
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clu

1
2 2
v < s ([ U dmA)T < Clulg
Kﬁ (K) be(no,m) Re A\=b m; G; () Kﬁ (K)
(3.15)

Proof. As u € K§ (K), by Theorem 3.2 its Mellin transform A — . [u]()) is
defined for all A on the line Re A = 19. We set

U i= 10w and  wg = r"o¢u, |al =m.

By assumption, the functions w, for |a| = m all belong to K%(K). Using the
identity r*0F = > 161=k % xP8¢ | we obtain

m! )
Uy = Z Jﬁo‘wa, with 9% = —,

|a]=m

hence v,, belongs to Kj(K) too. Therefore, the Mellin transforms A —
M vp](A) and A — A [wy,](N) are defined for all A on the line Re A = 7,
and we have the estimates

2 2 9
clulKg,(K) < /Rem(llez[vm](mo;(; + | Z_: ||///[wa](/\)||0;c) dTm \
(3.16a)
and

2 2 2
Jo o (g 6+ z [ Twd V5 ) dTmA < Clulgy

(3.16b)

Since u, and thus v, and w,, have compact support, their Mellin transforms

extend holomorphically to the half-planes Re A < 7y for u, and Re A < 7 for

U, and w,. Moreover, due to the condition of support, estimate (3.16b) holds

with the same constant C' if we replace the integral over the line Re A = 7

with the integral over any line ReA =b, 79 < b < n:

2 2 2
sup / (12 1om g, o+ D2 1 Twal Wy, ) ATmA < Clul g -
b&mom o <, ’ lal=m ' s

(3.17)
Using the identity

rmot =rdp(ro, — 1) (rd, —m+1), (3.18)

we find for all A\, Re A < 1, the following relation between Mellin transforms:
M) A) = AA=1) - (A=m+1).#[u]()\). Hence we define a meromorphic
extension U of . [u] by setting
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//[[Um]()‘)
AMA=1)---(A=m+1)

U\ = for ReA <. (3.19)

Since A [wa|(N) = 2%(9; X, 0g) A [u](X) for Re A < 19, by meromorphic
extension we find that

Mwe](X) = D0, N, 09)U(N), for ReA <. (3.20)
Putting (3.16a), (3.17), (3.20) together and using the seminorm |-| 20
we have proved the equivalence (3.15). ' O

In Theorem 3.12 below we will see that under the conditions of the Lemma,
the poles of the Mellin transform of u are associated with polynomials, cor-
responding to the Taylor expansion of u at the origin.

If X is not an integer in the interval [0,m — 1], the seminorm |V|,,.. ¢; o)
defines a norm on H™(G) equivalent to the parameter dependent norm
IV |lm; ¢ » introduced in Definition 3.1. In order to describe this equivalence
in a neighborhood of integers, we need to introduce a projection operator on
polynomial traces on G:

Definition 3.7. Let k£ € N.

e By P*¥(G) we denote the space of restrictions to G of homogeneous poly-
nomial functions of degree k on K.
o Let (@§)|y\:k be the basis in P*(G) dual in L2(G) of the homogeneous

monomials (ﬂa/a!)mzk (0= ‘X|) ie.,
190(
/ o ‘va) dd =0ay, |al=|yl=kF. (3.21)

By B* we denote the projection operator L%(G) — P*(G) defined as

PU= > (U, g : (3.22)

|| =k

Lemma 3.8. Suppose that m € N and 19, n are real numbers such that
no <0< m<n. Let § € (0, 2) Then there exist two constants C,c > 0 such
that for all V€ H™(G) the following estimates hold:

(a) For X satisfying Re X € [no,n] and |A\—k| = 9§ for allk € {0,...,m—1}

C‘V‘m;G’;@()\) S HV”m;G’;)\ S C|V|m;G; 2(N\) (323)
(b) For X\ satisfying |\ — k| < for a k € {0,. -1}
C‘V‘m;G;@(A) < ||V - mkV”m,G =+ |)\ - k| ‘|q3kVHm7G < C|V|m;G; DN\

(3.24)
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Proof. Let A be an annulus of the form {x € K, % < |x| < R} for R > 1. It is
not hard to see that one has the following equivalence of the norm || - ||, a; x
and seminorm | - [,,. ¢; »(n) With the norm and seminorm of H™(A) on its
closed subspace S}, (A) of homogeneous functions of the form r*V (19):

eIV, < IV, gy <CIPVIL

m; G; A

c|r’\V\m;A <V ) < C|rAV|m;A.

s Gy D(N
Here, the equivalence constants can be chosen uniformly for A in the whole
strip no < Re A < n.

e The well-known Bramble-Hilbert lemma implies that the seminorm
| - lm: 4 is equivalent to the norm | - [|,,; 4 on S),(A) if and only if S}, (A)
does not contain any nonzero polynomial of degree < m — 1. Thus, for all
A Z{0,...,m — 1} there exists C) such that

1PV, <PV

and C can be chosen uniformly on the set Re A € [no, n] with |A —k| = § for
all k € {0,...,m — 1}; whence estimates (3.23) in case (a) of the lemma.

e Let A be such that |A—k| < d forak € {0,...,m—1}. The left inequality
in (3.24) is easy to prove with the help of the estimate

M BV, o < CA— BRI o

which follows from \‘BkV|m‘G. o = 0.

Concerning the right estimate of (3.24), the Bramble-Hilbert lemma ar-
gument implies the equivalence of the seminorm with the norm for functions
V such that ¥V = 0. For all V € H™(G)

(2) IV =BV, OV =BV, o0

On the other hand, the operator " 9)"" is a linear combination of the operators
oY, |a| = m, with coefficients bounded on G. Therefore,

I AVl , < CIPVIL -

From (3.18) we get

AA=1) - A =m+ D[V, < Clrmar @V, -

Hence

A=KV, o <Clrmor V), <CIVI -
0;G 0; m; G; D(N)
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By the continuity of ¥ in L2(G), we deduce

k
A= KIB V6 SOV 6o

The equivalence of norms in L*(G) and H™(G) on the finite dimensional
range of ¥ yields finally

3) A= RIBVIL <OV -

It remains to bound ||V — ‘BkVng. Using (1), (2), and (3), we find

IV =BVI,.0 <CIV =BV, 600
k
SCWVla o0 7BV ciom)

<OV, oo+ A= BBV o) <CIV]

m; G; 2(N)
which completes the proof of the lemma. ad

Putting the norm equivalences (3.23) and (3.24) together, one is led to the
following definition of norms of meromorphic H”(G)-valued functions.

Definition 3.9. Let A — U(A) be a meromorphic function with values in
H™(G) for A in a strip by < Re A < b;.

e For b€ (bo,b1) and k € N, and with BE, the projection operator (3.22) we
set

Ng@R={ [ 10U, dmma

Re A=b
2wk 2 2 2
+ e A BEIBEUOI, o dtmat [ OO, dIm)\} .
Re A=b Re A=b
(3.25a)
e For M= {ky,...,k;} C NNJbo, ], and using the norm (3.4), we introduce

Ng(Ua [b07b1]7m)
= max{ sup NZ&'(U,b), sup N&(U,b, k1),..., sup N&'(U,b, kj)},
beBo beB; beB;
(3.25b)
with the sets By = (k¢ — %716[ + %) N (bp,by) for £=1,...,7 and
By = (bo,bl) \Uzleg.

o If M = &, the definition (3.25b) becomes (cf. Definition 3.1)
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NE(U, [bo, br], @) = sup )Ng;(v, b) = N(U, [bo,bu]).  (3.25¢)
be(bo,b1

Using the continuity of B, on H™(G), we obtain the estimate
NgL(U, b, k) < Cb,m,lc NgL(U, b), (3.26&)

where the constant C 1, does not depend on U. On the other hand, the
definition immediately implies the estimate

NEUb) < (b— k)P NE(U, b, Kk) if b # k. (3.26b)

From the last two inequalities it follows that for any fixed real number p €
(0, 3] we would obtain an equivalent norm to (3.25b) by defining By as (k; —
P k}g + p) N (bo,bl) instead of (k/ — %, ]Cg + %) n (bo, bl)

3.3 Spaces defined by Mellin norms

The norms defined in (3.25b) suggest the introduction of a class of Sobolev
spaces Njg'5 .o with Mellin transforms meromorphic in a strip 79 < Re A <7

)

and a fixed set of poles .

Definition 3.10. Let m € N and 3,5y € R be such that § < fy, and let
n=—F—%,1m =—0 — 5. Let 9 be a subset of N [ng,7].

e The functions u € Nj'5 . (K) with support in B(0,1) are the functions
whose Mellin transform .#[u] is holomorphic in the half-plane Re A < g
and has a meromorphic extension U to the half-plane Re A < 7 satisfying

the estimate
NE (U, [0, 1), 9) < o0 (3.27)

Let x € € (R") be a cut-off function with support in B(0, 1), equal to 1
in a neighborhood of the origin. The elements u of Nii' 5 ,(5) are defined
by the two conditions that xu € Nj's 5 (K) and (1 — x)u € H™(S).

e In the case 7o = min{0, 7} and 9 = NN [no, 7], the space N5 o (K) will
alternatively be denoted by JII.  5(K).

Note that in this definition, the set of poles 91 is contained in the interval
[10,m] determined by the weight exponents, but 91 has no relation with the
regularity order m. Thus, the residues at the poles which, according to The-
orem 3.4, give an asymptotic expansion at the origin, can only be identified
with the terms of a Taylor expansion in a generalized sense, in general, be-
cause the corresponding derivatives need not exist outside of the origin. With
m = 0, for example, one gets weighted L2 spaces with detached asymptotics.

For the maximal J-weighted Sobolev spaces JI. 8 the definition imme-
diately yields the following properties.
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Proposition 3.11. (a) For all m > 0, B < (' implies J,. 5(5) C
max, g (9)-

max, 3/

(b) For all 8 € R, 0 < m/ < m implies J7_ 5(S) C J™_ (S).

max, 3 max, 3

(c) 0% is continuous from Jii  5(S) into J$;7CZJ+‘&‘(S) for any a € N™,
any m = |a|, and any (.

(d) The multiplication by x* is continuous from Ji,. 5(S) into J7. 5, (S)
for any a € N,

From Definition 3.10 it follows that the poles of the Mellin transform of
elements of N7’ 5 o are associated with polynomials and that N7 & can be

split into a sum of a space with homogeneous norm and a space of polyno-
mials.

Theorem 3.12. Let m € N and 3,89 € R be such that 8 < [y, and let
n=—-06—-% = —Fo—7%5. Let M be a subset of NN [ng,n]. Let u €
N7 5.0 (K) with support in B(0,1), and let U be its Mellin transform. Then
for b € (no,n] \ N, the inverse Mellin transform v’ of U on the line ReA =0
belongs to K™ 7%(K) and

u—u = Z ResA:k{r)‘ U(N)} s a polynomial. (3.28)
ke NN(no,b)

The coefficients of the polynomial in (3.28) depend continuously on w in the
norm of N’ 5 o (K).
Proof. Let b € (no,n] \ M. By the definition of Njj'; . (K), we have, in par-

ticular,

2 3
NIZNU,b) = (/R A b||U(>\)Hm;G;/\dIm)\> < 0.
e =

Theorem 3.2 provides the existence of a function u’ € K™ _%(K ) such that
AN IN) =U(N) VA, ReX =b,
and, according to Theorem 3.4, we have
/ _ 1 A _ A
Wou=g UNd = Y Res {r*U(\)} .

2w
keNn(no,b)

Here, € is a contour surrounding the poles of U in 9N [, b].
It remains to show that the residual at k& € 91N (no,d) is a polynomial.
From the finiteness of N&' (U, [no,n],MN) it follows, in particular, that

sup NZ(U,b,k) < o0
lb—k|<1/2
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and therefore that both (I —BE)U(N\) and (A — k)PEU(N) are holomorphic
at k. Hence

A oA mk _ kmk .
Res {r*U(\)} = Res {r* PeUN)} = r"F¢ Res U(N)
which is a polynomial in x of degree k. a

We can now complete the characterization of the KJj' seminorm (cf.
Lemma 3.6).

Theorem 3.13. Let 3 < [y be two real numbers. We set n = —f3 — 3,
o = —fo — %5, and My, = {0,...,m — 1} N (no,n]. Let u € K (K) with
support in B(0,1). Let U be its Mellin transform.
1. The following two conditions are equivalent:
(a) the seminorm |u|Kgl(K) is finite,
(b) u € NG5 o, (K)-
2. We have the equivalence of norms

Km(K ) < Nén(Uﬂ [nOan}amm)

< . .

e (Jullgy (x + 11

Proof. (a)=(b) and equivalence (3.29). Let u € K (K) with finite Kjj'(K)
seminorm and support in B(0, 1). According to Lemma 3.6, its Mellin trans-
form is defined for Re A < g and has a meromorphic extension U to the half-
plane Re A < 7 satisfying the estimates (3.15), i.e., the seminorm ‘U|Km(1<) is

s
equivalent to the norm

1
2 3
. swp ([ UL, 0 dim

be(no,n)< Re A=b m; G5 Z(A) )

But Lemma 3.8 reveals that the norm (1) is equivalent to
(2) NEHU, [no,m), M) with N, = {0,...,m — 1} N [, 7).

Hence Lemma 3.6 yields the equivalence of the norm (2) with the seminorm

|U;‘ Km K)

On the other hand, the norm ||u|| is equivalent to N2 (U, no). There-

Kg, ()
fore, the norm

presented in (3.29) is equivalent to

(4) Ng(U7770) +Nén(U7 [nOﬂ?Lﬁm)
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It remains to prove that (4) is equivalent to N2 (U, [no, 1], Nym)-

o If M, = N, (this occurs if ny ¢ {0,...,m — 1}), we have the equality
of norms N2 (U, [no,n], M) = NZ(U, [n0, 1], My). Moreover, N (U, no) is
bounded by NZ (U, [10, 1], My ). Hence we obtain the desired equivalence.

o If M, # Ny, then g € {0,...,m — 1} and

(5) Ny = Ny, U {0}

Since all norms are equivalent on the range of ‘B’é, we find the estimate
(6)  NE(U.mo) < C(NEW.m0) + NG (Uino,mo) ) < € norm (4),
Let us choose b € (o, + 3). We have

(7) NG (U,b) < COING (U, [0, ], M)

where C(b) means that this constant depends on b (and would blow up if b
approaches 7, cf. (3.26b)). The finiteness of N2 (U, o) and N&' (U, b) implies
that u € K (K) N KTb,%(K) and, by Theorem 3.3,

®) NG (U, 10,81, 2) < C (NG (Usmo) + NG (U.0)).

The estimates (6)-(8) yield that N&' (U, [no,b], @) is bounded by the norm
(4), which, in association with (5), implies that N & (U, [no, 0], M) is bounded
by (4). The converse estimate is obvious.

b)=(a) Let v € K% (K)NN7%, . K) with support in B(0,1). Since
ﬁO 6;507m7n
1o € My, we have, in particular (cf. (3.26b)),

N(T(Uv 770) g ONCT:n(Uv [770777]7mm)-

Hence u belongs to K3 (K). Therefore, for all a, [a| = m, the function w, =
r™0%u belongs to K%O(K ). Let W, be its Mellin transform. By construction,
and thanks to Lemma 3.8, we find

Ng(Wav [10,m], @) < C./\fén(U, [0, 1], Min)-

Hence w,, € Kj(K), and therefore the K77'(K) seminorm of u is finite. O

3.4 Spaces defined by weighted seminorms

We have seen in Theorem 3.13 how a space defined by two weighted semi-
norms | - |K% and | - [kp has a Mellin characterization described by the space
0

N 5,:m,,- We are now generalizing this to the case of spaces given by several
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weighted seminorms, and this will eventually lead to the Mellin characteri-
zation of the space J7', which is defined by the m + 1 seminorms | - |«e

B+m—tL
0 < £ < m (cf. Definition 2.2).

Definition 3.14. Let £ be a subset of N that includes 0. For each ¢ € £ let
B¢ be a weight exponent such that

)

(B¢ decreases as f increases,

and denote B = {3, : £ € £}. We define the associated norm

s 6y = (3 3 Izl )

LEL |a|=¢ leg ¢

| |
/
=
x N
ws
“
—
ol
—
w
w
=)
=

The Hilbert space defined by this norm is denoted by Jg (5).

This definition includes the weighted Sobolev spaces with homogeneous
norms and those with nonhomogeneous norms as obvious special cases:

e We obtain the norm in Kj' by choosing 3, = 3 for all £ and £ any arbitrary
subset contained in {0,...,m} and containing 0 and m.
e According to Definition 2.2, we obtain the norm in Jj' by choosing

£={0,...,m}, fe=p+m—~L.
e Finally, the space defined by the norm K% and the seminorm K7 simply
corresponds to £ = {0,m} and B = {fo, 5}.

We can use Theorem 3.13 to obtain a first Mellin characterization of the
space Jg (S). We set, as usual, np = —3 — 5. Then we have

J5(8) = (Y NG, poeon, (S)  with 0 ={0,....¢ =1} (no,me] . (3.31)
el

This can be simplified with the following result.

Lemma 3.15. Let £, B and Ny be as above. Let m = max £. Then there
exists a unique subset M C Ny, = {0,...,m —1}N(no,n] such that there is a
norm equivalence

e NG, [10,m], M) < I?a;Né(U, (10, me], Ne) < CNG (U, [no,m), M) (3.32)
S

This set N is given by
n=a,\ (Ulenl). (3.3
leg

Proof. Assume that 91 is such that the norm equivalence (3.32) holds. Then
any pole k € 91 that lies in an interval (ng, 7, must appear as a pole in the
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corresponding set 9, and vice versa. This means
NN (no,ne C{0,...,£—1} Ve g. (3.34)

In other words, for k € M,,, there holds k& ¢ N if and only if there exists £ € £
such that
C< k< e

This implies the formula (3.33) for 91. Conversely, it is not hard to see that
if we define the set 9 by (3.33), then the norm equivalence (3.32) holds. O

Combining (3.31) with Lemma 3.15, we obtain the Mellin characterization
of the space Jg(5).

Proposition 3.16. Let £ and B satisfy the conditions in Definition 3.14.
Let m = max £, and let § = (3,,. Define N by (3.33). Then

J%(S) = N 5.0 (S) . (3.35)

We have seen that with each set of seminorms given by £ and 8 there is a
unique associated set of poles 9 that characterizes the space N7 Bo;‘ﬁ(s ) and
therefore the space Jg(S). The converse is not always true, i.e., the spaces
N7’ 5,.m cannot always be defined by a set of weighted Sobolev seminorms. A
necessary condition is that 91 C ,,,. But this is also sufficient:

For fixed m and g, let DM be a given subset of IM,,. We can construct
indices £ and weight exponents B such that formula (3.33), and therefore
the equality of spaces (3.35) in Proposition 3.16 holds. This can be done by
setting

£={0}U (‘ﬁm \ ‘ﬁ) U {m}, (3.36)

and for all £ € £, ¢ # 0, m,
Be=-ne— 75 with 0=/, (3.37)

and g = 0if 0 € M, 1y < 0 arbitrary if 0 € N.

In this context, the counterexample (2.8), for instance, corresponds to the
choice of m > 2, £ = {0}U{2,...,m}, and ny = n—m—+L withm < n < m+1,
so that ny € (¢, + 1). From these informations one obtains 9 = {1}.

From the equality (3.35) we conclude that the space Jg (S) depends only on
m, 3 = (3, and on the set of integers . Several different choices of £ and B
can therefore lead to the same space. We have already seen this for the space
K3, where the choice of £ is arbitrary, as soon as it includes 0 and m. This
observation expresses the fact that for the spaces with homogeneous norms,
the intermediate seminorms are bounded by the two extreme seminorms. The
set of poles 91 is empty in this case.

Also for the space with nonhomogeneous norm Ji', several different choices
of sets of seminorms are possible, as we will discuss now.
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3.5 Mellin characterization of spaces with
nonhomogeneous norms

For the weighted Sobolev space with nonhomogeneous norm Ji', several dif-
ferent choices of sets {£,B} of seminorms are possible that lead to the same
set of poles 91 and define therefore, according to Proposition 3.16, the same
space. The original definition of Jjj' corresponds to the choice £ = {0,...,m}
and By = 4+ m — £, { € £, which implies 1,41 = n¢ + 1. From this informa-
tion and formula (3.33) one easily deduces that 9 is either empty or a set of
consecutive integers starting with 0. It is nonempty if and only if 0 < 1 < m,
and in this case

N={0,....m—1}N(n—m,n =40,...M} with M =1[n]. (3.38)

Since 91 = @ corresponds to the space Kjj' and 9t = {0,..., [7]} to the space
Jiax, g We find the following classification of the space Jj'.

Proposition 3.17. Suppose that m € N, 3 € R, andn= - — 3.
(a) If n <0, then JF(S) = I, 5(5) = K (S).

(b) If 0 < mp < m, then JF(S) = I, 5(5).
(c) If m = m, then JE(S) = KF(S).

The set N of integers (3.38) that characterizes Jjj' can also be obtained
by other choices for the weight indices: We start again with 0 < n < m and
£ ={0,...,m}, but now we fix some integer ¢y in the interval (n, m]. Then
we define the weight indices §; in such a way that

ne=n—4Lo+£¢ for 0< <Y and mn,=mn for {>=/{

Since 19 < 0 and ¢y — 1 > M, we easily see that this set of weight indices
defines the same set of degrees M = {0,... M} as in (3.38). In this way, we
prove the following “step-weighted” characterization of J7'.

Proposition 3.18. Let 8 € R and m € N be such that m > n = -8 — 3.
Let p be any real number in the interval (=%, 3 + m]. Then the norm in the
space Jg‘(S) is equivalent to

1
max « (03 2 5
(Z [[rmax{B+] lvp}axuuo;s) . (3.39)

lal<m

Corollary 3.19. Let 8 € R. Set n = —3 — 5. Let m be a natural number,
m >n. Then JgL'H(S) C JE(9).

Proof. Using Proposition 3.18, we note that we can choose the same p for
JE(S) and J?H(S). The embedding JgH(S) C J§(S) follows. O
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Still another choice giving the same result is possible. When 0 < n < m,

it suffices to take £ = {0,m}, n,, =, and any 1y < 0. In this case,
N="N,=1{0,... M},

which corresponds to the identity J3*(S) = J1., 5(S). We obtain the corollary
that when 0 < 7 < m, the intermediate seminorms in the definition of J3' (.5)
are indeed bounded by the sum of the two extreme seminorms. This is not
the case, as we have seen, if n > m.

Let us mention another identity that can be obtained from these purely
combinatorial arguments, namely

Kj(S) = J7(S) NK}(S).
This can be seen as follows. The intersection J3'(S) N KY(S) is included in
the space Jg(S) with £ = {0,m} and Sy = B, = 8. Then M = @, and we
find that this latter space coincides with Kj'(.5).

Remark 3.20. Corollary 3.19 gives a partial response to the question of
how to define spaces Jj with noninteger Sobolev index s. If [s] > 7, the
natural idea is to define the space of index s by Hilbert space interpolation
between spaces with integer indices [s] and [s]4 1. The same possibility exists
if [s] + 1 < 7 since for m + 1 < 7 the inclusion JZLH(S) C JE(S) holds too
because, according to Proposition 3.17 (c¢), the J-weighted spaces coincide
with the K-weighted spaces in this range.

For fixed weight 3 both scales of spaces (K’é’(S’))meN and (J:r’faXﬁ(S))meN
can be extended in a natural way by interpolation to scales with arbitrary
real positive index. This definition, when extended by analogy to the n — 1-
dimensional conical manifold K, is then also compatible with the trace

1
operator, i.e., the trace space of KJ'(K) is Kngf (0K) and similarly for the
2
Jmax scale.
There is, however, no natural definition of J% for the remaining noninteger
indices s for which [s] < 1 < [s] + 1. The problem is that if m > 7, so that
JE(S) = Ik 5(S), then the trace space is also of the Jyax class because it

max, 3
contains nonzero constant functions. But if m — % < 1, then the candidate

for the trace space would be Jg:é and should be of the K class, which does
2

not contain nonconstant functions.

As a further corollary of the Mellin description of the space JZL, we give
an equivalent definition by derivatives in polar coordinates that is valid when
1 < 1 and will be useful later on:

Lemma 3.21. Suppose that 3 € R, n = -3 — 5, and m € N, m > 1. We
assume that n < 1. Then

1
2

2 2
S o Gully g+ Il (3.40)

1<y <m

defines a norm on Ji'(S), equivalent to its natural norm.
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Proof. If n < 0, the statement is clear because, in that case, J3'(S) coincides
with K3 (S).

Let us suppose that 0 < n < 1, and let u be such that its norm (3.40) is
finite. Using a cut-off function, we can assume that v has the same regularity
on K, with support in S. Let .#[u] =: U be the Mellin transform of u. By
the Parseval identity, we have the equivalence

2 2
(1) Z / |)\|2€|U()\)|k;G dIm\ ~ Z ||7“B(T8T)€8gu||0;s.
1<b+k < m /ReA=n 1<y <m

It is easy to see that we have the uniform estimate

m

k=1

1<+k<m

We deduce that u € Jj'(5).
Conversely, let u € Ji7'(S). We apply Lemma 3.8. Outside a neighborhood
of 0, we have the uniform estimate

2) 1T, 0x < CUN, o
and, in a bounded neighborhood of 0,

3) TN =F TN, o+ NITNI, o <SCIUN gm0y

Since BOU(N) is a constant, we have

m

(4) S, o < CIUR) ~ BTN, 4
k=1

We deduce from (2)—(4) that

1<l+k<m

The boundedness of norm (3.40) follows from (1) and Lemma 3.6. O

We can now collect the informations about the Mellin description of the
space Jii'. For this purpose, we introduce some notation concerning the Taylor
expansion at the origin.

For u € €°°(S) and M € N we write $u € PM(S) for the Taylor part of
u of degree M at O:

XCE
Mu= Y o5 u(0) — . (3.41)
|| <M
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By continuity, the coefficients of the Taylor expansion and therefore the cor-
ner Taylor operator T can be defined on the space Ngfﬁo;m(S), as soon as
{0,....M} C9M C (no,n) (cf. Theorem 3.12).

The proofs of the following two theorems are contained in the results of
the preceding section.

Theorem 3.22. Let K be a regular cone in R™. Let 8 € R. We set, as usual
n=—f-% and M=
Let Mt ={0,.... M} if M > 0 and m > n, and M = & in the other cases
(either M < 0 orm <mn). Let u € K, (K) with support in B(0,1). Let U
be its Mellin transform. Set no =mn —m and 8o =no — 5 = B+ m.
(a) Then u € JF(K) if and only if u € N3 5 o (K). Moreover we have the
equivalence of norms

¢|lull < NGU [n—m,m], M) < CIIUIIJQ(K)- (3.42)

Ig ()

Furthermore, U is meromorphic in the half-plane Re A < n with only possible
poles on natural numbers and the residues of r*U(\) are polynomials.

(b) Let M* = M ifn# M and M* =M — 1 ifn= M. Let b € (M*, 1]
with b # n if n = M. Then the inverse Mellin transform v’ of U on the line
Re A = b belongs to K™, _%(K) and, with the notation (3.41),

e
o — } A - M*
u —u 2 fiji {r*un} TV w. (3.43)

When M < 0 or m <1, the sum of residues collapses to 0, and u belongs to
KZH(K).
B

We call the case 7 € N critical. In the noncritical case, we can take b =7
in the previous result and obtain, therefore, the following relations between
the space JiI'(S) with nonhomogeneous norm and the space K3 (S) with ho-
mogeneous Norm.

Theorem 3.23. Let K C R™ be a cone, and let S = KN B(0,1). Let 3 € R.
We set
n=-p—-% and M =[]

Let m € N. Then

(a) if n <0, the the spaces JF(S) and KF'(S) coincide,

(b) if n >0 and m < n, then the spaces J3'(S) and K3 (S) coincide,

(c) if n =0 and m > n, then JG(S) and I}, 5(S) coincide and there are
two cases:

e noncritical case n ¢ N : the corner Taylor operator T defined in
(3.41) is continuous from J3'(S) to PM(S) and T — TM is continuous from

JE(S) to K (S); the decomposition u = (u — TMyu) + TMy gives the direct
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JR(S) = KF(S) @ PM(5); (3.44)

e critical case n € N : the operator TM =1 is continuous on JE(9), but

TM s not; the space JF(S) contains K (S) & PM(S) as a strict subspace of
infinite codimension.

The structure of Ji' in the critical case, and the generalization of the Taylor
expansion in that case, is the subject of the following section.

4 Structure of Spaces with Nonhomogeneous Norms in
the Critical Case

4.1 Weighted Sobolev spaces with analytic regularity

Using the monotonicity K" (5) C Kj(5) for all m and 8 and JF*'(S) C
JE(9) if M > n = —p— 5, we introduce corresponding weighted spaces with
infinite and with analytic regularity:

Definition 4.1. Let 3 € R and n= -3 — 5.

o KY(K)= () KF(K).
meN
e We denote by Ag(K) the subspace of the functions u € K3°(K) satisfying

the following analytic estimates for some C' > 0

3C >0 VkeN, |u < CFHLEL (4.1)

KK (K)

o« ()= (] JE).
keEN, k>n
e The analytic weighted class Bg(S) with nonhomogeneous norm is the space
of functions u € JF°(S) such that there exists a constant C' > 0 with

VkeN with k>, [l ey < CFHLEL. (4.2)

KE (K
Note that in (4.2) the estimates are the same as in (4.1) but only for & > 1.
This suggests that for n < 0, we have Bg(S) = Ag(S), which will be proved
below.
For generalization of the Taylor expansion in the critical case, we develop
the Mellin-domain analogue of an idea from [4], based on the splitting of u®
provided by the decomposition

U\ = ([I=$")UM) +PBHUMN).
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The first part is the Mellin transform of a function in K" (K) and the second
one has essentially a one dimensional structure — that is, the most important
features of its structure are described by the behavior of functions of one
variable — and it can be regularized in such a way that it splits again into two
parts, one in the analytic class Bg(K), and the remaining part in K7'(K).

4.2 Mellin regularizing operator in one dimension

The main tool of the following analysis is a one-dimensional Mellin convolu-
tion operator:

Definition 4.2. We denote by & : v — RKv be the Mellin convolution operator
defined by

MR)(N) = N [v)(N). (4.3)

Owing to the strong decay properties of the kernel ¢ in the imaginary
direction, the operator & has analytic regularizing properties in the scales
K3 and J7.
Proposition 4.3. Let 6 € R and m > 1. Then

(a) if v € K (Ry), then Rv € Ag(R4),

(b) if v € J™ (Ry) with support in I := [0, 1], then Rv|; belongs to the

2

analytic class B_1(I), and v — fv € K™ (Ry),

(c) if v € JF(Ry) with support in I := [0,1], and if B < f% so that v is

continuous in 0, then Rv is continuous in 0 as well, and Kv(0) = v(0).

H (NI

The proof of this proposition is based on the following characterization of
analytic classes by Mellin transformation.

Lemma 4.4. Let BER andn=—— % We set I = (0,1).
(a) Let v € Ki(Ry). Then v belongs to Ag(Ry) if and only if V := 4 [v]
satisfies

3C >0 Vk > 1, {/ IA2F V(N2 dImA} < CFLE (4.4)
Re A=n

(I) if (4.4) is satisfied with

1
2

(b) Letv € J* , (Ry). Then v|; belongs to B_
n=0 and V() := X" A [ro,v](N).

Proof. (a) According to Definition 4.1, v € Ag(R4) if and only if

30 > 1Yk >0, Hrﬁ+kajfu||mR+ < OFF1g

Using (3.18), one can see that this is equivalent to
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3C > 1Yk >0, ||rﬁ(7'8r)kv||0_R+ < CkHLE

Then (a) is a consequence of the Parseval equality.
(b) Let v € J!, (Ry). With V(A) = A=LZ[rd,v](N\), for any k > 1 the
2

function A*V'()\) is the Mellin transform of (rd,)*v on the line Re A = 0.
Thus, (4.4) with n = 0 implies the analytic estimates

3C > 0Vk > 1, |\r*%(ra,q)%||0_]R+ < O

Restricting this to I, and using Definition 4.1, we find that v|; € 87% (I). O

Proof of Proposition 4.3. (a) Let v € K}'(Ry), and let V' be the Mellin trans-
form of v. It is defined for Re A = n and, in particular, the norm

No = {/REM VR dIm)\}

is finite. The Mellin transform of v is A — e* V(). We have for any k > 1

1
2

1
2

{/ A2 e’\2V(/\)2dIm)\} <Ny sup |A[F[eM]
ReA=n

Re A\=n

M

5 k
< C)NosupeFe € = Cp)Ny ()
£20 2e

Therefore, the condition (4.4) is satisfied for the Mellin transform of Kv. By
Lemma 4.4 (a), Rv belongs to Ag(Ry).

(b) Let v € J™, (R4) with support in I. By Corollary 3.19, v € J' | (R}).
Now, V is defined as the Mellin transform of rdyv divided by A. Tflus, Vv
coincides with . [v], where . [v] is well defined and the Mellin transform of
Ru is given by e}’ V()). With the same arguments as above, we prove that
Ru satisfies the assumptions of Lemma 4.4 (b). Hence Rv|; € B_1(I).

The Mellin transform of v—&v is (1—e* )V (). Since 12 (rd,)%v € L2(R..)
for k=1,...,m, we have

m

(1) 3 { /ReA:o AZE [V ()2 cum}é < .

k=1

The function A — (1 —e*’) is bounded on the line Re A = 0 and has a double
zero at A = 0. Hence we deduce from (1) that

m 5

Z { /Re)\:() AP I - e/\z)v()‘)\z dIm)\} < oo.

k=0
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Therefore, v — Rv € K™, (Ry).
2

(c) Let v € JF(R) with support in [, 3 < —1. It suffices to consider the
case m = 1 and —% <ﬁ<—%.Withn:—ﬁ—%WethenhaveO<77<1.
Let V be the Mellin transform of v, and let w = v — Rv. As above, we have

1"
M) = (1— M) V() = Ae U(\), where U= .#[rdv].
Since the function v = rd,v belongs to K%(R"’) and has support in I, U is
holomorphic for Re A < 7, and .#[w](A\) has the same property. It follows

that w € Kj(R™), which implies that w is continuous at 0 and w(0) = 0. O

4.3 Generalized Taylor expansions

We are now ready for the definition of the splitting which replaces the Taylor
expansion in the critical case: Let us assume that the natural number M is
critical. We are going to replace the homogeneous part

My = Z\a|:M du(0) -

al
of the corner Taylor expansion with a new operator u — &M for which the
point traces Ogu(0) are replaced by moments defined thanks to the the dual

basis (3.21) ((,O,J;/I)"Y‘:M. Let us recall that:
,'90(
| @ a0 =du lal=hl =M 0T )

and this dual basis served to define the projection operator B : L%(G) —
PM(G) as
,lga
PYU = (Ul — - (4.6)

|| =k

Definition 4.5. Let M € N. For u € €>®(K), let ¥~y be its Taylor
expansion at 0 of order M — 1, and let v = u — TM~1y be its Taylor
remainder of order M, considered in polar coordinates (r,1). With the dual
basis (4.5), we define the moments of u:

Va, lal =M, du(r) = <T7MUM(T’, s 90(1;/[>G , r>0. (4.7)

Let us fix a cut-off function x € €5°((—1,1)), x =1 on [—%, %] Then, using
(4.3), the regularizing operator RMu is defined by

fMu= " R&(xda) ’g (4.8)
|a]=M '
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Remark 4.6. For M = 0, d, = dp is the mean value of u(r,-) over G
and R%u = R(Xdo). In particular, if w is continuous in 0, then both dy and
R(xdo) are continuous in 0, and £%u(0) = u(0) (cf. Proposition 4.3 (c)).
More generally, for sufficiently smooth

da(0) = &(xda)(0) = 9gu(0).
The moments d,, are well defined in the critical case and have the following
properties.

Proposition 4.7. Let 8 be real such that —3—% coincides with a nonnegative

integer M. For m > M, let u € J3(K) with support in B(0,1). Then the
moments d,, as defined in (4.7) satisfy the following conditions:

(a) for all |a| = M, xd, € J™ (Ry),
(b) for alla| = M, if xdo € KT% (Ry), then u—TM~1y belongs to K (K).

Proof. We can assume without restriction that xyu = u. Let us set v = u —
XTM =1y, Then xd,[u] = d,[v] and

v—FM =0y and u—-IM u=0v—(1-x)ZM u

Since (1— )%™ ~1u belongs to Kj (K), we can replace u with v and omit the
cut-off function x. We still denote v by u. The Mellin transform U () of w is
holomorphic in the half-plane Re A < M and, by Theorem 3.22, the norm

2 2
sup [ 1=, o+ A= MPIBM U, dlm
be(M—1 M) ’ ’
Tm A|<1
Re A=b
) 3
+ / |U(/\)|m;G;AdIm)\} (4.9)
[Tm A|>1

Re A=b

is bounded by CHuHJm(K).
5

As a mere consequence of the definition of PM (cf. (4.6)), we have the
uniform inequality for Re A < M

M
IR UM,y < CITN, g -

Hence we deduce from estimates (4.9) that
2

2
sup / IT— U2 . dimA < Cllul>, .
be(M—14,M) JRe A=b i | 15 (K)

Thus, Theorem 3.2 yields that . ~*[(I — L )U] belongs to K (K).



134 M. Costabel et al.
Let us set D, = .#[d,]. We have
Da(N) = o [(r=u, G20 ] () = [ (™, ) | A+ M)
=(UX+M), o)1),
Therefore, by formulas (4.5) and (4.6), we find
(1) Da(A) = (BYUN+ M), g3 ) -

(a) We deduce from (1) and (4.9) that D, is holomorphic in the half-plane
Re X < 0 and

1
3
sup {/ (A7 + [AP™) |Da(N)]? dIm/\}
be(—31,00 LJ/ReA=b

is bounded. This allows us to prove that d, € J™, (Ry).
2
(b) If dy, € K™, (Ry), then
2

/ (14 |A*™) [Da(A)[? dIm A
Re A=0

is bounded. Since, by (1) and (4.5),
PMUN+ M) = 2jaj=nr Da(}) o
we find
2
[ Moo,
Re A\=M
Hence .~ '[BMU] € K (K). Since . [T — PM)U] € K (K), this ends
the proof. ad

LG dIm A\ < 0.

We conclude this section with a result about the generalized Taylor ex-
pansion at the corner in the critical case. The homogeneous part of critical
degree 3, s 6fu(0)’(% does not make sense because the Taylor coefficients
J5u(0) are not bounded with respect to the Ji' norm in this case. But one can
replace the constants 0gu(0) by “generalized constants”, namely the analytic
functions ﬁ(xda), which means that the homogeneous part of degree M of
the Taylor expansion is replaced by £ wu, which is not a polynomial, but
belongs to the analytic class Bz(S). The “Taylor remainder” then belongs to

Theorem 4.8. Let 3 be such that =3 — 5 = M € N, and let u € JJ(K)
with support in B(0,1). Then

u— Ty — gMy € K5 (S) and &My € Bs(9). (4.10)
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Proof. Let u € Jj'(K') with support in B(0, 1). By Proposition 4.7 (a), for all
|a] = M, xdo belongs to J™, (R1). By Proposition 4.3 (b), we deduce that
2

R(xda) belongs to B_1 (I). Let us consider the function
Vo 0 S D x = R(xda)(r)

and the class Bz (S). This class is associated with 7 = 0. Therefore, using
Lemma 3.21 we deduce that v, € B_z (S) as a direct consequence of the fact
that R(yd,) € B 1 (I). Multiplying by x®, we find that x — x%v,(x) belongs
to B_z_(S) = Bg(S). Finally 8w belongs to Bg(S).

Let v = u — T~ 1y — &My, Tt remains to show that v € K7 (S). Denote
by dq[v] the moments of v defined like in (4.7). We note that

Xda[v] = xdo — xR(xda)-

But Proposition 4.7 (a) yields xd, € J™;(R;) and then, by Proposition
4.3 (b), we get xdo — R(xds) € K™ (Ry), hence xdu[v] € K™ (R4). The
2

1
regularity v € Kj'(5) is then a conseciuence of Proposition 4.7 (b). O
Corollary 4.9. Let 8 be such that —3 — 5 = M € N and m > M. Then the
space K73 (S) is not closed in J'(S) and the quotient J3' (S) /K3 (S) is infinite
dimensional.

5 Conclusion

Theorems 3.22 and 4.8 can advantageously be used for the analysis of second
order elliptic boundary value problems in domains {2 with corners. Let L
be the interior operator, and let B be the operator on the boundary. L is
supposed to be elliptic on £2 and B to cover L on 9f2. The order d of B is 0
or 1.

Theorem 3.22 fully characterizes the spaces Ji§' by Mellin transformation.
This is an essential tool for stating necessary and sufficient conditions for
(L, B) to define a Fredholm operator:

JF(02) — 357 (02) x Ty 5 ril(92),
where Iy, denotes the trace operator on 9f2. When KZI spaces are involved
instead, this condition is the absence of poles for the corner Mellin resolvents
on certain lines {Re A = const} (cf. [3]). Theorem 3.22 allows us to prove by
Mellin transformation that the necessary and sufficient condition associated
with spaces Jji' is the injectivity modulo polynomials (cf. [2, 1]) on similar
lines in the complex plane.
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Theorem 4.8 allows us to prove an analytic shift theorem in Jj" spaces for
elliptic (L, B) with analytic coefficients: Roughly, this means that if a solution
u belongs to J%(Q) and is associated with a right-hand side in RBg(2) :=
Bsi2(£2) X I'9oBaiqa(£2), then u belongs to Bs(2). This result relies on

1. The analytic shift theorem in the scale Kj": If u € K%(Q) and the right-
hand side belongs to RA(£2), then u € Ag(S2).
2. The splitting (4.10).

The analytic shift theorem in the scale K73, that is with homogeneous norms,
can be proved by a “standard” technique of dyadic refined partitions towards
the corners combined with local analytic estimates in smooth regions. This
technique cannot be directly applied to spaces with nonhomogeneous norms,
hence the utility of the splitting (4.10) (cf. [1, Part II] for details)
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Optimal Hardy—Sobolev—Maz’ya
Inequalities with Multiple Interior
Singularities

Stathis Filippas, Achilles Tertikas, and Jesper Tidblom

Dedicated to Professor Vladimir Maz’ya with esteem

Abstract We first establish a complete characterization of the Hardy in-
equalities in R™ involving distances to different codimension subspaces. In
particular, the corresponding potentials have strong interior singularities. We
then provide necessary and sufficient conditions for the validity of Hardy—
Sobolev—Maz’ya inequalities with optimal Sobolev terms.

1 Introduction

For n > 3 we write R" = RF x R"‘k, 1 < k < n. Introduce the affine subspace
of codimension k:

Sk i={x=(21,...25,...0,) ER": 21 =... =2, =0}.

The Euclidean distance from a point z € R™ to Sy is defined by the formula
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d(z) = d(z,Sk) = | Xk|, Xk:=(x1,...,24,0,...,0).

The classical Hardy inequality in R™, where the distance is taken from .Sy,
reads

2 k-2 ? u? 0 (TN
i [Vul|*dz > 5 . ‘Xk|2dx, u € CHP(R™\ Sk), (1.1)

where the constant % is optimal. The Hardy inequality was improved
and generalized in many different ways (cf., for example, [1, 2, 5, 8, 10, 11,
13, 14, 15, 8, 20, 27, 28] and the references therein).

On the other hand, the standard Sobolev inequality with critical exponent
states that

/ |Vul?dz > S, (/ |u|"232dx> ' . u€ C(R™),

n 2/n
where S, = mn(n—2) (1;((2))) is the best Sobolev constant [6, 25]. Versions
of Sobolev inequalities involving subcritical exponents and weights can be
found, for example, in [4, 7, 12].

Maz’ya [22, Section 2.1.6/3] combined both inequalities for 1 <k <n—1
and establish that for any u € C§°(R™ \ S)

k—2\2 2 _ G
/ Vul?dz > (2) / p%zdﬁcw (/ X, | 2@ m%:) ,
Rm™ R k| R

(1.2)
with 2 < Q < 2% = % Concerning the best constant cj g, Tertikas and
Tintarev [26] proved that ¢yor < S, for 3 <k <n—-1,n>4ork =1
and n > 4. In the case k = 1 and n = 3, Benguria, Frank, and Loss [9] (cf.
also [21]) established that c¢; ¢ = S3 = 3(7/2)%/?! Maz’ya and Shaposhnikova
[23] recently computed the best constant in the case k =1 and Q = %
These are the only cases where the best constant cj g is known. For other
type of Hardy—Sobolev inequalities cf. [16, 17, 24].

In the case k = n, i.e., when the distance is taken from the origin, the
inequality (1.2) fails. Brezis and Vazquez [11] considered a bounded domain
containing the origin and improved the Hardy inequality by adding a sub-
critical Sobolev term. It turns out that, in a bounded domain, one can have
the critical Sobolev exponent at the expense of adding a logarithmic weight.
More specifically, let

Xt =(1-Imt)"", 0<t<l.

Then an analogue of (1.2) in the case of a bounded domain {2 containing the
origin for the critical exponent reads:
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—2\? u?
Vul?dr — (n ) ——dx
/!2| | 2 o lz[?

> 00 (2) (/ x5 (|1> u|n2”2dx) CouecsE(),  (13)
0 D

where D = sup,cp |z| (cf [18]). The best constant in (1.3) was recently
computed in [3] and has the form

2(n—1)

Cn(2) = (n—2)~ 58,

Note that, in the case n = 3, once again C3(£2) = S3 = 3(m/2)*/?!

In the recent work [19], we studied the Hardy—Sobolev—Maz’ya inequali-
ties that involve distances taken from different codimension subspaces of the
boundary. In particular, working in the upper half-space R} = {z € R" :
1y > 0} and taking distances from S C OR} = Sy, k = 1,2,...,n, we
established that the following inequality holds for any u € C§° (R )

61 52 ﬂn 2
|Vu|2dx>/ <—+——|—...—|— u“dx (1.4)
/Ri e \a? | [XaP? Xal?
if and only if there exist nonpositive constants aq, ..., a, such that
2 1 2 1\
51:*041+Z, Om = —a;, + m-1=5 ] m=23,...,n. (L5)

Moreover, if «, < 0, then one can add the critical Sobolev term on the
right-hand side, thus obtaining the Hardy—Sobolev—Maz’ya inequality for any
u € Cg°(RY):

J

|Vu|dz > /

R

<61+ Pa ot Bn >u2d:17

2 Xl [Xa?

n—2

+C (/ |u|"2n2da:> ; (1.6)
RY

we refer to [19] for details.

In the present work, we consider the case where distances are again taken
from different codimension subspaces Sy C R™, which, however, are now
placed in the interior of the domain R™. We consider the cases k = 3,...,n
since there is no positive Hardy constant if k = 2 (cf (1.1)) and the case k = 1
corresponds to the case studied in [19].

We formulate our first result .

+ +

Theorem A [improved Hardy inequality]. Suppose the n > 3.
(i) Let as,ay,...,an be arbitrary real numbers, and let
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1

2
1
ﬁ3=—0¢§—|—17 6m:_a3n+<am—l_§> s m:4""7n'

Then for any u € Cg°(R™)

Vu2dx>/ <—+...+ u?dz.
L A\ XaP XaP

(ii) Suppose that for some real numbers B3, By . . ., By the following inequal-
ity holds:
ﬁS ﬁn 2
Vul?dz > —_— 4 ... d

/n [Vl dz / (|x32 X))
for anyu € C§°(R™). Then there exists nonpositive constants as, . ..,y such
that

2 1 2 1\’

53:*043+Z7 Bm = —ag, + Oém—lfi ;o o m=4,...,n.

Note that the recursive formula for § in this theorem is the same as in
(1.5). However, since the coefficients in Theorem A start from (3 — and not
from (1 — the best constants in the case of interior singularities are different
from the best constants when singularities of the same codimension are placed
on the boundary. (cf., for example, Corollary 2.3 and [19, Corollary 2.4]).

To state our next results, we define

1
fBs = —aj +

1 2
1 ﬁmz—a,%@—i—(am_l——), m=4,...,n. (1.7)

2

The next theorem gives a complete answer as to when we can add a Sobolev
term.

Theorem B [improved Hardy—Sobolev—Maz’ya inequality]. Suppose that
Qas,Qy,...,Qn, n = 3, are arbitrary nonpositive real numbers and Bs, ..., Oy
are gwen by (1.7). If av, < 0, then there exists a positive constant C' such
that for any u € C§°(R™)

ﬁ?) 5n 2
Vqum>/ (—+...+— u“dz
L= [ (e XuP

2

_9 Q
+c</ |X2Q2"Q|U|de) : (1.8)
]:R’Vl

for any 2 < Q < 22 If a, = 0, then there is no positive constant C such

n—2
that (1.8) holds.
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The above result extends considerably the original inequality obtained by
Maz’ya (1.2). First, by having at the same time all possible combinations of
Hardy potentials involving the distances |Xs|, ..., |Xn|. Second, the weight
in the Sobolev term is stronger than the weight used in (1.2).

We note that a similar result can be obtained in the setting of [19], where
singularities are placed on the boundary OR’;. More precisely, the following
inequality holds for any u € C§°(R"):

B B2 Bn 2
Vu%lac}/ ( + ot u“dx
/Ri' Rl SRR AR
2
Q
Q-2
+c</ 7,2 Q|quac> (1.9)
R}

provided that a,, < 0, where the constants 3; are given by (1.5) and 2 < @ <
%. In this case, the weight on the right-hand side is even stronger than
that in (1.8). In the light of (1.9), one may ask whether one can replace the
weight |Xa| in (1.8) with |x;|. It turns out that it is possible provided that
we properly restrict the exponent ). More precisely, the following assertion

holds.

Theorem C. [improved Hardy—Sobolev—Maz’ya inequality]. Suppose that
3,0y, ...,0n, N = 3, are arbitrary nonpositive real numbers and Bs, ..., Bn
are given by (1.7). If oo, < 0, then there exists a positive constant C' such
that for any u € C§°(R™)

200 > Bz, On 2
/Rn |Vul dm//Rn(|X32+ +|Xn|2 u”dx

2

s Q
+C (/ |m1|Q2"_Q|qux> (1.10)

for any % < Q< % If a;, = 0 then there is no positive constant C
such that (1.10) holds.

It is easy to see that the range of the exponent ) in Theorem C is opti-
mal since otherwise the weight is not locally integrable. In the special case
B3 = ...0Bn =0, the corresponding weighted Sobolev inequality in (1.10) was
proved by Maz’ya [22, Section 2.1.6/2].

An important role in our analysis is played by two weighted Sobolev in-
equalities, which are of independent interest (cf. Theorems 3.1 and 3.2).

The paper is organized as follows. In Section 2, we prove Theorem A. In
Section 3, we prove Theorems B and C. The main ideas are similar to the
ideas used in [19] to which we refer on various occasions. On the other hand,
ideas or technical estimates that are different from [19] are presented in detail.
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2 Improved Hardy Inequalities with Multiple

Singularities

The following simple lemma may be found in [19].

Lemma 2.1. (i) Let F € C*(£2). Then

/ \Vu|?dx :/ (divF — |F|?) |u|2dfc+/ \Vu + Ful’de Yu € C5°(92).
7 2 7}

(2.1)
(ii) Let ¢ >0, ¢ € C*(2) and u = ¢v. Then

/Q|Vu|2dx:—/Q?qux—i—/QqﬂVdex Yu € C§°(92). (2.2)

Proof. Expanding the square, we have

/\Vu+Fu|2dx=/ |Vu|2d33+/ |F\2u2dx+/ F - Vu?dzr.
2 2 2 2

The identity (2.1) follows by integrating by parts the last term.
To prove (2.2), we apply (2.1) to F = f%. An elementary calculation
yields the result. a

Let us recall our notation
Xy = (z1,...,71,0,...,0) sothat |Xy|*=a3+...+27.
In particular, |X,| = |z|. Now, we prove the first part of Theorem A.

Proof of Theorem A (i). Let 73, V4, . .., 7n be arbitrary real numbers. We set

¢ = |Xg| X2 XK T
and Ve
F:i=——_".
o)

An easy calculation shows that

n Xm
PR el

m=3

With this choice of F, we get

. - (m —2)
divF = Z ’Ymﬂ,
m=3 m
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and
2N~ te X X;
|F‘ = m_ +2 s
mzzg,\xmv mzzgjzl Xl X2
n ,72 n mfl’y i
-S ey S
2 2
m=3 X m=3 j=1 X
Then
A . 5 n -
s =divF — [F|* = ) X
m=3
where
B3 = —y3(y3 — 1),
m—1
ﬁm:—’ym(z—m+’ym+2 ’y])’ m:4757 ;M
j=3
We set
1
Y3 = a3+§,
1
'Ym:am_am71+§, m=475,...7n.

143

With this choice of «y, 8 are the same as in the statement of the theorem.
We use Lemma 2.1 with 2 = R™\ K3, where K3 := {z € R" : 11 = 29 =

x3 = 0}. We have

/R |vu|2dx>/ (divF — [F|*) v’dz, u€ Cg°(R"™\ K3).

(2.4)

By a standard density argument, (2.4) is true even for u € C§°(R™). The

result then follows from (2.3) and (2.4).

Some interesting cases are presented in the following corollary.

Corollary 2.2. Let k=3,...,n, n > 3, and let uw € C§°(R™). Then

/ |Vu|*dz

>/ (k—2)2 111 11 >2d
> - o+ ——— | udx.
" 2 IXk|? 4] Xki1]? 4 [X,)?

Moreover,

O
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k—2\° u? n—k\’ u?
2 > - - - - . .
/n |Vul“dz > < B ) /n |Xk|2dx—|— ( 5 > / m|2alav (2.6)

Proof. We first prove (2.5). In the case k = 3, we choose ag = g = ... =
ap, = 0. Then all 35 are equal to 1/4. In the general case k > 3, we choose
am=—(m—-=2)2iftm=3,...;k—1land a,,, =0 if m=k,...,n.

To prove (2.5), we choose a,,, = —(m — 2)/2, when m = 3,.... k — 1,
ak=0,ap=-%1=1....n—k—1,a,=0. O

Proof of Theorem A (ii). We first show that 33 < 1. Then 83 = —a3 + 1 for
suitable ag < 0. Then for such 5 we prove that 5, < (ag — %)2 Therefore,
By = —af + (a3 — 3)? for suitable ay < 0, and so on.

Step 1. Let us first prove the estimate for 3. For this purpose, we set

2

25 - ) u
/Rn\Vu| du ;ﬁl/ﬂv (m%—kx%—k...—l—x?)dm
Qslu] == 5 . (2.7)

—————dx
re T3 + 23 + 3

It is clear that

< inf .
P S ediipn Ool

In the sequel, we show that

1
inf <= 2.8
ueéélo(Rn) [ 4 (2.8)
Hence (5 < 1/4.
Introduce a family of cut-off functions. For j = 3,...,n and k; > 0 we set
0, t<1/k,
Ink;t
(t)=41 I 1/k? <t < 1/kj
6i() = 414 o 1R <L <1k,
1, t>1/k;

and

hi; () == ¢;(r;), where r; = |X;| = (2 +... + a:?)%

Note that
R k2 <r. <1/k
‘th; (-T)|2 = ln2 kj TJZ, 1/ s 1/ "

0 otherwise.

We also denote by ¢(x) a radially symmetric C5°(R™) function such that
¢ =1 for |x| <1/2 and ¢ =0 for |z| > 1.
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To prove (2.8), we consider the family of functions
_1
Uy (1) = | Xa| 72 hyy ()0 (2). (2.9)

We show that

n 2
U
Vug, |?dx — z/ ky dx
/| kal ;ﬁ re (T2 423+ +2?)
2
U
/ 2 k23 5dx
Rre ] + X3 + 23
/ |Vuk3\2dx
= — +o(1), kz—oo. (2.10)
U
/ 2 kzg 5 dx
Re L]+ X5 + 3

To see this, let us first examine the behavior of the denominator. For large
ks we compute

/ Xg| %3, ¢*dx
R’!‘L

W <zitaitei<i
1
™ 2
> C/ / r~! sin@drdd > C'lnks. (2.11)
0 S5

On the other hand, by the Lebesgue dominated theorem, the terms

n 2

Zﬁ‘/ i dz
" Jrn (@2 4234+ 22)

i=4 T i

are bounded as k3—oo. From this we conclude (2.10).
We now estimate the gradient term in (2.10). We have

1
[ VP =5 [ Xal P 0dn [ (Xl Ty
R™ R™ R™
+/ |X3|"'hi,|V4|* + mixed terms. (2.12)
R’!L

The first integral on the right-hand side of (2.12) behaves itself exactly as the
denominator, i.e., goes to infinity like O(In ks3). The last integral is bounded
as ks—o00. For the middle integral we have
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C
/ Xa| Vi, [70° < — / X 3|3 daydrods
R™ In kg %g(m%jnger%)l/zg%
C
< ——.
lnkg

As a consequence of these estimates, we easily get that the mixed terms in
(2.12) are of the order o(In k3) as ks—o0. Hence

1
/ Vi, [2da = Z/ Xa| k2, e + o(lnks), ki—oo.  (2.13)
n Rn
From (2.10)—(2.13) we conclude that
1
Qs[ukB} = -+ 0(1), k3—00.

4

Hence

inf < -.
ueé§o<Rn)Q3[u] 4

Consequently, 83 < 1/4. Therefore, for a suitable nonnegative constant as
we have 3 = —a3 + 1/4. We also set

1
Y3 = Q3 + 5 (214)
Step 2. We show that
1
Ba < (a3 — 5)2-

For this purpose, setting

1 5 1, u?

= —_—— de — (= — 4

Qulu] / o dm[/ﬂIVul z (4 a?’)/Rn P L
e 1 Xa]?

_ ;@, /Rn de] (2.15)

will prove that
inf < —1/2)2.

We now consider the family of functions

Uk oy () 1= | X3 77| X |® ™ 7 gy () P, (2) ()
= | X5| 50k, oy (7). (2.16)

An a easy calculation shows that
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1
Q4[Uk3,k4] =
a2l R, o

[/ |X3| ™27 Vg, 1, | da

n
-> 8 /}Rn |X3|_273|Xi|_2v,2€37k4dx] (2.17)

i=5 ¥

We next use the precise form of vy, ,(x). Concerning the denominator of
Qa[uks k], We have

/R X 2% Xy 202, di
.

= [ e

Letting k3 — o0, using the structure of the cut-off functions, and introducing
polar coordinates, we get

/R IXa| 2 [Xa| 202, di
n

= [t e 4 o
R L

4/ T
ﬁ<xf+x§+x§+xi<%
3
x (23 + x5 + 23 + 23)* " 2dx  drodrzdr,
1
2
> C/ r~tdr > Clnky.
1
Fi

The terms in the numerator, multiplied by 3;, stay bounded as k3 or k4 go
to infinity. We have

/ |X3|_273|Vvk3,k4|2dx
R’!L
1\2
= (s - 3) /R X322 [X4[200 312 h2, $%da
+/ X | 7272 (X [V (g e, ) |27
R’L

+/ X727 | X g *** Ay, b}, VO[> + mixed terms.  (2.18)
Rn
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The first integral on the right hand side above is the same as the denominator
of Q4, and therefore is finite as k3—o0 and increases like In k4 as ky—o0 (cf.
(2.11)). The last integral is bounded, no matter how large ks and k4 are.
Concerning the middle term, we have

M[Uk3,k4] ::/ |X3|72V3|X4‘2a371|v(hk3hk4)|2¢2dx
RTL
= [ Xl X Vi P e
R’Vl

+/ X327 | Xa|*** A, [V, [*¢°dz + mixed term
]Rn
=: I + I + mixed term. (2.19)

Since
X427 e, =% oua(rs) < Chyy 0<ry <1,

we easily get

C
L < iz
(Ink3)2 J 3, < (024w +a2)1/2< 2

2
3

(22 + 23 + 22) " 3 drydwydas,

and therefore, since ag < 0,

C
< — . .
Il RS In k37 k3—>OO (2 20)

Moreover, since
—2v37 2 2a3—1
|X3| ’YBhkg =r3"° ¢3(7"3) <Ok, 0<r3<l1,

we similarly get (for any k3)

I < C dridrodrsdry
2= (lnk4)2 1 24 .24 .21 .2\1/2 ~ 1 (x2+x2+x2+x2)%
kz<(w1+x2+w3+x4) <z; I 2 3 4
C
S ks’ ky—oc. (2.21)

From (2.19)—(2.21) we find
Mvso ] = 0(1), kyg—o00.

Returning to (2.18), we have

[ Xal Vo o
RTI,
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:/]R X3 727X 4|7 202, 4, dx + o(Inky),  ks—o0. (2.22)
Then
Qaftoo k] = (a3 — 1/2)* +0(1), ky—o00. (2.23)
Consequently,

64 < (043 - 1/2)27
and therefore
64 = —04421 + (043 — 1/2)2

for suitable ay < 0. We also set
Y4 = Oy —043—1—1/2.

Step 3. The general case. At the (¢—1)th step, 3 < ¢ < n, we have already
established that

63 = _a§+1/4a
ﬂm:_a%+(amfl_1/2)2a m:4757"‘7q_17

for suitable nonpositive constants a;. Also, we have defined

73:(13—"_1/2,
Y = Qup — Q1 +1/2, m=4,5...,q— L

Our goal for the rest of the proof is to show that
By < (0g-1 —1/2)%.

For this purpose, we consider the quotient

n 2
/ |Vu|*dx — Z @/ pZ—de
R™ - R” i
Qulu] == e . (2.24)

u
24
/" X 2"

The test function is given by
Uk k, ()
= [Xa| %X Kot |7 X[ 2 (2) B, (1))
= [ X3 X7 [ X T g, (). (2.25)

The proof is similar to that in the case ¢ = 4 and goes along the lines
of [19]. ad
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The following assertion is a direct consequence of the above theorem and
shows that the constants obtained in Corollary 2.2 are sharp.

Corollary 2.3. For3<k<n

. /n |Vu|*dz b — 9\ 2
inf = , (2.26)
0

1 E—2\2 2
inf ———— / |Vul?dz — <> / |u7|2d3:
uGCgo(R"')/ [ul i " 2 rr | Xkl
g
R~ |Xm+1|

1 |u)? 1 / |u|? 1
- = ——dr — ... — — de| = — 2.27
4/]Rn [Xyt1]? 4 Jpn | Xm|? 4 ( )

for k < m < n. Moreover,

_9\?2 2
/ |Vu|*de — (k ) / [ul sdx 2
inf n 2 R~ |Xk| _ n—k (2 28)
ueCge (R") / |u|? 2 ’ ’
5 dx
Rn IE|

Proof. All the assertions are consequences of Theorem A. For (2.26) we take
oy =-521=1,...,k— 1. For (2.27) and (2.28) we take the a’s of Corol-
lary 2.2. a

3 Hardy—Sobolev—Maz’ya Inequalities

We first establish the following result that will be used for Theorem B.

Theorem 3.1 (weighted Sobolev inequality). Let 09,03, ...,0, be real num-
bers, n > 2. We set c; :=09+ ...+ 0, +1—1 for 2 <l <n. Assume that

c >0 ,whenever o # 0,

forl =2,...,n. Then there exists a positive constant C such that for any
w e C°(R™)

/|X2|"2...|Xn|”"\Vw|dx
RTL
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>c(/ (|x2|b|X3|f’3...|Xn|°*n|w|)qu) , (3.1)
Rn

where 1
- n
d n, 1<q¢g<——.

b=o0y—1
72 + n—1

Proof. For 1 < g <n/(n—1)and b =09 — 1+ q%ln we easily obtain the
following L' interpolation inequality:

11X2]"v]lg < e[ Xa|20]| 2 + ol [[X2| 7 o] 1.

Using the inequality

/ divF|v|de </ IF||Voldz (3.2)
n Rﬂ,

with the vector field F = |X2|7271X 3, we obtain
\02+1|/ X272 Ho|d g/ |X2]72|Volde.
R" R"

Here, we restrict ourselves to o3 +1 > 0 to ensure that [Xo|7271 € L] (R™).

Combining this inequality with the standard L' Sobolev inequality, we get

1 X2|72 0]y < [[[X2]7[Vol[]1.

n
n—1

1/q
</ (X2|b|v|)qu> <c/ |X2]72|Volda.
Rn R~

Setting v = |X3|73w in the above inequality, we find

Hence

11X 2|°1 X372 w]|q
< c/]Rn |X2|72| X372 | Vw|dz + |US|C/]R" X 2]72 X 3|75~ |w]dz.
Taking F = [X|72|X3[7* "1 X3 in (3.2), we get
\ag+as+2l/Rn |X2|02|X3|"3—1|w|d33</w X272 |X3|7%|Vwl|da. (3.3)

Here, we assumed that og + 03 + 2 > 0 to guarantee that |X2|72|X3[73~! €

Li (R™). The two previous estimates give

112 "Xl ol < c [ [Xal Xl [Varlda:
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If we would have o3 = 0, we obtain our result immediately and it is not
necessary to check whether the constant oo + o3 + 2 is positive or not.
We may repeat this procedure iteratively. At the lth step, we use the vector
field
F = |X5|72|X3|7%% ... X7 1X,

in (3.2) to get
el 11Xl Xal" . X0l < [ [Xal? Xal" Xl | Vrlda,
R

As above, we do not need this inequality in the case oy = 0 and, if o; # 0,
we assume ¢; = 09 + ...+ 0; +1—1 > 0 to ensure the integrability of the
integrand on the left-hand side. Similarly, it follows that

c\|\X2|b|X3|"3...|X1|‘”w|\q</R X272 X5|7 . [ X |7 [Vl da,

which is (3.1). m]
To prove Theorem C, we use the following variant of Theorem 3.1.

Theorem 3.2 (weighted Sobolev inequality). Let o1, 02,...,0, be real num-
bers, n > 2. We set ¢, == 01+ ...+0;,+1—1 for1 <1 < n and assume
that

¢ >0, whenever o; #0,

forl=1,2,...,n. Then there exists a positive constant C' such that for any
w e Ce(R")

On

/ |(E1|01|X2|02 ‘Xn
n

Vuwl|dz

o ([ Gl o) ) (3a)

where
q—1 n
n, <g<

b=oy —1 )
g1 + n_1

Proof. Let

-1
l1<g<n/(n—1) and b:al—1+Ln.
q

We first consider the case o; > 0. We use the following L' interpolation
inequality
llz1Pvlly < ealllen|0ll 2y + ealllza 7 ol

Arguing in the same way as in the proof of Theorem D, we find
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1/q
(/ (|x1|b|v|)qdaz> <c/ 1|7 [V da. (3.5)

In the case o1 = 0, the inequality (3.5) is still valid (cf. [22, Section 2.1.6/1]).

The rest of the proof goes as in Theorem D, i.e., we apply (3.5) to v =
[X2|78w to get

ol fullly < c [ foaf” [XalVuldotloale | o] Xalulds.
Rn Rn
Setting F = |z1|91|X2]72 71 X3 in (3.2), we get
o + 02 + 1\/ (|7 X2 uwlda < / (1|7 [Xa |7 [Vwlde. (3.6)
R’!L R’!L

The condition ¢ = 01 +02+1 > 0 guarantees that |z1|7 [X2|727! € L] (R")
and leads to

e P a2 oy < / 1] [Xa |2 | Vol dz.

We omit further details. a
Now, we are ready to prove Theorem B.

Proof of Theorem B. As the first step, we establish that for any v € C§°(R™)
/ X |202~ 855 | X5 | 055 . . [ Xon| 9% |V 2di
R’n

2
Q

Qo on
¢ ( [ xal X 5 L, Ide$> (3.7)
RTL

provided that ¢; ;=02 4+ ...+ 0+ (1 —=1) > 0if 0, # 0, 2 < I < n, where

Q-2 2n
2<0Q< .
T R A

To show (3.7), we apply Theorem 3.1 to the function w = |v|* with s =

%, sq = @ and b = B. Trivial estimates give

B:O'271+

1/q
C( |X2|b‘1|X3|"3‘1...|Xn|""q|vsqu>
R?L

gs/ X 5|72 |X5]%% - ... - [ X7 057 Volda.
R?’L
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Applying the Cauchy—Schwartz inequality to the right-hand side, we obtain
the required result.

We use (3.7) with o2 = 1((Q — 2)n — 2Q), so that 205 — ZQQTB; = 0. Note
that the requirement

1
02202+1:Z(Q—2)(n—2) >0
is equivalent to @@ > 2, and therefore is satisfied.

Then we use Lemma 2.1. Recall that for ¢ > 0 and u = ¢v with v €
C5o(R™ \ 52)

A
/ |Vu|*dx —|—/ —(b\u|2d:r = / *|Vol2dz. (3.8)
n Rn ¢ R’n
For ¢ we take
203 204 20,
P(x) = | X272 | Xyg[@72 ... [Xp[@72
= |Xg| X X (3.9)
where
Y3 = a3 + 1/2,
Ymn = Qup — Q1 +1/2, m=3,...,n.
Therefore,
Q+2
Om = ———Ym, M=3,...,n.
2
Applying (3.7), we obtain
2
Q-2 Q
¢*|Vo|?dx > C (/ |X2|2"Q¢dea¢) (3.10)
Rn ]Rn
provided that for 3 <l < n
cg: =09+ ...+0,+1—1>0, whenever o;#0. (3.11)

Combining (3.10) with (3.8), we get

/ |Vu|2dx+/ %M%x}C(/ |X2|Q2_2”Q|qux)
n R’VL n

On the other hand, by Theorem A (i),

_&_ 63 /Bn

= +..F ,
o |Xsl? Xnl?

Qo
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and the desired inequality follows.
It remains to check the condition (3.11). For [ = 2 it was already checked..
For 3 <1 < n, after some calculations we find

=09+ ...+0+1—-1

=@ L kb1
Q42 Q@-2)(n—1)
=5 (e 20Q +2) )

Recalling that a; < 0, we conclude that [ < n — 1 implies ¢; > 0, whereas
for I = n we have ¢, > 0 if and only if «, < 0. This proves (1.8) for
u € C§°(R™\ S3) and, by a density argument, the result holds for any u €
C§°(R™).

In the rest of the proof, we show that (1.8) fails in the case v, = 0. For
this purpose, we establish that

2 2
Vul?dz — / [u] de —...— n/ [u] dx
AL I N -l

— 0,
weCE= (R") _
’ ( / |x2Q22"Q|u|de)
Rn

where 3, = (-1 — %)2 Let

Qlw

(3.12)

u(z) =1 Xs| 7. | Xpo1 T o (2).

A direct calculation, quite similar to that leading to (2.17), shows that the
infimum in (3.12) is the same as the following infimum:

n—1 n—1
/ 11 1%51729 | Volda — ﬁ”/ T X317 [ Xa| 20 da
nf o 9=® T

veCHe (R") o2 n—1 Q %
(] (e Y )
Rﬂ,

j=3
(3.13)
We now choose the following test functions
Uge = | Xn| 7"l (2)p(2), >0, (3.14)

where hy, (z) and ¢(z) are the same test functions as at the first step of the
proof of Theorem A (ii). Under this choice, after straightforward calculations,
quite similar to that used in the proof of Theorem A (ii), we obtain the
following estimate for the numerator N in (3.13):
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Vo= (-39 o)

n—1
< [ TRl 22 @)+ 0.1)
" =3

n—1

= Ca/ 2 gin 0, H (sin ;)72 ¢*(r)db; . .. d0,—1dr + O:(1)
n s

1
:Cs/ e dr + O (1).
0

In the above calculations, we took the limit as k3—oo and used polar coor-
dinates in (z1,...,2,)—(01,...,0,-1,7). We conclude that

Nvso el < C,  e—0. (3.15)

Similar calculations for the denominator D in (3.13) yields

2
n—1 ) Q
Dlvoo.c] = c( / poi+eQ H(sinHj)j_"_1+Q(7L2J_O‘j)(deﬁl...d9n1dr>
" e
2
3 Q 5
> C / r 1Ry =(Ce Q.
0
Then N
D[[z:”ﬂao as  £—0.
Therefore, the infimum in (3.13) or (3.12) vanishes. O

From Theorem B we obtain the following assertion.

Corollary 3.3. Let 3 < k<nand 2 < Q < % Then for any B, < 1/4
there exists a positive constant C' such that for all u € C§°(R™)

/ |Vul|*dx
RTL

>/ (k:—2>2 LR S S S S Bn >|2d
> - - ul“dx
. 2 ) Xl 4 X 12 Ao 12 | XaP

2
_ Q
e (/ |X2|Q‘22"_Q|u|de>
R’IL

If B, = 1/4, then the inequality fails.
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In the case k = n, for any B, < @ there exists a positive constant C
such that for all u € C§°(R™)

2 —
/ \Vul2dz > 5n/ Ldz+C </ |X2|Q22”Q|U|de)
Rn R |7 Rn

The inequality fails for 3, = @.

Qo

Proof. In Theorem B, we make the following choice. In the case k = 3, we
choose a3 =gy = ... = a,—1 = 0. In this case, f = 1/4, k=1,...,n— 1.
The condition «,, < 0 is equivalent to 3, < 1/4. In the case 3 <k < n —1,
we choose «,, = —m/2 if when m = 1,2,...,k — 1 and «a,, = 0 if when
m =k,...,n— 1. Finally, in the case k = n, we choose a,, = —(m —2)/2 for
m=3,4,...,n—1. a

Proof of Theorem C. We first prove that the following inequality holds for
any v € Cg°(R™):

/ |21 21 85 | Ko |97 . [ X |5 |V |2da
2QB 2Qoy 2Qon Q %
>C |x1|@F2 | X @2 .| X | @F u|%¥de (3.16)

provided that ¢, ;=01 4+ ...+ 0+ (I —=1) > 0if 0, # 0, 1 <1 < n, where

Q—Qn 2(n—1) 2n .

B=o, -1 <
g1 + 2Q ’ n—2 <Q

n—2

To show (3.16), we apply Theorem 3.2 to the function w = |v|* with

§ = %, sq = @ and b = B, and then use the Cauchy-Schwartz inequality.

We use (3.16) with o1 = 1((Q — 2)n — 2Q) and o5 = 0. In this case,
201 — 298 — 0. The choice of ¢ is the same as in the proof of Theorem B.

Q+2
We find
2 . ﬂ?) ﬁn 2
/|Vu| dzx / <—|X3|2 +...F |Xn|2> |ul*dz

_ Q
>c ( / |m1Q22”-Q|u|de>
Rn

provided that ¢; satisfy our assumptions of Theorem 3.2. However, it turns

out that l
a=¥(—al+%>7 1<I<n,
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and our assumptions are satisfied in the case «,, < 0.
It remains to prove that (1.10) fails in the case «,, = 0. For this purpose,
we show that

2 2
/ |Vul?de — B3 Q||2dx—...—ﬁn )|(u—||2dx
inf n Rn 3 Rn n -0
ueclg-i(Rn) 02 3 ’
([ 1l 2p2ae)
R”L
(3.17)

where 3, = (an—1— 2) We can use the test functions as in the proof of
Theorem B because they belong to the proper function space. The result
follows by observing that, in this case, the weight is stronger than the weight
in Theorem B. a

An easy consequence of the above theorem is the following assertion.

Corollary 3.4. Let 3 < k < n and ”—21 < Q < 2. Then, for any

Br < 1/4 there exists a positive constant C' such that for all uw € C§°(R")

/|Vu|2dac
k—2v2 1 1 1 11 6,
> E s d
/(( ) X T AXe P T I P T X \2)'“' v

2
+ c(/ |x1|#”*Q|u|de) ?
RTI,

If B, = 1/4, this inequality fails.
2
In the case k = n, for any B, < @ there exists a positive constant C
such that for all uw € C5°(R™)

2 B 2
[ vilde =, [ odese( [ el S
R" e |7 R"

(n—2)?

This inequality fails for B, = ~—
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Sharp Fractional Hardy Inequalities in
Half-Spaces

Rupert L. Frank and Robert Seiringer

Dedicated to V.G. Maz’ya

Abstract We determine the sharp constant in the Hardy inequality for frac-
tional Sobolev spaces on half-spaces. Our proof relies on a nonlinear and
nonlocal version of the ground state representation.

1 Introduction and Main Results

This short note is motivated by the paper [4] concerning Hardy inequalities
in the half-space RY := {(2/,zy) : 2/ € R¥"! 2y > 0}. The fractional
Hardy inequality states that for 0 < s < 1 and 1 < p < oo with ps # 1 there
is a positive constant Dy, s such that

u(y)P [ e
—_— D 1.1
Vs i aedz P [ P i

for all w € C§°(RY) if ps < 1 and for all u € C°(RY) if ps > 1. In [4],
the sharp (i.e., the largest possible) value of the constant Dy o s for p = 2 is
calculated. Our goal in this note is to determine the sharp constant Dy o
for arbitrary p.
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Indeed, we shall see that the sharp inequality (1.1) follows by a minor
modification of the approach introduced in [7]. In that note, we calculated
the sharp constant Cy s in the inequality

Ju(z) — u(y)]? [ o
drdy > C s d 1.2
// |z—y\N+ps y2Cnps [ e @ (02

for all u € Cg°(RY) if 1 < p < N/s and for all u € C§°(RY\ {0}) if p > N/s.
A (nonsharp) version of (1 2) was used by Maz’ya and Shaposhnikova [10] in
order to simplify and extend considerably a result of Bourgain, Brezis, and
Mironescu [5] on the norm of the embedding W; (RY) C Lyp/(N—ps)(RY).
Our proof of (1.2) relied on a ground state substitution, i.e., on writing u(z) =
w(z)v(z), where w(x) = |z|~N=P9)/P is a solution of the Euler-Lagrange
equation corresponding to (1.2). In this note, we prove (1.1) using that w(x) =
ac;,(l_p *)/P satisfies the Euler-Lagrange equation corresponding to (1.1).

We refer to [4, 6, 8] and the references therein for motivations and appli-
cations of fractional Hardy inequalities.

In order to state our main result, let 1 < p < co and 0 < s < 1 with
ps # 1 and denote by Wi (RY) the Completlon of C§°(RY) with respect to
the left-hand side of (1.1). It is a consequence of the Hardy inequality that
this completion is a space of functions. Moreover, it is well known that for
ps < 1, Wi(RY) coincides with the completion of C§°(RY).

Theorem 1.1 (sharp fractional Hardy inequality). Let N > 1, 1 < p < oo,
and 0 < s <1 with ps # 1. Then for all u € Wi(RY)

u(y)l [ o
MAZ) =W Gedy > Dy ys | LDl g 1.3
// e P Jox af 43

dr
(1 —r)ttes

with

Dy =21~ )/QM/ ‘1 (ps—1)/p|"

(N +ps)/2) (14)

The constant Dy p.s is optimal. If p =1 and N = 1, equality holds if and
only if u is proportional to a nonincreasing function. If p > 1 or if p =1 and
N > 2, the inequality is strict for any function 0 # u € W, RY).

For p > 2 the inequality (1.3) holds even with a remainder term.

Theorem 1.2 (sharp Hardy inequality with remainder). Let N > 1,2 < p <
oo and 0 < s < 1 with ps # 1. Then for all u € W;(Rf) and v := x%fps)/pu,

P P
// N(+)| da dnyN,p,S/ ‘“(ﬁ da
RY xRY \m—y| e RY Ty
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—u(y)lr_ dr dy
1.
//RNXRN | — y|N+ps %*PS)Ny](\}*pS)/?’ (1.5)

where Dy .5 is given by (1.4) and 0 < ¢, < 1 is given by

¢ = min (=7 =7 +pr"77). (1.6)

If p =2, then (1.5) is an equality with co = 1.

We conclude this section by mentioning an open problem concerning frac-
tional Hardy—Sobolev—Maz’ya inequalities. If p > 2 and 0 < s < 1 with
1 < ps < N, is it true that the left-hand side of (1.5) is bounded from below
by a positive constant times

p/q
/ Wide) . q=Np/(N—ps)?
Ry

The analogous estimate for s = 1,

/q
—1\P P P
/ |Vul? dz — <p) / ‘u(:fj” dx > onp (/ |u|qu> , (L.7)
RY p RY TN RY

where ¢ = Np/(N — p), is due to Maz'ya (for p = 2) [9] and Barbatis—
Filippas—Tertikas (for 2 < p < N) [2]; see also [3] for the sharp value of o3 .
The proof of (1.7) is based on the analogue of (1.5),

—1\P p
/ |Vul|P de — <p) / \u(xp)| dz > cp/ |VolPa? ' da
RY p RY TN RY

+

where u = x%)_l)/pv.

2 Proofs

2.1 General Hardy inequalities

This subsection is a quick reminder of the results in [7]. Throughout we fix
N >1,p>1 and an open set 2 C RY. Let k be a nonnegative measurable
function on {2 x (2 satisfying k(z,y) = k(y,x) for all z,y € 2 and define

//QXQ u(y)[Pk(z,y) dx dy.
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Our key assumption for proving a Hardy inequality for the functional E is
the following.

Assumption 2.1. Let w be an a.e. positive, measurable function on (2.
There exists a family of measurable functions k., € > 0, on 2 x 2 satisfying
kﬁ(xay> = ke(y7x)a 0 < kG(xvy) < k(l‘,y), and

lim ke(z,y) = k(z,y) (2.1)

for a.e. x,y € 2. Moreover, the integrals
Ve(@) == 2 w(z)7P*! /Q (w(z) —w(y)) [w(@) —w@) P k(ey)dy  (2:2)

are absolutely convergent for a.e. x, belong to Li 15c(2) and V := lim._,o V.
exists weakly in Lj 10c(£2), i.e.,

/Vegdx—>/ngx

for any bounded g with compact support in 2.

The following abstract Hardy inequality was proved in [7] in the special
case £2 = RYN. The general case considered here is proved by exactly the same
arguments.

Proposition 2.2. Under Assumption 2.1, for any u with compact support

in 2 and Elu] and /V+\u|p dx finite one has

mm>%ﬁwmmmwm. (2.3)

For p > 2 a stronger version of (2.3) is valid which includes a remainder
term.

Proposition 2.3. Letp > 2. Under Assumption 2.1, for any u with compact

support in 2 write u = wv and assume that Eu], [ Vi|ul?dz, and

P
2

B)= [ (o) = o) el Bk(e. g)te) dedy
are finite. Then
EM—AV@W@FW>%&M (2.4)

with ¢, from (1.6). If p =2, then (2.4) is an equality with c; = 1.



Sharp Fractional Hardy Inequalities in Half-Spaces 165

2.2 Proof of Theorem 1.1

Throughout this subsection, we fix N > 1,0 < s < 1, and p # 1/s and we
abbreviate

a:=(1—ps)/p.

We will deduce the sharp Hardy inequality (1.3) using the general approach
in the previous subsection with the choice

[e3

w(x) = :L'J:] ’ k(x,y) = |£L’ - y|7N7ps ’ V(SU) = DN,p,sl';VpS . (25)
The key observation is

Lemma 2.4. One has uniformly for x from compacts in Rf

2 lim (w(zn) = wlyn)) [wlen) —wlyn)["~* k(z,y) dy
=0 JyerY oy —yn|>e
D p,s _
= R (@) (2.6)
||

with Dy s from (1.4).

Proof. First, let N = 1. Then it follows from [7, Lemma 3.1] that

Dl,p,s

xPs

w(z)P~!

21 [ (w(2) — w(y)) (@) — @I bz, y) dy =
y>0,|z—y|>e

e—0

uniformly for = from compacts in (0, 00). To be more precise, in [7, Lemma
3.1] the y-integral was extended over the whole axis. Therefore, the difference
between the constant Cy 5, in [7, (3.2)] and our D; s here comes from the
absolutely convergent integral

0
2 [ (wla) () (o) — (oD =

This proves the assertion for N = 1. In order to extend the assertion to higher
dimensions, we use the fact (cf. [1, (6.2.1)]) that

J
RN-1 (|2 — g |2 +m2)(N+pS)/2

00 N-2
_ |SN—2|m—1—ps/ 5 r dr
o (r24 1)(N+ps)/2

TN =1)/2) I((1 +ps)/2)
(N +ps)/2)

1

5 ‘SN72|mflfps

2.7)
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for N > 2. Recalling
SV72) = 22NV (N - 1)/2)

concludes the proof. a

Proof of Theorem 1.1. According to Lemma 2.4, Assumption 2.1 is satisfied
with kernel

ke(z,y) = & =yl ™V TP X oy —yn [>e)-

Hence the inequality (1.3) for u € C§°(RY) follows from Proposition 2.2. By
density, it holds for all u € W, (Rf ). Strictness for p > 1 follows by the same
argument as in [7]. In order to discuss equality in (1.3) for p = 1, we first
note that for equality it is necessary that u is proportional to a nonnegative
function, which we assume henceforth. From [7, (2.18)] we see that equality
holds if and only if for a.e. x and y with w(zy) > w(yn) (i.e., zy < yn) one

has

w(zn)o(z) —wlyn)o(y)] — (Wlzn)o(z) - wlyn)v(y) =0
for v(z) := w(zy) tu(z). Since for numbers a,b > 0 the equality |a — b| —
(a —b) = 0 holds if and only if b < a, we conclude that for a.e. z and y with
xn < yn one has w(yy)v(y) < w(zy)v(z), ie., u(y) < u(z). If N =1, this
means that v is nonincreasing. If N > 2, one sees that for a function u with

this property the integral / |u|x§® dz is infinite, unless u = 0. This proves
RN

the strictness assertion in Theorem 1.1.

The fact that the constant is sharp for N = 1 was shown in [7] (with
Ry replaced by R, but this only leads to trivial modifications). In order
to prove sharpness in higher dimensions, we consider functions of the form

un(x) = Xn(x/)¢($N)7 where

1 if |2'] < n,
xn(@)=qn+1-1]2/| ifn<|z/|<n+1,
0 if |2/ =n+1.

An easy calculation using (2.7) shows that

d dy // d d
// |x— \Nﬂs |xN e o A

|t ()] |¢(z )\p
/Rf T dx /]R+ T drn

as n — oo with A := %\SN_2|F((N —1)/2) I'(1 4+ ps)/2)/T((N + ps)/2).
Since A = Dy p.s/D1 p,s, the sharpness of Dy, s for N > 2 follows from the
sharpness of Dy p, ¢ for N = 1. O
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Proof of Theorem 1.2. The inequality (1.2) follows immediately from Propo-
sition 2.3. a
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Collapsing Riemannian Metrics to
Sub-Riemannian and the Geometry of
Hypersurfaces in Carnot Groups

Nicola Garofalo and Christina Selby

Dedicated to Professor Maz’ya
with affection and admiration

Abstract Given a Carnot group with step two G, we study the limit as
e — 0 of a family of left-invariant Riemannian metrics g on G. In such
metrics, neither the Ricci tensor nor the sectional curvatures are bounded
from below. Nonetheless, our main result shows that the Riemannian first
and second variation formulas in the g.-metrics converge to the correspond-
ing sub-Riemannian ones. This testifies of an intrinsic stability of some deli-
cate cancellation processes and makes the method of collapsing Riemannian
metrics a possible tool for attacking various fundamental open questions in
sub-Riemannian geometry. Finally, we mention that the restriction to groups
of step two is purely for ease of exposition and that the same method can be
applied to Carnot groups of arbitrary step.

1 Introduction

There has recently been growing interest in first and second variation for-
mulas for the horizontal perimeter measure of smooth (C?) hypersurfaces in
Carnot groups. As in the Riemannian case, such formulas play a pervasive
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role in basic problems such as the Bernstein and the isoperimetric problems.
In all works on the subject, such formulas have been derived by directly
developing sub-Riemannian analogs of various fundamental tools from Rie-
mannian geometry, such for instance the notions of horizontal connection,
horizontal perimeter etc.

The celebrated isoperimetric inequality states that for any measurable set
with locally finite perimeter E C R™ (a Caccioppoli set)

n—1

= <n lw W P(E,R"Y),

|E

where w,, is the n-dimensional measure of the unit ball in R™ and P(FE) is
the variational perimeter of £ according to De Giorgi. A fundamental result,
proved independently by Maz’ya [25] and by Fleming and Rishel [15], states
that the above inequality is, in fact, equivalent to the following sharp form
of the Gagliardo—Nirenberg inequality, also known as the geometric Sobolev
embeddiing:

n—1

(/ f|n"1d:c> " <ntlwTEVar(f;RY),  f e BV(RY),
]R’n

where Var(f;R™) means the total variation of f and BV(R™) denotes
the space of functions of bounded variation in R™. The extremal sets in
the isoperimetric inequality are balls (up to measure zero). According to
A.D. Alexandrov’s soap bubble theorem, these are the only smooth compact
sets whose boundary has positive constant mean curvature. If instead one
asks for Caccioppoli sets of zero mean curvature, one is led to the Bernstein
problem.

A central tool in the calculus of variations and geometry are the first
and second variation formulas of the area (cf., for example, [24, 35, 9, 3].
Besides their intrinsic interest, such formulas play a fundamental role in the
study of various basic problems, such as, for instance, the above-mentioned
isoperimetric and the Bernstein problems. Over the past few years there was
an explosion of interest in the study of sub-Riemannian analogues of such
problems and there presently exists a rapidly growing literature. It is not
surprising that, in these developments, appropriate first and second variation
formulas for the sub-Riemannian perimeter have occupied a central position.
For instance, the second variation formula has recently led in [11] to the
discovery of the role of stability in the sub-Riemannian Bernstein problem in
the Heisenberg group H', and to its complete solution in [13, 14] (cf. also [1]
for an analogous result for intrinsic graphs).

Sub-Riemannian first and second variation formulas were found in [7, 10,
2,18, 19, 1, 29, 33]. Although these papers are based on different approaches,
they all have in common the fact that the authors work directly with the sub-
Riemannian geometry induced by the ambient space on the submanifold. The
following works contain various applications of these formulas: [8, 11, 13, 12,
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34, 31]. While in such formulas the horizontal perimeter and mean curvature
are the leading characters, they also entail several other entities whose deeper
geometric meaning is hard to grasp since they appear a posteriori, often after
long and complex calculations.

This paper was motivated by the desire of understanding the first and
second variation of the sub-Riemannian area from a Riemannian viewpoint.
Given a Carnot group G, roughly speaking the method employed in this
paper is based on defining a one-parameter family {g.}. of left-invariant Rie-
mannian metrics in G, applying results from Riemannian geometry, and then
taking the limit as € converges to zero. More precisely, given a C? hypersu-
face M C G, our main objective was the study of the limiting behavior of
the induced Riemannian metrics on M with the purpose of unraveling the
sub-Riemannian geometry of M in the limit as ¢ — 0. This program has
been successful and, as a by-product, we have been able to obtain first and
second variation formulas which, when specialized to the Heisenberg group
H!, give back those first obtained in [7] using CR geometry and in [10] with
sub-Riemannian calculus. Such formulas also coincide with the more general
ones independently obtained in [27] and [19] by exploiting the Lagrangian
framework of the Poincaré—Cartan differential forms. One notable aspect is
that, despite the fact that the Ricci tensor or the sectional curvatures are
not bounded from below, the Riemannian second fundamental form of M
in the e-metric converges to the sub-Riemannian second fundamental form
introduced in [10] and [18].

The present work focuses on Carnot groups of step 2, but the same tech-
nique could very well be applied to more general groups. The method em-
ployed in this paper has already been explored with different purposes by
several other people (cf., for example, [21, 22, 30, 32, 8, 6, 4]. Of course,
there is a large literature in Riemannian geometry on collapsing Riemannian
metrics (cf., for example, [16, 17] and [26]), but such a powerful method is
used in that context in a perspective which is somewhat different from that
of the present paper. For instance, in our context, the Ricci tensor is not
bounded from below, nor are such the sectional curvatures of the approxi-
mating Riemannian metrics. It seems plausible that a thorough investigation
of the method used in this paper could have far-reaching applications in
sub-Riemannian geometry. For instance, one could use it to investigate the
fundamental open question of estimates of Alexandrov—Bakelman—Pucci type
for equations with rough coefficients in non variational form. In this perspec-
tive, we hope that the geometric information contained in the present paper
will prove useful.

A brief description of the organization of the present paper is as follows.
The first section provides the necessary background on Carnot groups of step
2. In the following section, an orthonormal basis with respect to the metric
which makes {X1,..., X, Thc, ..., Tk} an orthonormal basis is given. Here,
Ts.e = v/€Ts. This basis is what is used extensively in completing the geo-
metric calculations of Section 5. In this section, the reader find computations
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of the e-tangential divergence, e-mean curvature, and the e-second funda-
mental form. Applying the Riemannian divergence theorem, some interesting
integration-by-parts formulas are derived. The geometric quantities are all of
the ingredients needed to prove the first and second variation formula found
in Section 6. The second variation formula is proved for the Heisenberg group
and for variations in the horizontal normal direction. This restriction is for
computational ease. It should be clear to the reader that our technique could
very well be used for more general variations.

In the model setting of the Heisenberg group H', for an arbitrary (com-
pactly supported) deformation of a surface first and second variation formulas
were obtained in [7] and in [10]. In [11], the notion of stable minimal surface
was introduced on the basis of the second variation formula in [10]. In [10],
stability inequalities were obtained. Note that such inequalities have recently
found application to the solution of the Bernstein problem in the Heisenberg
group H' (cf. [13, 14, 1]). A Bernstein type theorem is also found in [7],
and results related to those in [14] were recently obtained in [20]. The first
variation formula for H-perimeter implies that any minimizer of H-perimeter
must be an H-minimal surface. These surfaces are also studied in [8, 33, 34].
In particular, a solution to the isoperimetric problem for the first Heisenberg
group is found in [34] (cf. also [12] for a partial result). First and second
variation formulas for more general groups were computed in [29] and [19],
concurrently to this work. These papers exploit the Lagrangian framework of
the Poincaré-Cartan differential forms.

2 Hypersurfaces in Carnot Groups of Step 2

A Carnot group G of step 2 is a real Lie group whose Lie algebra g admits
a stratification nilpotent of step 2. This means that there exist vector spaces
V1, Vo C g such that g = Vi & Vs, [Vi, V4] = Vs, and [V1, V3] = {0}. The vector
space V; is called the horizontal layer. The exponential mapping exp : g — G
is an analytic diffeomorphism of g onto G. In general, the Baker—-Campbell-
Hausdorff formula [36] states that

exp(€) exp(n) = exp (€414 56, + 5 (16, [6al) ~ I 6} + .- ), (21)

where the dots indicate commutators or order four and higher. For a group
of step 2 commutators of order greater than 2 are zero. Using (2.1), one can
determine the group law of G through knowledge of the bracket relationships
of the vector spaces Vi and V5.

An example of paramount importance of a Carnot group of step 2 is the
Heisenberg group, H". In this case, V; = R*" x {0}, Vo = {0} x R, and H" ~
R2HL For z, y € R™, let g = (v,y,t), ¢ = (2/,y',t'). The noncommutative
group law in H"” is given by
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/ / / p 1 / /
g-9' =+ y+yt+t'+5(2y)— (@) ).

Throughout the paper, m = dim Vi, k = dim V5, and [n = m + k is the
topological dimension of G. Let {eq, ..., e, } denote an orthonormal basis for
Vi and {e1,...,€r} denote an orthonormal basis for V5. The notation ( , )4
means the inner product on g for which the preceding bases are orthonormal.
We also use the notation ( , ) when the dependence on g is understood.
Using the exponential map, we define the exponential coordinates of g € G
as follows:

xz(g) = <eXp_1(g),€i>g, 1= 17"'7ma (22)

ts(g) = (exp~*(g), €s)g, s=1,... k. (2.3)
Using these coordinates, we routinely identify an element g € G with the
point (z1,...,Tm,t1,...,t,) € R™TF e,

g= (1, . Ty lr, ey tp).
The group constants b;; are defined by
bi; = (leisejl,es)gy G5 =1,....m, s=1,... .k (2.4)
Therefore,

lei e;] = mees, h,ji=1,...,m. (2.5)

The operators of left and right translation by an element g € G are denoted
L, and R, respectively. In particular,

Ly(g)=g-9, Ry(g)=4d"g.
The following left-invariant vector fields are defined on G:

X’L(g) = (Lg)* (61), i= L"'ama (26)
Ts(9) = (Lyg), (es), s=1,... k. (2.7)

Using the Baker—Campbell-Hausdorff formula, one obtains the following
lemma.

Lemma 2.1. For eachi=1,...,m

9
X; = o Z Z b3 at (2.8)

Sljl

Fors=1,...k



174 N. Garofalo and C. Selby

0
Ot

We notice explicitly that, as a consequence of (2.8) and (2.9), one has

kK m
>N bt (2.10)
s=1j=1

A vector field ¢ on G is said to be horizontal if

T, (2.9)

a p—
6331‘ B

Xi—

[N

m

¢=) aX;,
i=1

for suitable a; € C*°(G). Let G be a Carnot group of step 2. For an oriented
hypersurface M C G we denote by N a Riemannian nonunit normal to M
and by v = N/|N| the Riemannian Gauss map.

Definition 2.2. A horizontal normal Ny : M — HG is defined by

m

Ny = Z(V,XﬁXj,

i=1

and the horizontal unit normal or horizontal Gauss map, denoted vy, is

defined by
Ny

Vg = ——
H |NH|7

where it exists.

The function W = | Ny is called the angle function. It is clear that W = 0
if and only if (v, X;) =0for j =1,...,m.

Definition 2.3. The set of points in M where vy does not exist is called
the characteristic set of M and is denoted by X (M) or X if the dependence
on M is understood. It is clear that

Y={g9e M| (v(9),X;(9)=0,j=1,....m}={ge M|W(g) =0}
is a closed subset of M.
Definition 2.4. The horizontal divergence of ¢ = > """, ¢; X; is defined as
divggp = ZXv:Q%
i=1

and the horizontal gradient of u € C1(G) is defined as
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VHU = in: XiuXi.

i=1

Note that V yu is the projection of the Riemannian gradient of u onto the
horizontal bundle HG.

Definition 2.5. The horizontal mean curvature at a point p € M\X(M) is
given by
H = diUHI/H.

Let {2 be an open set in G. The H-variation of u € L}, (£2) with respect
to {2 is defined as

Var g (u; Q):sup{/ udivyg pdh : ¢ € CL(2; HG), 4| < 1}.
2

A function wu is said to belong to BV (£2) if Varg(u; ) < oo. The H-
perimeter measure of a measurable set £ C G with respect to an open set
2 C G is defined as |0F|y(2) = Varg(xg;(2). The set E has finite H-
perimeter if |0E |y (G) < oo. By the Riesz representation theorem, |0E|y is
a Radon measure on G and there exists a measurable section vg of HG such
that |vg| =1 and

/leH¢dh:7/<¢,VE>d‘aE‘H
E G

for any ¢ € C}(G, HG). The section vg is called the generalized inward
normal to E. The following assertion was proved in [5].

Proposition 2.6. If E has C' boundary and finite H-perimeter in §2, then

m 1/
8 § n—1 / d n—l7
| E|H( /BEHQ ( ) an OENS |NH| "

i=1

where H" ™! is the (n — 1)-dimensional Hausdor{f measure and v is the unit
outward normal to OFE (recall that n = m + k).

By this formula, it is clear that the measure on OF, defined by

HOEN Q) Y Py(E; )

on the open sets of OF, is absolutely continuous with respect to o and its
density is represented by the angle function W of OF. We formalize this
observation in the following definition.

Definition 2.7. For a bounded domain E C G of class C'' we denote by

dog = |Ng|dH"™' = WdH"*, (2.11)
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the H-perimeter measure supported on OF (here, W is the angle function of
OF).

Note that if £2 can be described as 2 = {& < 0} for some defining function
@ which is C! in a neighborhood U of 2 and with non vanishing gradient
V@& in U, then it can be shown that on M = 02 the horizontal normal is

given by
Vuo

| Vio|

Vg =

away from the characteristic set X'(M).

3 The Limit as € — 0 of the Rescaled e-Volume Forms
on M

Hereafter, for a Carnot group G with step 2 we denote by (-,-) the left-
invariant Riemannian metric which makes {X1,..., X, T, ..., Tk} an or-
thonormal basis of T'G. If we consider the rescaled basis of the vertical layer
defined by

Tse=+eTs, s=1,...k,

then from (2.10) we obtain

k. m
0 | .

s=1j=1
Lemma 3.1. Let ¢g¢ be the Riemannian metric which makes {X1,..., Xpm,
Tie,...,Tk.e} an orthonormal basis. Denote its matriz entries gi;- Denote by

g% the matriz entries of its inverse. Then

o 0 1
C=(— ) =6+ —b b .z
Yij <8zi’ 0z >e it ¢ i ki Tm Tk

fori,j=1,...,m,

. g 0 1
s = (5 5. = 2
fors,r=1,... k, and
e ,<i i> o
Jim+s = Ozr; Ots/e  2e ™ITT

fori=1,...,m, s=1,..., k. Further,
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g = 6
fori,j=1,...,m,

ge,m+r,m+s — 65

1 T S
fors,r=1,... k, and

. 1
€,9,m+s __ s
g - gbqixq

fori=1,...,m,s=1,... k.

Proof. The formulas for gf; follow directly from the definition of X;. The
formula for the inverse is verified in this proof. In general, to prove that a
matrix N is the inverse of a matrix M, one needs to show that Ny, My; = 6;;.

Forv>mwesetr=v—m. Fori,7=1,....m
g§ gE,Uj = i (511) + ibw'bw xuxz) (511 ) + Z ( - i {1’[) (lbz -xh) = (S»L i
w ~ de Ut zZv J —~ % 7 9 hj J

Fors=1,....k,j=1,....m

k

€ €,v] - 1 s 1 1 T
Im+s,vd = E ( - 2_€blvxl)(§vj) + g (E(srs) (5 hjl'h) =0= 5m+s,j'
v=1

r=1

Fori=1,....m,s=1,...,k

m

€ _e,v,m+s 1 T 1 s
9ing " o= Z (61'1) + Eblibhvxlxh> <§btvxt>

v=1

k
1, ooy
+ g ( - 2_€blixl) (E(Srs + ththqwtxh) =0= 5i,m+5'
r=1

Finally, for v > m we set t = v —m. Then for r,s =1,...,k
m
1 1
€ i €,0,m~+Ss — o _br ) (_bs )
gm+7,vg vz:; ( % 10Tl 2 holh

1 1, .
+ Z (Z(Srt) (66153 + 4—Eb§thq.’fl$h> = 5rs = 6m+7”,m+8'

k
t=1

The proof is complete. a0

In the case of H', by Lemma 3.1, we have



178 N. Garofalo and C. Selby

Yy ry Y
14+ =2 £
+ 4e 462 2¢
e _ Ty T T
P A (3.2)
4e + 4e  2¢
y T
2e 2€ €
1 0 —%
T
@ =t (33)
y x xt+yP
—=Z — €
2 2 4

The following assertion, which can be found in [10] for H", is crucial to
the results of this section.

Proposition 3.2. In G, we consider the left-invariant Riemannian metric
g¢ = [gfj] which makes {X1,...,Xm:T1,es--., Tk} an orthonormal basis.
Given a C? codimension one submanifold M C G, denote by o¢(M) the

corresponding surface area of M. Then the sub-Riemannian area of M is
given by
ou(M) = liH(l) Vea(M).
€E—
Proof. Consider a bounded open chart U C M. By employing a partition of

unity argument, it suffices to prove the statement for U. Now, let 2 ¢ R"~!
be such that U is represented by F : 2 — U, with F' € C?(§2). Then

= / |N€|e dp.
2

U = {(a,t) € R . (z, 1) = 0}.

One may assume that

Further, @ can be chosen so that

1
—|V°|..
ﬁ\ |

Using the formula for g% in Lemma 3.1, one has (re-labelling summation
indices as needed)

‘Ne|e =

ob 9 (0b 1. ob\ 0

(P — oI L _ - Y

V=9 e o (83:] HACATS ) oz,
06 0 0d a 1 0 0

+ bf“””’"”a ot o o, T 1labhatiTngr o
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9 1 9 b 0
= X;0— + X, P | =b} wh—— —
1€z, T (2 hq‘”"ag)“agag
od 0 a
= XX, +eqmmm = Vad + \/E; T, T .

Note that |V¢®|. converges uniformly to |V g ®P| since TP is bounded in view
of the regularity of U. Therefore,

i " (U) =l | VEIN.] dp
€E—> €E— ,Q

k
. . o 2
:lg%/ﬂ\v ‘P|edp*ll_{%/g INg |2+ € E (Ts®) doy

s=1
:/ |NH‘dp:/ dO’H
(] U

by Definition 2.7. ]

4 Orthonormal Basis

Our first objective in this section is to produce an explicit basis for the so-
called horizontal tangent bundle to an hypersuface M C G (cf. Definition
4.1 below). Such a basis then be completed to one of the full tangent bundle
TM. We denote by N a Riemannian nonunit normal to M. It is clear that

m k
N = ZPZXZ + ijTj’ (41)
i=1 j=1

where p; = (N, X;), w; = (N, T};). We introduce some quantities which will
appear in the computations:

m 1/2
W = (Zp?) :
=1

1/2

vi={>_p ci=1,...,m, (4.2)
j=1

1/2

j—1
T = <W2+Zw£> ci=1,.. k41
r=1
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As we have already observed in the previous section, W vanishes precisely
on the characteristic set X' of M. Away from X, we define

_ D
p; = Wj7 j=1,...,m, (4.3)
w:ww s=1,... .,k (4.4)

The horizontal Gauss map on M \ X' is defined as

m
vg = ZﬁjX] (45)
j=1

Definition 4.1. The horizontal tangent bundle of M is the intersection of
the tangent bundle of M with the horizontal subbundle HG. We denote it as

HTM =TM N HG.

The subbundle HT'M plays an important role in various geometric defini-
tions such as horizontal second fundamental form, horizontal mean curvature,
and others to be discussed in the following section.

Let x € M be a noncharacteristic point. Note that x ¢ X guarantees
W (x) # 0, and therefore 7;(z) # 0 for every j = 1,...,k+ 1. Without loss of
generality, we assume that p;(x) # 0. Note that this assumption guarantees,
in particular, that v;(z) # 0 for every i = 1,...,m.

Proposition 4.2. Define

B = —Pit+1 23:1 i X+ X (4.6)
’ ViYi+1 '

fori=1,...,m—1 and

m s—1 9
—Ws D iy DX — Yy wrws T + 7T
F‘S - ’ TsTs+1 (47)

fors=1,... k. If we set

s _ E;, i=1,....m—1,
e Fimy1, t=m,...m+k—1=n-1,

then {&1,...,En_1} is an orthonormal basis for T, M.

Proof. We begin by showing that {&;,...,Ep_1} € ToM.Fori=1,...,m—1
from (4.1) and (4.6) we have
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—1
—Pit1 Y51 P+ VD1

<Ei7 N> =
Yi%Yi+1

=0.

Similarly, for s = 1,...,k from (4.1) and (4.7) we have

m. 9 s—1 72 2 2
(F,,N) = —Ws D ey P} = Ws D opy Wi+ WsT | TWsTy T WsTy 0
S9 - - - Y-
TsTs+1 TsTs+1

Hence the vectors &1, ..., &,_1 belong to T, M. We next show that they con-
stitute an orthonormal basis for T, M, i.e., (§;,&;) = 0; fori,j =1,...,n—1.
Fori <y

(i) (1) Yy P+ (—2y) (Pie 07 _

(E;, E;) = 0
ViVi+175Vi+1
and
(B, B = (Pi1)® 50 2) T _ P _
i i) = 2.2 = 2.2 =
Vi Vi1 Vi Vi1
Next, for r < s,
2
(Fu F) = wswy W2+ wews Y7 _ 1wk ToWrWs 0
TsTs+1TrTr41
and
AW s st rird,
(Fs, Fs) = 5 =55 =1
Ts Ta+1 Ts Ts—i—l
Finally,
. i 2 ) 2
(B F) <SP P T WP
ViVi+1TsTs+1
The proof is complete. ad

Remark 4.3. In the proof of Proposition 4.2, we see that the vectors
FEy, ..., Ey 1 constitute an orthonormal subset for T, M. Since, by defini-
tion, F1,...,E,_1 € H,G, we infer that (at a point where pi(z) # 0) the
vectors {E4, ..., Ey,_1} provide an orthonormal basis of HT, M.

Although the following identity is already contained in the statement in
Remark 4.3, for future reference let us observe explicitly that fori =1,...,m

<E15VH> <E17NH>

|Nu|
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furthermore,
(E;,T) = 0.

We denote

Henceforth, we adopt the summation convention over repeated indices.
Recall the definition of the group constants b7; from (2.4). We introduce the
quantities

S =0 B, ij=1..m-1, s=1,.Fk (4.8)

We also define the vector fields,

70 =bp;Xi, s=1,...,k, (4.9)
k
Y =vy+ Y @7, (4.10)
s=1
and
Yi, = —wwu+Ts, s=1,...k. (4.11)

Consider an oriented hypersurface M C G and N, as above. It is easy to

see that for the unit normal v, to M with respect to (, ).

lirrtl) Ve =vg (4.12)

and this limit is uniform in e for points in a relatively compact subset of M.
Some analogous quantities to W and 7; are defined. Let

m k 1/2
W, = (Zp?JreZw?) : (4.13)
i=1 j=1

j*l 1/2
Tie= <W2 + ezw;f’) . (4.14)

r=1

One can observe that

<V67Xi> = <V67Xi> = =D (4'15)

We

€

<VeaTs,e>€ = \/E Ws- (416)
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In general, for a vector field V/
(V. Xi) = (V. Xi)

and for V = (V, X)) X; + (V,Ts)Ts

<V, Ts,6>e = <V7 TS>~

1
NG
The following lemma will be useful.

Lemma 4.4. Let W, be the same as previously defined in the context of H™.
Then

W2 W e,
TE zl—eWEjz:;wj, (4.17)
/w1 w2
- — - _9\ 2 . 4.18
€ <W) € ;wa (W) (4.18)
Proof. By definition,
m k k
W2 = pr —|—6ij2» =W?+ ewa
=1 J=1 7j=1
Hence
w? o - 2 - 2
=S =143
i=1 j=1 j=1
and i
w2 w 5
w2 1- 6]/V Z J
€ € j=1
The rest of the proof follows similarly from definitions. a

An orthonormal basis for TM, with respect to the metric (,). can be
defined in a similar way as Proposition 4.2.

Proposition 4.5. Define

5 —Di+1 23:1 ;X + 72Xt (4.19)
’ YiYi+1 '

fori=1,...,m—1 and
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m s—1 2
. —V/ews Zi:l PiXi; — €ws Er:l wrlre+ Ts,eTs,e

Ts,eTs+1,¢e

F€

S

(4.20)

fors=1,...,k. Then {&f,...,ES_1} is an orthonormal basis for T M, with
respect to { , )_, where

€’
. .
E=E;, i=1,...,m—1,

and

€ __ € —

Es=F; .1, s=m,...,n—1L

The proof is analogous to that of Proposition 4.2 and will be omitted.

In the setting of the Heisenberg group, G = H", one can make the following
observation:

Fe= /e

where Y1 is defined by (4.11).

VWV/ Y+, (4.21)

5 Geometric Guantities with respect to the Collapsing
Metrics

In this section, several geometric quantities with respect to the metric ( , ),
are computed. These quantities are used, along with Proposition 3.2, to derive
several integration by parts formulas with respect to the horizontal perime-
ter measure. Other quantities are computed for use in the following section.
Many quantities are computed for general Carnot groups of step 2, but for
simplifying the notation some quantities are computed only for the Heisen-
berg group.

The Levi-Civita connection V on TG is defined by the metric (, ). One
can prove the following lemma as in [10].

Lemma 5.1. Let V be the Levi-Civita connection on TG defined by the
metric (, ). Then

k
]' S
Vx, X; = 5 ZleT
VT, =0,

1.,
Vx,Ts =Vr.X;, = —3 E b7; X
=1
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Similarly, the Levi-Civita connection V¢ is defined by the metric (,)..

The proof of the following lemma is similar to that of the previous lemma.

Lemma 5.2. Let V€ be the Levi-Civita connection on TG defined by the
metric (, ).. Then

k
1
Vex, Xj ==Y 0Tec, i,j=1,...m,
Qﬁ s=1
Ver, Tpe=0, s,p=1,...k,

€ € 1 - S .
\Y% XiTs,e:v Ts’eXi:_Tﬁ;binj’ z:l’_._'rn7 5:17.”]§.

The above information will be useful in computing the geometric quantities
found in the sequel. Recall a definition of the Riemannian curvature tensor
(cf., for example, [23] for more details).

Definition 5.3. Let X, Y, Z, and W be vectors in T M, where M is a
Riemannian manifold. Let V be the Levi-Civita connection on T'M with
respect to the metric (, ). Then

Rm(X,Y,Z,W)=(R(X,Y)Z, W),
where R(X, Y)Z = VXVYZ - VvaZ - V[X’y]Z.
Recall the symmetries of the Riemannian curvature tensor.

Proposition 5.4. The Riemannian curvature tensor has the following sym-
metries for any vector fields X, Y, Z, and W :

(a) Rm(W, X,Y, Z) = — Rm(X,W,Y, 2),
(b) Rm(W, X,Y, Z) = —Rm(W, X, Z,Y),
(¢) Rm(W, X,Y, Z) = Rm(Y, Z, W, X).

Lemma 5.1 allows one to compute the Riemannian curvature tensor with
respect to the metric (, ).

Lemma 5.5. Let {, ) be the metric which makes {X1,..., X, T1, ..., Tk}
an orthonormal basis. Then the following are the only nonzero quantities of
the Riemannian curvature tensor:

1
4
Rm(XiaXm7TT7T9) = 7( rlbfnl - b:nkbfk)a

Rin(X;, X, X, X)) = —(209 b7, +b207  — b1 %),

im" jl 7 ml mj il

—_ =

Rm(TraXmanaTS) = Z ;l fnl‘
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In particular, in H", fori=1,...,n
Rm(X;, Xopi, Xnti, Xi) = —%,
Run(X, T, T, X;) = i
Rin(Xp s, T, T, X a) = 111

Lemma 5.2 allows one to compute the Riemannian curvature tensor with
respect to the metric (, )_.
Lemma 5.6. Let g. be the metric which makes {X1,...,Xm:T1,es---, The}
an orthonormal basis. Then the following are the only nonzero quantities of
the Riemannian curvature tensor:

1
R (X, X X, X0) = 1o (200,60 + b0, — b5, 00).

im”jl ij - ml myj il

€ 1 T 1.8 T S
Rm“ (X5, X0, Tre, Ts ) = Ze( i10m1 — i)

1

RmE(TT,eameXj7Ts7e) = de ;l fnl~
In particular, in H", fori=1,...,n
. 3
Rm (XiaXn+i;Xn+iaXi) - 7477
€

1
RmE(XivTﬂTﬂXi) = Z?

€

1
Rm®(X,pi, Te, Tey Xnti) = "
€

The following lemma will be used in the proof of a second variation formula
for the H-perimeter in H".

Lemma 5.7. Let E;, i =1,...,2n — 1, F° be as previously defined for the
Heisenberg group H™. Then

2n—1 2
- Mm—1 3 _, (W
= Rm(ve, B, Ei,ve) = ©° n4 +ZEQ (We)
3 _,(W\’2n—-1
A 5.1
e (W) 4 (5-1)

and
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2
1 1
Rm®(ve, F¢, F v,) = Yl 552 (I‘//[V/)
€ .

1, /(wN\* 1, /w\*

Proof. The assertion follows directly by definition and Lemma 5.6. We only
prove (5.2) as an illustration.

2n—1

Z Rm®(v,, F, F, v.)

i=1
2
=€ <WM/{6> Rm (v, Y1, Y4 1)

2
€ <II//II//> (<V67T€>€2<YL7XT>2 Rme(TEaXT;XT‘aTE)

+ (e, T) (Y X 2 R (T2, X, X, T2)

+ (v, X,)2 (Y5, 1) 2 R (X,., T, T, X,,)

+ (e, X)) 2 (Y X )2 R (X, X gy Xy X

+ (Ve, Xngr) (Y H >2Rme(Xn+T,XT,XT,Xn+T)

+2(ve, Te) (ve, X >< LT (Y X)) Rm(T,, X, Te, X,

+ T>6<V ntr > <YJ_ T>6<YL7X7L+7"> RmE(T67Xn+rvTeaXn+T)

+2(ve, X ) Ve, Xy (Y, X ) (Y, X)) R (X, X, Xy X))
1

W 47 1, (W 4_'_574 WA
WE € w Wg 4w WE
15
2

1 2W2172W464W4
T I <W> T3¥ <W> T3¢\

by Lemma 4.4. a

Consider the decomposition of a vector V into the e-tangential and e-
normal components. Let V' € C}(U\X). Define

<v 56) £+ (Vv v

(V,E)E; + (V,FS),FS + (V,v), ve.
i=1

Proposition 5.8. Let V. be defined as above. Then

V= 1in%v; = (V,E)E; + (V,T,)Y + (V.Y vy
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The convergence is uniform in € on relatively compact subsets of U\X.

Proof. First, consider the term (V,v) ve
<V)VE>EV€ = ((MX1><VE; z> <V Ts e> <TS,€7V€>6)V€

_w (Vyva) + (V. Ts)ws) ve

We
Therefore,
lim (V. ve) ve = lim (WE (V,vm) W v Ts>) (V.Y)

(
U\x.) Con51der (V,F¢)_F¢:

(VL EQFE = ((V, Xi)(Xi, F) + (Vi ) (Tre, ) ) FY

o - p Ws Pi wrws €.
- ( VeV, X)) — Ve Y (V. T \[<VT)TS+16>F

TS7ETS+1,€ ,< Ts eTs+1 €

F¢ has no 1/€", r > 0 terms in it. Thus, one may ignore the terms in the
parentheses that converge to zero since only the limit is being considered.
However, it should be noted that these terms do converge uniformly on rela-
tively compact subsets of U\ Y. What remains is

(0B,

Therefore,

lim (V. FY) FS = —(V. T)@,vi + (V. T)T, = (V,T)Y,,

and the limit is uniform on relatively compact subsets of U\ Y. O
The limits of other geometric quantities can also be computed.

Definition 5.9. Let M be an n-dimensional oriented hypersurface in a Rie-
mannian manifold G, and let {e,...,e,} be an orthonormal basis for T'M
in a neighborhood of a point x € M. Let V be the Levi-Civita connection
on TG. Then the tangential divergence at = of a C' vector field V on M is
given by

diV]V[V = Z<V51V, 5i>~

i=1
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Definition 5.10. Let M, G, V be as in Definition 5.9,. Assume that M is
C?. Let v be the unit normal to M at . Then the mean curvature of M at
x is given by

H = diVMl/.

We now introduce the sub-Riemannian counterpart of the various geomet-
ric quantities so far discussed.

Definition 5.11. Let E;, i = 1,...,m — 1, be an orthonormal basis for
HT,M. The horizontal tangential divergence of a C' vector field V is given
by

m—1

diVH,MV = Z <VEL‘/’ Ei>a

i=1
where V is the Levi-Civita connection with respect to the metric (, ) which
makes {X1,..., Xm,T1,..., T} an orthonormal basis for G.

Definition 5.12. Let M be a C? hypersurface in G. Then the horizontal
mean curvature of M at the point z € M\ X is given by

H = diVH7MI/H.
Theorem 5.13. Let

V=V'X;+ —=(V,T\)Ts,
\/< )T,

where V= (V, X;)e, V € C3U\X). Then
lim dive sV = divi,aV + YRV, T)) +@s(Z5, V),

and the convergence is uniform in € on relatively compact subsets of U\X.

Proof. By definition,

m—1 k
dive Ve = Z BV E) + Y (VpV,F) =TI+ 11
s=1
Now, compute
m—1
B{(V¥)Ei s + E; (7<v T ) (Tees Fi),

i=1

+ VH(Ve R Xy, B, + <v T (Vg Ty, i),

%\
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m—1
1
=Y E(V"Ei,+ $<V, T5)Eir Eig(Vx, Tses Xg).
=1
(Vo,V.E) + = (V. T.)E,. E; ( ! bS)
E; VYV, \/E y L8 v,ri,q 2\/2 rq

= (Vg,V, E;) (by antisymmetry of ;)

= diVH,MV.

One may also compute

k
II. = Z(VEF;V, Fey.

s=1

=ﬁﬂ%&f3+ﬁ( Vo T) (T ).

%I

+ VUV e X3, FS) + <V VT e, FS).

Ve
=A.+B.+C.+ D..

One can easily see that A. — 0. Consider B.:

&:%ﬁana@ﬁn

= (X (V. T3) — g, (V. T) + 72, (v, 13)) S T

Ts,eTs+1,e

By the definition of F¢, the above quantity converges to zero uniformly on
relatively compact subsets of U\ X unless » = s. In that case,

Ts,e
Ts' € E@,e e — :
< v > Ts+1,e
and
lim B. = ~@vm (V. T2) + T (V. T2) = Vi (V1))
Next,

Ce = VUF;, X )(Fy, Xi)(Vex,, Xi, X1)
+ VHES Toe) {Fe, Tre) V7, . Xi, Tre)e
+ Vi<FsEa m><FsEa q76>5<v6XmXiv Tq,6>e
+ VU, Tye) (Fs, X ) (Vor,  Xis Xim).
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Vi
= \/E

b s—1 q
iwép'ste mi ewswqwspmb i

<F:v Xm> <F:v Tq76> bq

e’mi

me

2
Ts, eTerl € a=1 Ts,eTs+1,e

Thus,

hm C. = V'@ P05, = @s(Z5, V),

m

and the convergence is uniform in e on relatively compact subsets of U\ Y.
Finally,

D. = —(V.T,)(F s Xon) (FS X (VEx Trey Xom)
\/_
b > \/—Wspm \/Ewspl Lbr
\/_ Ts,eTs+1,e Ts,eTs+1,e 2\/2 tm
=0 [by the antisymmetry of b;,,,].
This concludes the proof. O

Proposition 5.14. Let H. be the Riemannian mean curvature of M C G
with respect to the metric ( ,).. Then

lim H. = H,
e—0

and the convergence is uniform for relatively compact subsets of U\X.

Proof. Take V' = v, in the proof of Theorem 5.13. Then

1
\/E<V€7 §) = Vews.
The proof proceeds as the proof of Theorem 5.13. a

The following “horizontal divergence theorem” can be obtained from The-
orem 5.13 and Proposition 5.8:

Corollary 5.15. Let M CU C G. Then if V € Co(U\X),

/divHMv+YL(<V,TS>)+wS<ZS,v>daH:/ HV.Y)doy. (5.3)
M M

Proof. The Riemannian divergence theorem states
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/diVEVMVdO'EZ/ H(V,ve) do®.
M M

The conclusion follows from Theorem 5.13 and Propositions 5.14 and 3.2. O

Definition 5.16. The horizontal Laplace—Beltrami operator is defined by
Agyf =divau Vi f = Ei (Eif).
One can also obtain the following integration by parts formulas:

Corollary 5.17. Let f € CL(U\X(M)). Then

m—1
/M E (f)+f ; (Vg B, E.)doyg = — /M W f(Z° E;)dog, (5.4)

/ijdaHz/ OsfHdog, (5.5)
M M

/ Zsde'Hif/ wsf|ZS|d0'H7/ fdiVH7MZSd(TH. (56)
M M M

In particular, if g € CZU\X(M)),

/ AH,Mng'HZ—/EsZSng'H—/ Eb(f)
M M

Proof. First, one may recognize that

m—1

i (Vg Ei, E.)doy. (5.7)

r=1

diVH’MV =F; (<V, E2>) + <Vv, Em><VE1Em, E1> + ’H<Vv, VH>. (58)
This can be seen in the following calculation which uses Lemma 5.1:
diVH7MV = <VEL‘/7 El>
=E; (V. Ei)) + (V. En)(V,Em, E;)
+ Ei (<‘/7 Tr>) <Tr7 E7,> + <V7 TT‘><VE7;TT’7 E’L>
+ Ei ((V,va)) (va, Ei) + (V,va (Ve v, Ei)
=Ei ((V.Ei)) + (V, En[(VE, Em, Ei) + H{V,vh).

(This used the fact that {F1,... Ep—1,vg, T, ..., Tk} is an orthonormal ba-
sis.) Plugging this information into equation (5.3), one obtains

/ Ei ((V,E3)) + (V. En)(V 5, By, )
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+ Y (V. T0) + (2%, V) doy = / WoH(V, Ty) doy. (5.9)
M

Since Z* € HTM, we have Z* = (Z° E;)E;. Setting V = fEj, we obtain
(5.4). To obtain (5.5), let V' = fT. For (5.6) we set V = fZ*. Finally, for
5.7 we set f = E;g in (5.4). O

Remark 5.18. It is trivial to see that for H', divy yZ = 0. Further, for the
Heisenberg group, H", |Z| = 1.

Next, recall the definition of the second fundamental form.

Definition 5.19. Let M be an n-dimensional oriented hypersurface of a
Riemannian manifold G and ¢;, ¢ = 1,...,n be an orthonormal basis for T'M
at a point z € M. Let V be the Levi-Civita connection on TG, and let v be
the unit normal. Then the second fundamental form is given by the n x n

symmetric matrix
Aij = (Vev,g5).

The following notion of a horizontal second fundamental form was given

n [18]. It is equivalent to previous definitions found in works such as [10].

Definition 5.20. Let M be an oriented hypersurface in G. Let F;, i =
1,...,m—1, be an orthonormal basis for HT, M. Then the horizontal second
fundamental form is the (m +k — 1) x (m + k — 1) matrix

AZI == <VE1.VH, Ej>

Note that the horizontal second fundamental form is not, in general, sym-
metric. Note that

<VE1VH7EJ'> - <VEjVH7Ei> = < [Eiij]vl/H>'

The quantity [E;, E;] is a tangent vector, but it is not necessarily horizontal.
Therefore, one cannot conclude that ([E;, E;], vg) = 0. This will be discussed
in more detail later.

The following quantities will be very useful in following calculations.

Lemma 5.21. The following statements hold:

. _w 1 W
i (Vex,ve, Xi) = X; (Pkw) t3 W —wrby;,

e W 1w

1. <V Ts,eys’Xk>€ = \/ETS (pkW ) 2\[W plbkl7
W 1w,
iii. (Vx,ve, Tre) = VeX; ( W) 2\[ng1€7
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w
iv. (Ver, Ve, Ty o) = €T (wr We)'

Proof. These statements follow directly from the definitions. We only prove
assertion i:
w

(Vex, Ve, X)) = X; (ﬁkw

W
)+ B g (7, X X,

w
X (V) s X, + v/ (Vi T X,

T

Wy 1W
)+2er’”

=%(
Pr W,
The proof is complete. ad

Introduce the notation which will be useful in the further calculations.
Consider .J.. It is written as

where J? is independent of €. For example, if
Je=e2+z)+ /e < 2 >
e =€ x €| — ),
V1— 22
then,
_2
V1—2?

Now, the second fundamental form will be computed with respect to the
e-metric. To simplify the notation, we focus on the model case H". However,
the calculations can be generalized to Carnot groups of step 2.

Jt=2+a, JV?=

Proposition 5.22. Let M be a C? oriented hypersurface in H™. Then

WAg)], i,j=1,...2n —1,
A = VAP + LA 1 0(?), i=1 . 2n— 1) =2,
AL +o(e). ij =2,

where

A? 7AH + w&]

fori,j=1,...2n—1, and fori=1,...2n—1
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A2 =E; (@) = A7

i,2n 2n,1

=Y* (p,;) Eij — @ (Z, Ey),

1
1/2
Az 27/7, §<Za Ei>7

and

A%n,?n = YJ_ (w) = <VYLY7 T>

Proof. Lemma 5.21 is used throughout the proof. First takei,j =1,...m—1:

A ;= (VEVe, Ej). = Ei 1 Ej 1(Vx,ve, X)),

- Ei’kEj’l(Xk: (I_?IMM//) ;II//VV )

(o) b - 8 () + )
— Vw[;e <<VE,;VH,EJ-> + %wg@ — I/IMZ (AH I wgw)

Next, let i =1,...m — 1. Then

Afon = (Vopve, )

€

w
= Vegpr (BulY " X{V e Xi) 4 BV 5. 1) (Vv T2, )
w _W_ 1w
(o) -l

1 W
2¢ W,

- \/— _2<Z7 El>

E ()

(2.E))
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The second equality is obtained by a similar calculation for (V¢pcve, E;)..
Finally,

Ay 0 = (Vo peve, F), = e(VV[Zf(vere,Yﬂe
=e(35) (=@ (i) + V(7557

w_ . W .
+ Wépm<v yLXm7Yl>6 -+ \/E&)WE<V v Ty, YL>E)

() (o (@) - W ot + 1,70

e(VWVZ):iYL(w) :EVV[Z<1 —@2(%))1&(@)

= eWM//EYL(w) —6%2(W)2Yl(w).

The proof is complete. a

Let us make some remarks concerning the horizontal second fundamental
form. For 4,57 =1,...,2n—1

w
A:’,j = (AH+ ng )
is symmetric for every e, and therefore the limit must be symmetric. By

definition, &; = —&;;. Therefore,

1
lim L(ag, pAs) = AF 4 wégw =5 (A7 +45).

This leads to the following definition.

Definition 5.23. Let AH (Vg,vu, E; > Then the symmetrized horizontal
second fundamental f07’m is defined as

1
Al = B (AT + A=Al + wsf

Remark 5.24. Note that fori,j =1,...,m —1
(Ve,vn, Ej) = —(VE Ej,vn).

Then
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0= (Al +52.60) - (4l +5.85)
1* S 1* S
= (= (Vi Buvm) + 58.6:) = (= (Ve Ejovm) + 59,85
= [EiijL Vi) +ES£;'i'

Therefore,
< [Ei7 Ej]? VH> = wsgisj'

We close this section with some useful observations. First, we note that

(V.FS), = Ve(pitVivm) + 0 Y w(V,T) ) + 7@%@»
q<s
Denote
FI2) = plVivw) + 0 Y w0 (V. Ty) (5.10)
q<s
and
FEVR =2 (VLT (5.11)
In particular, in H",
W 1 W
e = —w _— T
(Vo) = Vegs (Vo)) + 2o (V1)
_ Woap 1 W )
= €W€.7: + \/EW;J: )

where

F? = —w(Vivw), F V2 =(V,T).

6 First and Second Variation Formulas for H-Perimeter

Using the geometric tools developed in Section 5, we can now derive first
and second variation formulas for the H-perimeter. Throughout the section,
M denotes an oriented C? hypersurface in G. Note that the variations are
taken in neighborhoods away from characteristic points. This is necessary
because the horizontal Gauss map is not even defined on the characteristic
set. We note however that, using appropriate cut-offs, it is possible to extend
these formulas to some situations where the deformation is performed near
the characteristic set. It should also be mentioned that such formulas are
particularly useful in the study of the Bernstein problem and the latter is
concerned with noncharacteristic entire graphs.

Lemma 6.1. Let My = M + sV, where V€ CZ(U\X). Then
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d €
\/EEO’ (Ms>

converges uniformly as e — 0 for s € [—4, 6], where § > 0 is sufficiently small.

Proof. By a partition of unity argument, it suffices to establish the desired
conclusion when V is supported in a relatively compact open chart Uy C M.
As in the proof of Proposition 3.2, one can write

m k
Ve (U / Z Ps) +eZ(wf)2 dw, (6.1)

1=

where
m k
Ny=) piXi+) wT
i=1 =1

is the normal vector to M. Let M be given by a parametrization 6 : 2 — G
and V by a parametrization v : {2 — G. Then Mj is given by the parametriza-
tion 0 + s7y. Further, Ny is the determinant of a matrix with entries that are
the derivatives of 6 + sy with respect to variables in 2. Therefore, the com-
ponents of N, are polynomials in s. By the regularity of M,, pj and w} are
bounded on relatively compact subsets of U\ Y. One can compute,

pz dspz + ews ds l

/ \/Zz L)+ eXy (@)

dw

and conclude that the term
€Wy disws
2 k 2
VI )+ e ()

converges to zero uniformly since

s d
Wi gswi

VI )+ e ()

is uniformly bounded for points in {2 and s € [~d, ] by the preceding com-
ments. Note that

m
2
(p7)” = J,
i=1
for some J > 0 since the derivative of eoc“(Us) is zero except in the support
of V. The terms
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d
Pi asPi
)
m 2 k 2
\/Zi:l (P)” + €21 (@)

also converge uniformly as ¢ — 0, by the Dini convergence theorem. In par-
ticular, for each point in Ug

d
D} 75 P;
2 k 2
VI 09)? e X ()

is monotone increasing as € — 0, and clearly the quantity converges pointwise
for s € [=4,0], (u,v) € £2. This completes the proof. O

Let M be an oriented Riemannian submanifold of the Riemannian mani-
fold N. Let V be a compactly supported vector field, and let

The first variation of the Riemannian volume can be found in [9].

Proposition 6.2 (first variation for Riemannian submanifolds).

d
2 o (My)]imo = / Hy(V, v) do,
M

dt
where g is the metric on the ambient submanifold N, v is the unit normal to
M, and do is the standard Riemannian surface measure on M.

Theorem 6.3 (first variation formula for the H-perimeter). Let M C G, a
Carnot group of step 2, where M is as in lemma 6.1. Then

d
d_UH(Ms)|s:O:/ H<V,Y>dO'H
s M

Proof. Writing the Riemannian first variation formula in the present context

yields

d
_06(M5)|S:0 :/ H6<V" V6>Ed0'6.
ds v

The limit of the right-hand side follows directly from Corollary 5.14 and
Propositions 5.8 and 3.2. By Lemma 6.1 and Proposition 3.2, the left-hand

side converges to

d
%UH(MS”S:O'

The proof is complete. ad

We explicitly observe that the formula in Theorem 6.3 matches that found
in works such as [10] and [18]. Following a similar procedure, we next want
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to derive a second variation formula for the horizontal perimeter. We recall
the basic facts from Riemannian geometry. The formula stated below can be
derived from the results of [9].

Proposition 6.4. Let M, v, and V be the same as in Proposition 6.2. Let
{&1,...,&} be an orthonormal basis for TM. Then

d2 . 2 - 2
@g(Msﬂs:O:/M (divpy V) Jr;((VgiV,V))

— Y Ve V.EN Ve V.E) = > Rm(V,E;,&,V) do.

ij=1 i=1

In order to use this formula, we need to compute some pointwise identities
of some of the terms in the integrand.

Lemma 6.5. Let & be as in Proposition 6.4. Then

<v£i‘/’l/> = E’L (<V7 V>) - <‘/7 Em>Aim7 (62)
(Ve V. Ej) = & (V. €) + (V. Em) I, + (V. 0) Ay, (6.3)

Proof. One can write V = (V, &)&; + (V,v)v, and use the fact that
Vx (fY)=fVxY + XfY
to obtain the first two statements. For the final statement,
diva,V =& ((V,&)) + (V. En)(Ve, V. &) + (V,v)(Ve,v, &)
=& (V. &) + (V. &) iy + H(V,v).

Since this is a pointwise identity, one may assume that &; is a coordinate
frame. Therefore, by symmetries of the Christoffel symbols,

Fiim :Frl;zi = _I‘Zu' =0.
The proof is complete. a

We can now compute the second variation for the case of deformations
in the normal direction. The variation that will be used is V' = hv,, where
h € C3(U\Y). Therefore, V depends on € and Lemma 6.1 cannot be directly
applied because the components of N¢ (to be denoted p;“, i =1,...,2n, and
ws, €) may depend on e. Therefore, one must explicitly calculate N¢ in order
to observe the effect of this dependence on e.

Lemma 6.6. Let My, = M + shv., h € C3(U\Y), s € [-6,6]. Then
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lin%) Veo (M) = op(Ms).

Further,
d
E \/Eo,e (Ms,e)
and
d? .
@\/EU (Ms,e)

converge uniformly as e — 0 for s € [—0,4].

Proof. For u € £2C R?*" a point on M is denoted by

2n ) a a
g(u) = _g'(w)5—+ """ (u) 5,
i=1 v

and a point on M; . is denoted by

gs(u) = g(u) + sh(g(u))ve(g(u))

. ;)
= (9" + shl) 5 + (92"'*'1 + shy?ntl
X
n

1 & , . | o )
-5 g Shv (g™ 4 shuf ™) 4 53 shui g+ shol)) o

i=1 ot
where 4
Ve = <1/67Xi>7 VEQTH_I = <V67Te>e'
Denote _ '
7 (u) = g'(u) + shvl, i=1,...,2n,
and
1 & , . _
t5¢(u) = g*" 4 shy?" T — 3 ; shv! (gnH + shygﬂ)
1 n
+ 3 Z shv T (g + shu))
i=1
so that

Recall that
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The normal of Mj . is the determinant of the (2n+ 1) x (2n + 1) matrix with
first row X1, ..., Xo,, 7. and remaining components consisting of ((g¢), , X;)
((gs)u JTe), fori,j=1,...,2n. Then

uj )

T ), o
i Qx; i Ot

S,€ € 1 S,€ 1 S,€ 5,€ S,€
= (a7, Xill) + 2 (0, + 5@, = 2@, ) ) Te

(69),,, = ()

It is easy to check that the w; derivatives of any component of v, converge
uniformly as € — 0 by the same arguments as in Lemma 6.1. Since the com-
ponents of N{ are multiples of ((¢¢), , Xi), ((9¢),, - Te). and are bounded,
they must converge uniformly as € — 0. Recall that by the proof of Lemma

6.1, the components of N¢ are polynomials in s. Recalling that

2n

Veot (My.0) = /Q S0 + € () do,

i=1
one can reach the conclusions from plugging in the derived formulas for p;*©

and w€. O

We can finally prove the main result of this section.

Theorem 6.7 (second variation formula for the H-perimeter). Let M C H"
be a C? hypersurface, and let M, = M + sV, where V = hvg and h €
CU\X(M)). Then

2n—1 2n—1

. \so—/ 3 VB (Verm)) + (Vom0 = 3 4T
3,j=1
2n —2_
A2, Xm)Y " (B) — Z (@) — w*) do
2n—1
/ > BV va))
M =y
2n—1 2n+2
+ (Vo) H2—2|A5’3|272Z(E - = )daH
i,j=1

Proof. We use the above notation. For the sake of simplicity, terms converging
to zero uniformly are ignored. For example, the expression

(\/EA”2 + %A—l/?)2

is written as
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l(A—l/Q)Q + 2A_1/2A1/2.
€

Let M . be as in Lemma 6.6. Denote V. = hv. and V = hrvg. By Propo-
sition 5.8, V. — V. Note that the Riemannian second variation formula for
the variation V. yields

d2 2n
T Veo (M, lemo = VE /M H2(V,ve),” + Z 5 (Vove) o)l

2n

— W2y (4 ZRm (V. &, E6,V) do

i,5=1

= \/E/ I+ II. + 1. + IV, do®.
M

By Lemma 6.6, the left-hand side converges to
2

ds?

Next, the right-hand side is computed. First, I:

O'H(Ms)‘szo-

2n 2n—1
=D L&V IP = D [E((Vov) P + [F(V,ve)
i=1 i=1
Z |Ei (¢ Vve>)|2+|\/_ YL(<VV6>)|-
Thus,
lim o= 3 [B((V, o)),
i=1

Using Corollary 5.14 and Proposition 5.8, we find
limy HZ (V. ve).) = H2(V,vg)2.
Next, 111, is computed:
2n—1 W 2 2n—1 y y
_ 2 H,s 1/2 —1/2
Il = 7<V7 V€>e ( i;l <W€Az] ) Z (\/_Az 2n \/‘Az 2n )

2n—1 / , 117 2
1/2 —-1/2 1
Z (\/_A2n J \/_AQTLJ ) + <€W6A2n,2n> )

j=1
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204
i 9
— a2 3 (al) +2anal v 24 ay2)
1 v 2n—1 B
+ g( —2(V, Ve>52 Z (Ai,217/L2)2)
i=1

=~V ( 275 (%A{jﬁf +2(@) + (2, X))V () - 25°)

b=
1 1 2
+e(=g0?).
By the symmetry of A;;. this expression can be written as

111, = (V. V€>f(2nzl (%AZ’S)Q +22(@)) + %(— %(V, ve)”).

©]=

Next, Lemma 4.2 is used to calculate IV,:

2n—1
VI.=—(V, VE>€2< Z Rm€ (v, E;, E;, ve) + Rm® (Z/E,Fe,Fe,Ve))
i=1
2n —1 WiN2 13
_ 2(_2 2 1o
== (Vve). (“’ 4 (W) 64)

2n—1 3 /W2 1 ,/W\2 1,/W\4
(Vo) "2 1 +4(W€) 2<WE) +2(W6) )
Note that the 1/¢ terms from II. and IV, cancel. Therefore,

2n—1

lim I11 + 1V, = —(V, VH>2( > (Afj*s)z +Z (@) +(2,X)Y ™ @z))

ij=1

- e (222),

and alternatively,
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2n—1 ] 2
lim 111, + 1V, = —(V,u)?( Y (Af") +22 @) +

i,j=1

2 2

Combining these quantities with the limits of I, 1. and applying Proposi-
tions 3.2, 5.8, we obtain the limit of the right-hand side. Thus, we obtain the
required conclusion (note that the convergence in € is uniform by the same
type arguments previously stated). O
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Sobolev Homeomorphisms and
Composition Operators

Vladimir Gol’dshtein and Alexander Ukhlov

Abstract We study the invertibility of bounded composition operators of
Sobolev spaces. We prove that if a homeomorphism ¢ of Euclidean domains D
and D’ generates, by the composition rule ¢* f = fop, a bounded composition
operator of the Sobolev spaces ¢* : L1 (D’) — L;)(D), p > n — 1, has finite
distortion and the Luzin N-property, then the inverse ¢! generates the
bounded composition operator from L}, (D), p’ = p/(p —n+ 1), into Li(D’).

1 Introduction

We consider homeomorphisms ¢ : D — D’ of the Euclidean domains D, D" C
R™, n > 2, generating bounded composition operators on Sobolev spaces. We
say that a homeomorphism ¢ : D — D’ possesses the (p,q)-composition
property, 1 < q¢ < p < oo, if it generates a bounded composition operator
©* : Ly(D') — L} (D) by the chain rule ¢*(f) := f o .

Homeomorphisms generating bounded composition operators of Sobolev
spaces Li(D') and L1(D) (possess the (1,1)-composition property) were in-
troduced by V. G. Maz’ya [14] as a class of sub-areal mappings. His pioneering
work established a connection between geometrical properties of homeomor-
phisms and the corresponding Sobolev spaces. This study was extended in
the monograph [15], where the theory of multipliers was applied to the change
of variable problem in Sobolev spaces.
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Homeomorphisms possessing the (n, n)-composition property also admit a
direct geometric description. As was proved in [22], the class of such homeo-
morphisms coincides with the well-known class of quasiconformal mappings.
It is known that the mappings that are inverse to the quasiconformal home-
omorphisms are also quasiconformal and have the same (n,n)-composition
property. But this invertibility property is correct only for p = n. If we assume
that the inverse homeomorphism possesses the same (p, p)-composition prop-
erty as an original homeomorphism for p # n, then we have a bi-Lipschitz
homeomorphism (in terms of interior geodesic metrics). This was proved for
p>nin[23], forn—1<p<nin 5], and for 1 < p < nin [12]. A geometric
descriptions of homeomorphisms possessing the (p, p)-composition property
has been done in [4] only for p > n — 1.

New effects arise when we study composition operators in Sobolev spaces
that decrease the integrability of weak first order derivatives. This problem
was studied in a connection with the theory of mappings of finite distortion
in [20] and in a connection with the embedding theorems in [3]. It was proved
[20] that if a homeomorphism ¢ : D — D’ possesses the (p, ¢)-composition
property with n — 1 < ¢ < p < oo, then the inverse homeomorphism ¢~! :
D’ — D possesses the (¢, p')-composition property with ¢’ = q/(¢ —n + 1),
P =p/(p—n+1).

In this paper, we study the invertibility of a composition operator in the
limit case p = oo.

Theorem A. Assume that a homeomorphism ¢ : D — D' has finite
distortion, the Luzin N-property (the image of a set measure zero is a set
measure zero) and generates a bounded composition operator

" LI (D) — Ly(D), q¢>n-—1.

Then the inverse mapping ¢ ' : D' — D generates the bounded composition
operator

Any homeomorphism with the (p, ¢)-composition property belongs to the
Sobolev class W, (cf., for example [20]). Therefore, the “invertibility prob-
lem” for composition operators in Sobolev spaces is connected with the reg-
ularity of Sobolev homeomorphisms, which was studied by many authors. In
particular, as is proved in [16], if a mapping ¢ € WA’IOC(D) and J(z,¢) >0
for almost all 2 € D, then =" belongs to W .(D’).

The local regularity of plane homeomorphisms in the Sobolev space Wi (D)
was studied in [9]. Recently [10], in the case R™, n > 3, it was proved that
if the norm of the derivative |D¢p| belongs to the Lorentz space L™~ %1(D)
and a mapping ¢ : D — D’ has finite distortion, then the inverse mapping
belongs to the Sobolev space W11 (D) and has finite distortion.

loc
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2 Composition Operators in Sobolev Spaces

We define the Sobolev space Lll,(D), 1 < p < oo, equipped with the seminorm,
as a space of locally summable, weakly differentiable functions f : D — R
such that

If 1 LyD)| = IVf | Lp(D)[l, 1<p< oo

A function f belongs to L;VIOC(D) if f e LI(K) for every compact subset

K C D. The Sobolev space Ly(D) is the closure of C§°(D) in L}(D). As
usual, C§°(D) denotes the space of infinitely smooth functions with compact
support.

Note that smooth functions are dense in Ly(D), 1 < p < oo (cf., for
example [13, 1]). If p = oo, we can only assert that for arbitrary function
f € L)(D) there exists a sequence of smooth functions { f; } converges locally
uniformly to  and [Ifi | LL(D)]| — | | L (D) (ck. [1]).

A mapping ¢ : D — R™ belongs to L, (D), 1 < p < oo, if its coordinate

functions ¢; belong to L;)(D), 7 =1,...,n.In this case, the formal Jacobi ma-
trix Dp(z) = (gf; (z)),4,j =1,...,n, and the Jacobian J(z, ¢) = det Dy ()

are well defined at almost all points € D. The norm |Dy(z)| of De(z) is
the norm of the corresponding linear operator Dp(z) : R" — R”™ defined by
the matrix Dy(x). We use the same notation for the matrix and the corre-
sponding linear operator.

In the theory of mappings with bounded mean distortion, additive set func-
tions play an important role. Recall that a nonnegative mapping & defined
on open subsets of D is a finitely quasiadditive set function [25] if

1) for any x € D there exists d, 0 < § < dist(z,dD), such that 0 <
&(B(z,0)) < oo (hereinafter, B(z,d) = {y € R : |y — x| < 6});
2) for any finite collection U; C U C D, i =1,...,k, of mutually disjoint

k
open sets > &(U;) < &(U).
i=1

It is obvious that the last inequality can be extended to a countable col-
lection of mutually disjoint open sets in D, so that a finitely quasiadditive
set function is also countable quasiadditive.

If, instead of the second condition, we suppose that for any finite collection
U;C D,i=1,...,k, of mutually disjoint open subsets of D

then such a set function is said to be finitely additive. If the last equality can
be extended to a countable collection of mutually disjoint open subsets of D,
then such a set function is said to be countable additive.
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A nonnegative mapping ¢ defined on open subsets of D is called a
monotone set function [25] if &(Uy) < @(Us), where Uy C Uy C D are open
sets.

Note that a monotone (countable) additive set function is the (countable)
quasiadditive set function.

We formulate an auxiliary result from [25] in the following convenient way.

Proposition 2.1. Let a monotone finitely additive set function @ be defined
on open subsets of a domain D C R™. Then for almost all x € D the volume
derivative

. P(Bs)
@' = 1
(I) 5—>017g15 Sx |B§|

is finite and for any open set U C D
/@'(:17) dx < P(U).
U

We say that a mapping ¢ : D — D’ generates a bounded composition
operator
©* L;(D’) — Lé(D), 1<g<p< oo,

if for every f € LL(D’) we have f o € L}(D) and
le*f | Lo(D)| < K| f | Ly,(D")].
Theorem 2.1. A homeomorphism ¢ : D — D’ between two domains D, D’ C
R"™ generates a bounded composition operator
" L5, (D) — LY(D), 1<q< o0,

if and only if ¢ belongs to the Sobolev space L} (D).

Proof. Necessity. Substituting the test functions f;(y) = y; € L (D'), j =
1,...,n, in the inequality

le* f | LoDl < K| f | Le (D],

we see that ¢ belongs to L}(D).
Sufficiency. Let f € LL (D) N C°(D’). Then

le"f | LA(D)| = ( JLE dac)é < ( [ ipeltiv ot dx)’
D D
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< </|Ds0)|" dx>q||f | Laa(DNIF = lle | LgD)] - ILf | Lo (D]
D

For an arbitrary function f € Ll (D’) we consider a sequence of smooth
functions fi € L. (D’) such that

Jim | fi | Lo (DY) = I | Lo (D)

and fi converges locally uniformly to f in D’. Then the sequence ©* f con-
verges locally uniformly to ¢*f in D and is a bounded sequence in L}I (D).
Because of the reflexivity of Lé(D), 1 < ¢ < o0, there exists a subsequence
fx, € Lé (D) weakly converging to f € Lé(D); moreover,

le* £ | Lg(D)|| < Tim inf [[* fi, | Lo (D).
Passing to limit as [ — 400 in the inequality

l* fr | Lg(D)| < Kl fio, | Lao (D),

we obtain
lo* f | Ly(D)|| < K| f | LL(D")].

The proof is complete. a

The following theorem establishes the “localization” property of the com-
position operator in spaces of functions with compact support and/or its
closure in L. .

Theorem 2.2. Suppose that a homeomorphism ¢ : D — D’ between two
domains D, D" C R™ generates a bounded composition operator

" L (D) — Ly(D), 1 < q < +o<.

Then there exists a bounded monotone countable additive function $(A’) de-

fined on open bounded subsets of D' such that for every f € L (A)

/ V(f 0 @)t do < B(A')ess sup,ar [V £]9(y).
p=1(4)

Proof. Define ¢(A’) as follows (cf. [20, 24])

el Lé(D>H>q.

G(A) = sup ( =
[ 1 L (A))]

feli (An
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Let A} C A, be bounded open subsets of D’. Extending functions of the
space L (A}) by zero to the set A}, we obtain the inclusion
L (A7) € Lo (4).
It is obvious that 5 )
1£ 1 L (ADI = I1f | Lo (A3)]
for every f € L. (A}). Since

* 1 q * 1 q
B = sup (Hso /| Lq(D)||> ~ e (Hs@ /| Lq(D)H)
rebapn \ || f | L (A)]| rebian \ If | L (AY)]|

* 1 q
< s (—“9” fo'Lq(D”') — a(4y)
reiicap \ || f | L (A5

the set function @ is monotone.
Consider open disjoint subsets A%, i € N, of the domain D’ such that

Al = |J Al Choose arbitrary functions f; € L. (A%) such that

=1

o 11 10)]| > (#a (1 - ;))énfi L)

and .
| fi | LA (A7) =1,

N
where i € N and ¢ € (0,1) is a fixed number. Setting gy = > f;, we find
i=1

(24 (1-2)) 14 E;O<A;>||q>1/q

. N
a4} (1- 23)) ' HgN | LL (L_Jl A7) ‘

0

I
—

le™an | ZL(D)|| > (

7

_<}

7

(

7

] =

1

] =

WV

since the sets where V™ f; do not vanish are disjoint. By the last inequality,
we have

1 N
24 ~=0t4p) ) o 112 (U 4)

1
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1

B(A)% > sup ] — L
lon 1 Lk (U 47)
=1

Fox | LD (zNj o(4]) - ap(Ag)) E
[

i=1
where the upper bound is taken over all above functions
R N
g € Ly (U A;).
i=1
Since both N and € are arbitrary, we have
>4 < o(|J 47).
i=1 i=1

The inverse inequality can be proved directly. Indeed, choose functions f; €
Ll (A}) such that || f; | LY, (AL)| = 1. Setting g = Y fi, we find
i=1

o] ° 1/q
lota | 20 < (el | )

- @@(A;))ZHM i ([_j ol

since the sets where Vo™ f; do not vanish are disjoint. From the last inequality
we have

1

oo % * 1 o .
45<U A;) < sup H‘F’ ;q | L(iED)|| < (Z@(A;)> ’
i=1 H g L})O(v!l A;)H i=1

where the upper bound is taken over all functions g € L;( U A;)
i=1
By the definition of @,

le™ f | Le(D)|IP < S(A)[|f | L (A
Since the support of f o ¢ is contained in p~1(A’), we have

[V(f op)|? de < P(A")esssup,ear |V FI(y).
p=1(A)

The theorem is proved. a
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Recall some basic facts about p-capacity. Let G C R™ be an open set, and
let E C G be a compact set. For 1 < p < oo the p-capacity of the ring (E, G)
is defined as

cap,(E,G) = inf{/G [VulP :u e LY(G)NC(G), u>1on E}

Functions u € L),(G)NC§°(G), u > 1 on E, are called admissible for the ring
(E,QG).
We need the following estimate of the p-capacity [11].

Lemma 2.1. Let E be a connected closed subset of an open bounded set
GCR" n>2 andletn—1<p<oo. Then

ne1 (diam E)?
Capp (E, G) > Cw,

where ¢ is a constant depending only on n and p.

We define the class BV L of mappings with finite variation. We say
that a mapping ¢ : D — R" belongs to the class BVL(D) (i.e., has
finite variation on almost all straight lines) if it has finite variation on almost
all straight lines [ parallel to the coordinate axis: for any finite number of
points tq,...,t; in such a line [

k—1
> le(tivr) — @lti)] < +oo.
1=0

For a mapping ¢ with finite variation on almost all straight lines the partial
derivatives dy;/0xj, i,j =1,...,n, exists almost everywhere in D.
The following assertion was announced in [21].

Theorem 2.3. Suppose that a homeomorphism ¢ : D — D’ generates a
bounded composition operator o* : L1 (D') — Ly(D), ¢ > n — 1. Then the
inverse homeomorphism ¢~! : D' — D belongs to the class BVL(D').

Proof. Take an arbitrary n-dimensional open parallelepiped P such that P C
D’ and the edges of P are parallel to the coordinate axes. Let us show that
! has finite variation on almost all intersections of P with lines parallel to
the x,-axis.

Let Py be the projection of P onto the subspace x,, = 0, and let I be the
projection of P onto the z,,-axis. Then P = Py x I. The monotone countable-
additive function @ determines a monotone countable additive function of
open sets A C Py by the rule (A, Py) = &(A x I). For almost all z € P, the
expression )

n—
6(27P0) :m Q(B (falr)’PO)
r—0 rn




Sobolev Homeomorphisms and Composition Operators 215

is finite [18] (here, B"~1(z,7) is the (n — 1)-dimensional ball of radius r > 0
centered at the point z).

The n-dimensional Lebesgue measure W(U) = |p~1(U)|, where U is an
open set in D', is a monotone countable additive function. Therefore, it also
determines a monotone countable additive function ¥(A, Py) = W(A x I)
defined on open sets A C Py. Hence ¥/(z, Py) is finite for almost all points
ZEEfb.

Choose an arbitrary point z € Py, where &'(z, Py) < +oc and ¥'(z, Py) <
+00. On the section I, = {z} x I of the parallelepiped P, we take arbitrary
mutually disjoint closed intervals Ay, ..., Ay of length by, ..., by respectively.
Let R; denote the open set of points the distance from which to 4A; is smaller
than a given number r > 0:

R; ={x € G : dist(x, 4;) <r}.

Consider the ring (A;, R;). Let » > 0 be such that r < ¢b; for i =
1,...,k, where ¢ is a sufficiently small constant. Then the function u;(z) =
dist(z, A;)/r is admissible for the ring (A;, R;).

By Theorem 2.2,

I us | Lg(D)I|* < P(A")||ui | Leg(A)]?

for every u;, i=1,... k.
Hence for every ring (A;, R;), i =1,...,k,

capd (971 (A1), o~ (R:)) < B(R:)7 capo (4A;, Ry).

The function w;(x) = dist(z, A;)/r is admissible for the ring (4;, R;), and
we obtain the upper estimate

capy, (4, R;) < |Vu,| = 1/r.

Using the lower bound for the capacity of the ring (Lemma 2.1), we obtain
the inequality

( (diam ¢~ 1(A;))¢/ (=1

1
lo~1(R;)|(a—n+D)/(n=1) r

1
) < ad(R)

which implies

diamp-1(A) @2(@1%)"”(@@»)"’.

rn—l rn—l

Taking the sum with respect to¢=1,...,k, we find
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q—m+1

i}diamwl(Ai) < CQ;E(W) ; (q:ﬁ)) 7

Hence
k

K ni1 not

. _ i N D(R; 4
Zdlamgo ' 4;) (Z |<p7ﬂn 1 > (Z TEL—l)> :
i=1

i=1

Using the Bezikovich type theorem [7] for the estimate of @ in terms of the
multiplicity of a cover, we obtain
(Ui, R)
rn— 1

idiaﬁup‘l(Ai) <e (W)

Hence
k
Zdiamgo_l(Ai)
i=1
ca(lE e Po>|>

rn— 1

i (@(B”_l(z,r),PO))nql

rn—l

Since &'(z, Py) < +o0 and ¥'(z, Py) < +00, we find
Zdlamgo HA) < +oo.

Therefore, = € BVL(D'). O

3 Proof of the Main Result

Recall the change of variable formula for the Lebesgue integral [8]. Let a
mapping ¢ : D — R"™ belong to W11,1oc(D)- Then there exists a measurable
set S C D, |S| = 0, such that the mapping ¢ : D\ S — R”™ possesses the
Luzin N-property and the change of variable formula

/fw ) (2, )| do = / F)Ns(E,y) dy
R™\p(S)
holds for any measurable set £ C D and nonnegative Borel measurable func-

tion f : R” — R. Here, Ny(y, E) is the multiplicity function defined as the
number of preimages of y under the mapping f in F.
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If a mapping ¢ possesses the Luzin N-property (the image of a set of
measure zero has measure zero), then |p(S)| = 0 and the second integral can
be written as the integral over R™. If a homeomorphism ¢ : D — D’ belongs
to the Sobolev space Wn loc (D), then ¢ possesses the Luzin N-property and

the change of variable formula holds [19].
As in [17] (cf. also [10]), we introduce the measurable function

( | adj D (z)
[/ (z,¢)]

0 otherwise.

) ifxe D\S and J(x,¢)#0,
M(y) = z=p~1(y)

Since the homeomorphism ¢ has finite distortion, the function u(y) is well
defined almost everywhere in D'.

The following lemma was proved (but not formulated) in [10] under an
additional assumption that |Dy| belongs to the Lorentz space L™~ %"(D).

Lemma 3.1. Let a homeomorphism ¢ : D — D', ¢(D) = D’ belong to
the Sobolev space Lé(D) for some ¢ > n — 1. Then the function p is locally
integrable in D’.

Proof. Using the change of variable formula for the Lebesgue integral [8] and
the Luzin N-property of ¢, we obtain the equality

[utwyav=[ ntw) dy=[ Inetanli. ) do /\adJD<P|()

D’ D\p(S) D\S

Applying the Holder inequality, for every compact subset F/ C D’ we have

/ /\adJle C/IDWI" "

where F' = ¢(F). Therefore, u belongs to Ljjoc(D’) since ¢ belongs to
Ly(D), q>n—1.Hence p € L, _;,.(D). O
Proof of Theorem A. We show that =1 € ACL(D'). Since the absolute con-
tinuity is a local property, it suffices to show that ¢! belongs to ACL on ev-
ery compact subset of D’. Consider an arbitrary cube Q' € D', Q' € D, with
edges parallel to the coordinate axes. We set Q = ¢~ 1(Q’). For i = 1,...n
we denote Y; = (1, ..., T 1, Zig1, -0y Tn)s

Fi(x) = (p1(z), -, pim1(2), pig1(T), - -, on())

and Q) is the intersection of Q" with Y; = const.
Using the change of variable formula and the Fubini theorem [2], we obtain
the following estimate
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[ s [ut) 2w = [ aw) dy = [ 1adi Del@) do < .
Q

Fi(Q) Q; Q’

Hence for almost all Y; € F;(Q)

/ u(y) H(dy) < +oc.
Q]

Let ap Jo(x) be an approximate Jacobian of the trace of ¢ on the set
0~ 1(Q!) [2]. Consider a point x € Q at which there exists a nondegenerated

7

approximate differential ap D f(x) of the mapping ¢ : D — D’. Let L : R™ —
R"™ be a linear mapping induced by this approximate differential ap D f(x).
Denote by P the image of the unit cube (y under the linear mapping L and
by P; the intersection of P with the image of the line x; = 0. Denote by d;
the length of P;. Then

di - |adj DF[(z) = [Qo| = |J(x, )]
So, since d; = ap Jo(x), for almost all : € Q\ Z, Z ={x € D : J(z,¢p) = 0},
we have (20|
€T, P
ap Jo(z) = ——————.
PIO) = Td D)

So, for an arbitrary compact set A’ C @} and almost all Y; C F;(Q) the
following inequality holds:

1A
B |0 Dl(x) o) i
-/ @) Tad DEI@) 1 @)

ol
- / () ap Jo(x) H(dz).
1A

Using the change of variable formula for the Lebesgue integral [2], we find

HY(f1(AY) < / u(y) H(dy) < +oo.
J

Therefore, the mapping ¢! is absolutely continuous on almost all lines in
D'and is weakly differentiable.
Since the homeomorphism ¢ possesses the Luzin N-property, the preimage

of a set of positive measure is a set of positive measure. Hence, for the volume
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derivative of the inverse mapping we have

e~ (B(y, )|
Jo-1(y) = lim ——————= >0
0= By )
almost everywhere in D’. So J(y,¢ 1) # 0 for almost all points y € D. The
integrability of the ¢’-distortion follows from the inequality

1D~ |(y) < |Dp()["H /] (, )]

which holds for almost all points y = ¢(x) € D'.
Indeed, with the help of the change of variable formula, we have

D/, (m) dy = ]3/<m>m|J(w_l)l §
< [(REh) ™ e

D

< /|D<p(a:)|q dr < 400
D

since ¢ belongs to L}(D) in view of Theorem 2.1.
The boundedness of the composition operator follows from the integrability
of p’-distortion [20]. O
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Extended L? Dirichlet Spaces

Niels Jacob and René L. Schilling

Abstract In order to develop a nonlinear LP potential theory for gener-
ators of Markov processes, we propose a definition of extended Dirichlet
spaces in an LP setting. We study these spaces in the context of general-
ized Bessel potential spaces which arise from the I'-transform of a given LP
sub-Markovian semigroup. First considerations on related variational capac-
ities are presented.

1 Introduction

Maz’ya’s research showed that capacities are an essential and powerful tool
in the study of Sobolev and related function spaces (cf. the important mono-
graph [18] by Maz’ya). A further seminal contribution of his was the initiation
of nonlinear potential theory (cf. the survey by Maz’ya and Khavin [19] and
the references therein).

Our interest in both topics grew out of investigations on Dirichlet forms.
Dirichlet spaces were originally introduced by Beurling and Deny [1, 2] as an
approach to potential theory based on the notion of energy. In the hands of
Fukushima [6] (cf. also [7, 10]) and Silverstein [22], Dirichlet forms became
central to stochastic analysis. The fact that with a regular Dirichlet space we
can associate a Hunt process and then base a stochastic calculus on Hilbert
space methods, led to unforseen progress in the 1970s and 1980s.

Niels Jacob
Department of Mathematics, Swansea University, Singleton Park, Swansea SA2 8PP, UK
e-mail: n. jacob@swansea.ac.uk

René L. Schilling
Technische Universitat Dresden, Institut fiir Stochastik, D-01062 Dresden, Germany
e-mail: rene.schilling@tu-dresden.de

A. Laptev (ed.), Around the Research of Viadimir Mazya I: Function Spaces, 221
International Mathematical Series 11, DOI 10.1007/978-1-4419-1341-8 9,
© Springer Science + Business Media, LLC 2010



222 N. Jacob and R.L. Schilling

The construction of a transition function when starting with a regular
Dirichlet form depends heavily on the notion of sets of capacity zero and the
existence of quasicontinuous modifications of elements in the given Dirichlet
space (€, F). The “usual” capacity is the variational capacity cap; 5(-) de-
fined with the help of the bilinear form &; (u,v) = E(u, v) + (u, v) 2. Despite
its enormous success and its generality, this approach has one obvious short-
coming: the existence of exceptional sets and, therefore, the lack of pointwise
notions.

The original approach of Beurling and Deny uses the functional space
generated in a certain sense by the form &£, whereas nowadays we start with
& on the domain of & := & + (-,-)2 which is always a subspace of L% In
some cases, especially in the case of transient Dirichlet forms, starting with
(E,F), F = D(&), the corresponding extended Dirichlet space Fe is studied
and is related to the original construction of Beurling and Deny.

In a series of papers, the authors, partially in co-authorship with Farkas
or Hoh, started to investigate systematically the LP-theory corresponding to
Dirichlet forms (cf. [4, 5, 11, 14, 15]). Our investigations were stimulated
by pioneering ideas of Malliavin [17], and, in particular, by Fukushima and
Kaneko [9, 16, 8], to get a better control on exceptional sets using (r,p)-
capacities. In this paper, we continue this line of research; we are especially
interested in LP versions of extended Dirichlet spaces. In order to achieve a
certain self-contained presentation, we discuss in Section 2 why an LP ap-
proach should lead to more regularity and a better control of exceptional
sets. In Section 3, we collect some results obtained so far and we include
some minor extensions. In Section 4, we give a definition of an extended LP
Dirichlet space and investigate some of its properties.

Our notation will be fairly standard or self-explanatory. In all other cases,
our basic reference text is the treatise [12].

2 The Case for an L?P Theory for Dirichlet Forms

Let (T})i>0 be a symmetric sub-Markovian semigroup on L?(X,m), where
X is a locally compact Hausdorff space and m is a Borel measure with full
support. We tacitly assume that all semigroups are strongly continuous and
contractive on the respective Banach spaces. We write (A4, D(A)) for the in-
finitesimal generator of the semigroup and (£, F) for the associated Dirichlet
form. As usual, F = D(&;), where & (u,v) = E(u,v) + (u,v)r2. Note that
Ti|r2nr» has for every p € (0,00) an extension to LP such that (T})i>0 is a
sub-Markovian semigroup on LP(X,m). Moreover, (T})¢>0 is, on each L?, an
analytic semigroup. A proof of the first result is given by Davies [3], and the
second result is due to Stein [23]. Combining both results yields
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T, (LP(X,m)) C (] D((=A)), (2.1)

k>1

where (A4, D(A)) denotes the generator of (1});>0 as semigroup in LP. It is im-
portant to observe that (2.1) reduces statements about T3 f, f € LP(X, m), to
statements about elements from (-, D((—A)*). In particular, if we happen
to know that we have an embedding D((—A)*0) — Cy(X) for some ko € N,
we find that f € LP(X, m) implies T} f € Cy(X). For any Borel set B € B(X)
with m(B) < oo, we conclude that the equivalence class of Ty1p € LP(X,m)
contains a unique, continuous representative; this means that we may define
a transition function

pi(x, B) :=Ty1g(x) for all =€ X. (2.2)

This enables us to construct a corresponding Markov process without any
exceptional set.

If X = R"™ and m is Lebesgue measure, we know that a large class of
(symmetric) pseudo-differential operators —q(x, D) generates sub-Markovian
semigroups. Quite often we have

D(q(z,D)*) = H"*(R"), (2.3)

where 9 : R™ — R is a fixed continuous negative definite function. If ¢ (&) >
¢o [€|Po for some constants cg, pp > 0 and sufficiently large values of €] > Ry,
Sobolev’s imbedding theorem implies that HY:2¥(R"™) C Cuo (R™) if k is large
enough. Recall that ¢ : R™ — R is a continuous negative definite function
if 1(0) > 0 and & — e~ () is, for each t > 0, positive definite in the usual
sense. Moreover, u is in the anisotropic Bessel potential space HY»*(R™),
s >0, if u € L*(R") and

i = [ 1+ (€ @O de < .

The inclusion (2.3) requires some regularity for the symbol z — —q(z,§) of
the generator —q(z, D); even in the case of differential operators this regular-
ity is not guaranteed and, indeed, it is of interest to reduce the regularity of
the “coefficients.” Nevertheless, in many cases where a second order elliptic
differential operator —L(z, D) in divergence form extends to a generator A
of an analytic LP sub-Markovian semigroup, we find that (-, D((-A)%) c
WhP(R™). If we work on a smooth domain G' and we subject —L(x, D) to
certain boundary conditions, we can get (1,5, D((—=A)*) c WhP(@G). Again,
a Sobolev type imbedding theorem yields for large enough p, ie., p > n,
WLP(R™) C Cp(R™) or WHP(G) C Cy(G). Similar results hold for more gen-
eral, nonlocal operators as is easily seen by combining subordination in the
sense of Bochner with complex interpolation results [13].
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It is clear that not all cases are covered by such an approach. In the next
section, we discuss how (r, p)-capacities can be used to improve the situation.

3 Bessel Potential Spaces and (r, p)-Capacities

We always denote by (T});>0 a strongly continuous, sub-Markovian contrac-
tion semigroup on LP(X,m) for some fixed p € (1,00). Its infinitesimal gen-
erator is denoted by (A, D(A)), and we assume that the dual semigroup
(T7)>0 is again sub-Markovian on the space L? (X, m) with p/ = 525 For
the generators we clearly have

/(Au)~vdm:/ u-A*vdm
X X

for all u € D(A) and v € D(A*) € L¥ (X, m). The I'-transform of (T});>o is
defined by the Bochner integral

1 <,
T)/ t2~ e ' Tyudt, we LP(X,m). (3.1)
5) Jo

Viu = F(

One way to read (3.1) is to see (V,)r>o as subordinate (in the sense of
Bochner) to (T})¢>0 (cf., for example, [20] or [4]). This makes it obvious
that (V,),>0 is a sub-Markovian semigroup on LP(X,m). Since the V, are
injective, we can define Bessel potential spaces by

Frp:=Vo(LP), |fll#., = llullzr, where f=V,u. (3.2)
From [4] we know that
Fop=D((1 =A%), Vi=(1=A7"2 |flz, =10-47f|L,

and we can show (cf. [5]) that for r € (0,1] and f € D(A)

1 T T T

SUEA flle + 1) < 1A= A flee < (A flle + 1) (3:3)
We now modify (3.1) by introducing a parameter A € (0, 1] so that

1 o0 r
Viau = )/ tzte M Tyudt, we LP(X,m). (3.4)
0

(s

Using A — A = A(1 — 1+ A) together with (3.3), we yield
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(=4 Flle + 2" 1 lle) < IO = A) Iz
< (”(_A)TfHLP + A" ”fHLP) (3.5)

W =

and deduce that the norms

[A=A)" e, [[(0=A)fllze, (A" Fllze + [ flle

are equivalent for all A > 0. It is clear that the comparison constants depend
on \. Consequently,

‘7:7',;0;)\ = ‘/;',A(Lp) - fr,pa ‘/7',>\ - (A - A)_T/Z' (36)

Later on, we are interested in the limiting case as A\ — 0.
Let us introduce the corresponding L? energy forms

VG0 = [T = A7) (A= Ay Pgdm, 0<A<1, (3)

where J, : LP — LV, % + 1% = 1, is the duality map induced by
Jp(z) = z|z|P~2 We use the shorthand 5/(\T’p)(f) = Ey’p)(ﬁ f) for the di-
agonal terms. Note that 5)(\r’p) is for A > 0 and (r,p) # (1,2) different from
ETP) 4 \(-,-)», but (3.5) guarantees that Sf\r’p)(f) and ETP)(f) + || fI12,
are always comparable. As domain of E;T’p) we choose F,. ,. Because of (3.5),
Eér’p ) is indeed defined on Frp but it could well be possible to define S(gr’p )
for elements f with f ¢ L?(X,m), hence f & F, .

For A\ > 0 the functional 5/(\7"17 ) is strictly convex, coercive, and Gateaux
differentiable. The Gateaux derivative at f € F, , is given by

AR = A= A2 (|0 =272 = Ay 2r)(3)

.p
monotone and for every unbounded set coercive. However, the constant in

the uniform monotonicity estimate depends on A. More precisely,

(cf. [11]). As in [11], one can show that Ag/{ s Frp — Fi, is uniformly

\

(AR = AR, 1=a), =27 [ 3= a7 = g)dm

> W If =il

In addition, A,(f’ >)\ is hemicontinuous.

We are maifﬂy interested in the case where p is large. Without loss of
generality, we will, from now on, assume that p > 2. For open sets G C X
we define
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(G ={feF,: f>1lg mae} (3.9)
and the capacity

cap, , »(G) = inf {EVP(f) = felp(G)}. (3.10)
For arbitrary A C X
cap,., y(A) := inf {cap, , ,(G) : G open and A C G}

then defines a Choquet capacity. Using standard arguments [9], one proves

Theorem 3.1. For2 < p < oo and every open set G C X with cap,. , \(G) <
oo there exists a unique equilibrium potential fa x € Frp such that fax > 1a
m-a.e. and

Capr,p,)\(G) = ||fG,A||fr,p'

Moreover, there exists a unique ug,x € LP(X,m), ugx = 0 m-a.e., with
fax = Viauga.

The equilibrium potential is characterized (cf. [11]) by the following in-
equalities

<Afﬁfc,>\, ¢ — fG,A>L2 >0 forall ¢ €I, ,(G)
or, equivalently,

EP(far, o — fax) =0 forall ¢ eI, ,(G).

Following [19], we introduce the nonlinear potential operator

UR = (AR Fy = Frp

p

which is given by

URw = Vo (Viyul” =2 Vo). (3.11)

T?

It follows (cf. [11]) that fax = URuc,x-

Definition 3.1. We say that F,., has the truncation property if all Lipschitz
continuous functions ¢ with Lipschitz constant 1 operate on 7., and do not
increase the 7, , norm, i.e., if for all f € F,,,

B(f) € Frp and ETPHD(f) + [|D(F)70 <ETP(F) + 1 £]17-

Note that F, , always has the truncation property for » < 1. As in [11],
we deduce that
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cap,., \(G) = Ef\Ti’p)(f(;’A, ¢) for all ¢ € F,, with ¢|¢ =1 m-a.e.

With the techniques from [14] it is possible to investigate the relation of

cap,.,, » to other capacities associated with (7})>0 or L{T(f’ ).

The following monotonicity result was (with A = 1) proved by Fukushima
and Kaneko [9]

cap,., y(A) < capg , 1 (A4) forallr <sand p<gq. (3.12)

Kaneko [16] (cf. also [12, Vol. 3]) succeeded to associate Hunt processes with
certain LP sub-Markovian semigroups. In this construction, exceptional sets
are measured in terms of (r, p)-capacities. For large values of p it may hap-
pen that cap, ,(A) = 0 already implies that A = @. This means that no
exceptional sets enter at all in the construction of a process. Again we see
that the L? approach leads to higher regularity results and allows us to avoid
exceptional sets.

4 Extended LP-Dirichlet Spaces

For f,g € F,, we know that
lim g(r,p) g(r,p) ) 4.1
A 1 0 A (fa g) 0 (.fa Q) ( )

Note that Eér’p)(ﬂg) need not be a definite form and it might be happen
that (for some extension)

(—A)"/2f e LP(X,m) while f¢& LP(X,m).

In fact, any homogeneous second order elliptic differential operator on R™
with constant coefficients has a kernel that contains all constant and all lin-
ear functions on R™ which are both not in LP(R"™, dz). For p = 2, and any
symmetric bilinear form on L?(X,m) given by a Beurling-Deny representa-
tion without killing and local terms,

E(frg) = //X (@t = @) oo +) — 9(@) Tz dy). (42

we find, that £ is well defined and zero for all constant functions—but these
are not in L*(X,m) unless m(X) < oo. Thus, it is a reasonable question
to find and to investigate Eér’p ) on its natural domain. Whenever Frp is
contained in an “exterior world,” this becomes a bit easier. For example,
consider all measurable functions u for which Eér’p ) (u, u) is finite. In the case
of translation invariant forms on L?(R", dx) which are uniquely determined
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by some negative definite 1, natural candidates would be all v € §’(R™) such
that /|| u € L*(R", dx).

In this section, we want to construct the LP analogue of an extended
Dirichlet space using the classical approach as in [7] or [10]. This means we
start with elements in F,, and construct a suitable space of measurable

functions onto which we extend Sér’p )
Let (T};)i>0 and (A, D(A)) be as in Section 3. Assume that r € (0, 1] and
2 < p < co. Note that —(—A)" generates for every r € (0,1] again a sub-

Markovian semigroup, and we write (ﬁ—l— (—A)T/z) 71, B > 0, for the resolvent

operators of the square roots —(—A)"/2. These operators coincide with the
I'-transforms V,. 3 of the semigroup generated by —(—A)" (cf. (3.4)). It is

well known that (3 + (—A)T/z)f1 can be represented as
oy —1
(5+(=7") " ute) = [ uly) po o)

with a sub-Markovian kernel SBpg ,(z,dy). In particular, (ﬂ + (—A)T/2)71
extends to L>°(X,m) (cf., for example, [21]). Consider the Yosida approxi-
mation of (—A)"/2,
” T T -1 T -1
()% = BA) (B4 (~A) )T = 5= (5 + (-4)7?)

which we can rewrite in the form

(—ayy?f 5/ ) Bosur (2, dy) + B(1L - Bos. (e, X)) ().
(4.3)

This shows, in particular, that we can define (—A);/2 on L*>(X,m) and not
only on LP(X,m). As in [10, (1.3.16)], we introduce on F, ,

g B)(f,g) = /Jp((—A)Z/Qf) (=A)Pgdm, fg€F,  (44)
In particular, we have

Erp)B)(f) .= grp)B)(f, f)

/ r/2 dm

= [ ]o [ 50 - 1) 802t ay)| midz)
= ||I(- Z/QfHLp

Lemma 4.1. For f € F,., and all 0 < 3 < a < oo we have
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EmpLB) 5y < £rph(@) (),
In particular,

ECN(f) = lim T () = supErPOf € o) (45)

is well defined.
Proof. On F,,, we have

(A= B3+ (-A)%) 7 (-Ay /2,

Since B(B+(—A)™/?) “isan LP contraction, we conclude that &P ( f) <
EMP)(f) < 0.
For o > 3 we find

(~A)* = B=AY (B + (-4
=Lk Ay o Ay A,

Moreover, we have for the LP-LP operator norm

12 (@r carmyes car || = 2 fla- o6+ arm) ]
<2 (@-mg+1)=1,

which proves the monotonicity of 3+ £ P):(B)(f).

Since (—A)g/ % is the Yosida approximation of the operator (—A)"/2, we
know that
L-lim(=A){*f = (~A)"*f
for all f € F,,. This proves (4.5). O

Since we can extend (—A);/2 to L>(X,m), we can define

Dy, = {u € L®(X,m) : supErP) Py < oo}
B>0

and extend £"P) from F, , N L= (X, m) onto D, , by

ErP (y) .= sup PP (u),  weD,,.
>0

In order to proceed, we need the notion of bounded pointwise convergence,
bp-convergence. We say that a sequence (f;);en of functions f; : X — R
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converges boundedly pointwise to a function f : X — R if sup,cy[fj(@)] <
¢ < oo for every x € X and lim;_ f; = f m-a.e. We use f; _b—p> fasa

Jj—00
shorthand.

Definition 4.1. The space F; bp consists of all measurable functions f : X — R

with the property that there is a sequence (f;)jen C Frp which is an £mp)
Cauchy sequence and which converges in bp-sense to f, i.e.,

lim 5(T’p)(f fu)=0 and f; —— f.

j,k—00 Jj—0o0

Any such sequence (f;);en is called an approzimating sequence of f € ]—'}37‘;).
We can now define a first extension of ("), F,. ). Since all elements of
F; bp are bounded functions, this is yet an intermediate step.

Theorem 4.1. Let f € FP

s and let (f;)jen C Fpp be any approzimating
sequence. Then

lim £P)(f;) (4.6)

J—00

exists and does not depend on the choice of the approximating sequence.

In particular, fff; C D,, and (4.6) defines an extension of EMP) onto
.7-"}?‘1’, which again is denoted by EP).

Proof. Let f € .7:7[?;’), and let (f;);jen be an approximating sequence. Then we
have

£ (1) — £ (5)V| = AT gL~ A28l

<A = £l
= £0D(f; - fi)7.

Since (f;);en is an £P) Cauchy sequence, we conclude that (£P)(f;));en
is a Cauchy sequence in R and ((fA)”/ij)jeN is a Cauchy sequence in
LP(X,m). This shows that both limits

lim £MP)(f;) and LP- lim (—A)™/2f;

Jj—00 Jj—o0

exist. Using the definition of bp-convergence we can adapt the argument of
[10, pp. 35-6]. By dominated convergence, we get

(Jim fe) = Jim (3 (473" g

which implies

A (i ) = i (e
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Let K C X be compact. Consider LP(K) := LP(X,1x - m) as a subspace of
LP(X) = LP(X,m). Using the Fatou lemma, we get

[ = DLy = N6 = Jlim )
= || kllr{)lo(—A)g/Q (fi — fk)HLP(K)
< liminf H(—A);/2 (f5 = Pl Loy

<liminf [|(=A)"2(f; = fi) | 1o )

For the last estimate we use that f;, fi € F,.p and 8(3 + (—A)T’/Q)_1 is a
contraction on LP(X). This shows that for every ¢ > 0 we can find some
N, € N such that

1A (f = Pll oy € forall G Ne.

Since N, does not depend on § or K, we can use the monotone convergence
theorem to arrive at

1575 = Doy = 358 1A = Dl oy <
for all B8 > 0, 7 > N.. This, in turn, shows that

sup |(~A)52(f; — )|y < forall j =N,
B8>0

and we conclude that f;, f € D, ,. By the definition of D,.,,, we find for the
extension of £P) to D,., that

0 (fy = )= i A= D)y <€ Torall 2 N

implying that lim;_ ., ETP)(f; — f) = 0, ie., limj_ o ETP)(f;) does not
depend on the approximating sequence and (4.6) defines an extension of
Erp) to FPP. O

Corollary 4.1. F,, N L>(X,m) = FP N LP(X,m).

Proof. The inclusion F,., N L>(X, m) C .7-'7?";, N LP(X,m) is obvious.

Conversely, we pick f € ]—“Ej;) NLP(X,m). Let (f;)jen be an approximating
sequence. Since (fj);en is an & (rP) Cauchy sequence, we see from the very
definition that lim;_,(—A)™/2f; = w in LP(X,m). Since B(3 + (—A)T/Q)f1
is a bounded operator on LP(X,m), we get

LP- lim (—A)2B(8 + (~A)"7) 7 f; = BB+ (—4)7*)

J—0
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On the other hand, we can use the integral representation (4.3) of (fA);/2 =

(—A)2B(B8+ (—A)™/?) ~ and find from bp-convergence and the dominated
convergence theorem that

lim (—A)"726(6 + (—A4)"/?) ™" f;(x)

— lim [ﬂ [ @) = 550) o o ) + (1 = s, 0) 5 (0)
X

= IB/X (f(x) - f(y)) 5P5,r($7dy) + 5(1 - pB,r($7X))f(x)
= (—A)2B(8+ (—A)?) 7 f(a).

Since f € LP(X,m), the last expression makes sense and we get ﬁ(ﬁ +

(—A)T/Q)_lw = (-A)?3(8 + (—A)T/Q)_lf almost everywhere. Conse-
quently,

Jim (=AY 23(B+ (—A)/2) 7 f = Jim BB+ (—A)) w=w

in LP(X,m), and our claim follows from the closedness of the operator
(—A)™/? and the simple observation that f € D((—A)"/?) = F,, if and only
if (—A)g/zf = (A2 (B + (—A)T/Q)_lf converges in L? as 3 — oo. O

The following theorem contains a further characterization of 729

Theorem 4.2.
.7-"}.’72’) = {f : X — R: f is measurable,

” b
3(fj)jen © Frps supECD(f;) < 00, f; 2 f1.
JEN J—oo

Proof. Since an £"P) Cauchy sequence is bounded, Fr bp is clearly included in
the set on the right-hand side. Conversely, let ( f]) geN C Frp be a sequence
such that

supé’(r’p)(fj) =c<oo and fj _be I

JEN
By the definition of bp-convergence, we have sup; ||fjllr~ < . Since
EWP(f;) = |lv;||P, where v; = (—A)"/2f;, the Banach-Alaoglu theorem
shows that there is a subsequence (vy(x))ren converging weakly in LP(X,m)
to some v € LP(X,m). By the Banach-Saks theorem, we find that the Cesaro

means
k
k—oo
SHNTES

??‘I»—t

Un(k) *
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converge strongly to v. With g := %Z?Zl In(j) we find (—A) g, = Un (k)
as well as

1 k
ECP (g)VP = ||(=A)2gi| ., < Z Z "2 i) | o

?vl»—‘
:rl»—‘

zk: (r,p) f()l/p zk: e — ol/p

By construction, gi € F,, and

k{— o0

5("‘ap)(gk — ge) = ||Un(k) - un(@)”ip —0.

It is obvious that the Cesaro means g; inherit the bp-convergence from the
sequence (f;)jen,

k k
1 1
x| = Eij(lﬂ EZHfjHLw <
j=1 1
and
1 ~ k—)oo
Thus, f € F, ), with approximating sequence (gg)gen- |

Remark 4.1. If we write F, for the “usual” extended L? Dirichlet space as in
[10], then it is not hard to see that Fe N L™ (X, m) = .7-"{’?2. This means that
our extension is compatible with the traditional setup.

So far, all functions f € ]—"ﬁ’f; are necessarily bounded. In order to abandon
this technical condition, we use a truncation technique. For this we need to
assume that F,, has the truncation property (cf. Definition 3.1). This is
always the case where r < 1. We define for any measurable function f and
all ¢ > 0 the truncation operator @, by

O.f(x) := (=) V f(z) Ne. (4.7)
Definition 4.2. The extended Dirichlet space of (E(T’p),]-—np) is given by

Frp = {f : X — R: f is measurable,

O,f € fff;, jeN, and sup8(7"p)(@jf) < oo}.
JEN

Note that £P) is defined on fﬁ‘;. Since ©;0,11f = O, f, we find
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PO, f) = ETP(0;0,41f) < ETP(O;41]),

which allows us to extend £"P) onto Frpb

EMP(f) :=sup EMP(O;f) = lim ETP(O;f). (4.8)
jGN J—00

The next result states that our construction coincides with the “usual” defi-
nition of an extended Dirichlet space in L2.

Theorem 4.3. The extended Dirichlet space Fy, consists of all measurable
functions f: X — R which admit an appro:mmatmg sequence (fj)jen C Frp
such that

]"00

i 25 F ae and sup ETP(f;) < oc. (4.9)

jEN
Proof. Assume that f satisfies the conditions stated in the theorem for some
approximating sequence (f;)jen C Fpp,. By assumption, O f; € F,, and,
. . b
since lim; .o O f; = O f ae. and |Of;| < k, we know that O f; N
j—o0

Oy f. Because of the truncation property, E(T’p)(ékfj) < 5(””))(]”]-) for all k.
Thus, O f € ]—'2‘;. Moreover, limy_,o, O f = f a.e. and

ErPN Oy f) = lim PO, f;) < liminf ETP)(f;) < sup ETP)(f;) < oo,
J—oo J—o0 jEN

where we used (4.9) for the last estimate. This shows that f € F7
Conversely, let f € F7 . By definition, O f € .7-"7137% for all k € N. Therefore,
we can find for each k E N a sequence (gk’J) ien C Frp such that

4lim 9k,j = @/Cf, ,lim g(r,p) (ng) = g(r,p) (Qkf)
J—00 Jj—00

For k € N fixed we can select subsequences (gx, j(n))nen C (9k,j)jen such that
g (Gr,j(n)) — Err @, <27F forall n>k.

The diagonal sequence (Gk,j (k) ) ken satisfies gy, jxy € Frp and limg oo gi (k) =
[ a.e. Since f € F7 , we find for every k € N

5(T’p)(9k,j(k)) < sup £ (g ()

n>k

Ssup | TP (gh jn) — EVPORS)| + ETP (O )

<27F 4 sup EMP (O, f) < o0
keN

This shows that f has an approximating sequence which satisfies the condi-
tions stated in (4.9). O
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Remark 4.2. The Banach—Saks argument used in the proof of Theorem 4.2
shows that we may replace (4.9) in Theorem 4.3 by the seemingly stronger
assertion

fi 25 f ae.and  lim ETP(f; — fr) = 0. (4.9

J,k—o00

Corollary 4.2. We have F¢ , N LP(X,m) = F, .

Proof. The inclusion F,., C F: ,NLP(X, m) is obvious. Assume that f € 77,
as well as f € LP(X,m). By the definition of the extended Dirichlet space
(cf. Definition 4.2), we know that ©;f € FFP and sup;cy EMP(O;f) < oo.
The Banach-Saks argument used in the proof of Theorem 4.2 shows that the
Cesaro means of some subsequence (O;)f)ren C (O f;)jen,

1 n
Ynf = -~ ; Oy fs

are an £("P) Cauchy sequence.

On the other hand, f € LP(X,m) implies that both ©;f and X, f con-
verge in LP(X,m) to f. Moreover, as O;f € LP(X,m), we get O;f €
FPP N LP(X,m) and, by Corollary 4.1, O; f € Fy. .

Thus, X, f € F,, which tells us that

lim ||(=A4)"2(Zef = Zuf) = lim ECP(Zpf - 2nf) =0.

£,n—o0

Since LP-lim,, oo X, f = f and (—A)"/? is a closed operator, we finally see
that f € D((—A)"/?) = F,,. 0

5 The Limiting Case A — 0 and Transience

For A > 0 and f € F, , we find from [5, Proposition 1.4.9 and Remark 1.4.11]
that

() — ()

= Il = 27, = =472,

1T =472 = (A7) |,
X f e,

<
<

and therefore limy o E("7)(f) = ErP)(f) for all f € F,.
Moreover, it is easy to see that for all f from the domain of (A — A)"/2

and Agp ; respectively
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(A= A)72p 220 (cay g AR 2T A

Here, A" is defined on Fr.p by
Aﬁp)f _ (7A*)r/2 ° Jp o (7A)T/2f _ (7A*)r/2(|(7A)r/2f|p*2 . (—A)T/zf)

A close inspection of the proof of Lemma 2.1 in [11] reveals that the operator
AP is on F,, the Gateaux derivative of the functional

l—)l _ A\T/2 £|P
s pAKA)ﬂdm

If we switch to the extension F7 , and try to extend the considerations made

for (El(\r’p),fnp) in Section 3 to (5(“”),7-";“‘71,), we run into a problem: f —

(E(T*p)(f))l/p need not be definite for f € F7 . To overcome this problem,
we recall the notion of transience [15].

Definition 5.1. The form (£™P) F, ) is said to be transient if there exists
some G € L'(X,m) such that G > 0 m-a.e. and

P
U FiE de] <EWP(f) forall fe Frp.
b's
For a transient form (£(P), Frp) and f,g € F,p, we get
(ACDf— AP g [ —g) > 220 E0D(f - ) > 2270 f — g, G (5.1)

This shows that AP : Frp — Fi

rp
E(rP)  coercive on unbounded sets, and convex.

Because of transience, f — £"P)(f) is a norm on Fe, and (Fg,,EP)) is
a Banach space. Therefore, all properties of A?) on Frp still hold on F7 .
In particular, the minimization problem

is uniformly monotone with respect to

Find for an open set G C R™
cap;,(G) = inf {ETP)(f) = [ € IF,(G)}, (5.2)
where I'F (G) = {ue F, s u>1g m-a.e.}

can now be treated with variational methods in the F7 -context in exactly
the same way as we could solve (3.9), (3.10) for F;. . Since I5.,(G) C I ,(G),
we have

cap;. ,(G) < li{\n_iglf cap,., »(G). (5.3)
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At the moment, however, it is an open problem to find conditions which allow
us to extend Fukushima’s construction of a Markov process associated with a
regular Dirichlet form to the case (£(P), Fr ) with capf , as related capacity.
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Characterizations for the Hardy
Inequality

Juha Kinnunen and Riikka Korte

Abstract Necessary and sufficient conditions for the validity of a multidi-
mensional version of the Hardy inequality are discussed. A characterization
through a boundary Poincaré inequality is considered.

1 Introduction

We discuss necessary and sufficient conditions for the validity of the following
multidimensional version of the Hardy inequality. Let {2 be an open subset
of R", and let 1 < p < co. We say that the p-Hardy inequality holds in (2 if
there is a uniform constant cg such that

/, ('?Eﬁ;')p da < en [ [Vula)l do (L1)

for all u € W, *(£2), where §(z) = dist(z, d12).

By density arguments, it suffices to consider (1.1) for compactly supported
smooth functions u € C§°(£2).

Sufficient Lipschitz and Holder type boundary conditions under which the
Hardy inequality holds were obtained by Necas [41], Kufner [26], Kufner and
Opic [42]. In [37, Chapter 2], Maz’ya gave capacitary characterizations of
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the Hardy inequality (cf. Section 2). Ancona [2] in the case p = 2, n > 2,
Lewis [31], and Wannebo [49] in the case p > 1, n > 2 proved that the Hardy
inequality holds if the complement of {2 satisfies the uniform capacity density
condition

cap,, ((R" \ 2)N B(z,r), B(x, 27‘)) > cr cap, (E(:E,r), Bz, 27")) (1.2)

for all z € R™\ 2 and r > 0. The definition and properties of variational
capacity can be found in [37, Chapter 2] or [16, Chapter 2]. If (1.2) holds, we
say that R™\ 2 is uniformly p-thick or p-fat.

The class of open sets whose complements satisfy the uniform capacity
density condition is relatively large. Every nonempty R™ \ {2 is uniformly
p-thick for p > n, and hence the condition is nontrivial only if p < n. In
particular, in the case p > n, the Hardy inequality holds for every proper
open subset of R”. Hence it suffices to consider the case 1 < p < n.

The capacity density condition has several applications in the theory of
partial differential equations. It is stronger than the Wiener criterion

=0

/1 (capp (R™\ 2) N B(z,7), B(z,2r)) > Y=y dr
0 Capp (E(ZL’, 7"), B(.’E, 27")) r

characterizing regular boundary points for the Dirichlet problem for the p-
Laplace equation. Sufficiency was proved by Maz’ya [36] and necessity was
established by Lindqvist and Martio [32] in the case p > n — 1 and by
Kilpeldinen and Maly [19] in the case 1 < p < n.

Hajlasz [13] showed that the capacity density condition is sufficient for
the validity of a pointwise version of the Hardy inequality, in terms of the
Hardy—Littlewood maximal function. A similar result was also obtained in
[21]. Recently Lehrbéck [27] showed that the pointwise Hardy inequality is
equivalent to the uniform thickness of the complement (cf. also [22]).

In this paper, we also consider a characterization through a boundary
Poincaré inequality.

In the bordeline case p = n, there are several characterizations of the
Hardy inequality. In this case, rather surprisingly, certain analytic, metric,
and geometric conditions turn out to be equivalent. Ancona [2] proved that
uniform p-thickness is also necessary for the validity of the Hardy inequality
when p = n = 2, and Lewis [31] generalized this result for p = n > 2.
Sugawa [46] proved that, in the case p = n = 2, the Hardy inequality is
equivalent to the uniform perfectness of the complement. This result was
recently generalized [23] for other values of n.

We outline the main points of the argument in this work and discuss other
characterizations of Hardy inequalities in the borderline case.

The following variational problem is naturally related to the p-Hardy in-
equality. Consider the Rayleigh quotient
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)\p:)\p(()):inf{[/ﬂWu(m)pdaz]/ /Q<|§Eg|>p do } (1.3)

where the infimum is taken over all u € W, *(£2). Note that \,(£2) > 0 if and

only if the p-Hardy inequality holds in {2. This approach have attracted a lot

of attention (cf., for example, [3, 4, 5, 7, 8, 33, 34, 12, 35, 43, 45, 44, 47, 48]).
Hardy [14, 15] observed that, in the one-dimensional case,

Ap = (1=1/p)?
and the minimum is not attained in (1.3) In higher dimensions, the constant

Ap generally depends on p and (2.

Note that u € WyP(£2) is a minimizer of (1.3) if and only if it is a weak
solution to the nonlinear eigenvalue problem

|u(z) [P~ 2u(x)

div(|VU(I)|p72VU($)) +Ap 5(z)p

= 0. (1.4)

Ancona [2] characterized the Hardy inequality for p = 2 via supersolutions,
called strong barriers of (1.4). In this paper, we generalize this characteriza-
tion for other values of p.

We also consider the selfimproving phenomena related to the Hardy in-
equalities. It is easy to see that if R™ \ (2 is uniformly p-thick, then it is
uniformly ¢-thick for every g > p as well. Lewis [31] showed that p-thickness
has a deep selfimproving property: p-thickness implies the same condition for
some smaller value of p. For another proof we refer to [40].

The Hardy inequality is selfimproving as well. Indeed, as Koskela and
Zhong [25] showed, if the Hardy inequality holds for some value of p, then it
also holds for other sufficiently close values of p. In contrast with the capacity
density condition, the Hardy inequality can fail for some values of p. Indeed,
in a punctured ball, the p-Hardy inequality holds for p # n and does not hold
for p = n. More generally, as was shown in [25], the Hardy inequality cannot
hold if the boundary contains (n — p)-dimensional parts. Roughly speaking,
the Hardy inequality can hold if the complement of the domain is either large
or small in a neighborhood of each boundary point.

Many arguments related to the Hardy inequality are based on general
principles and some of them apply on metric measure spaces (cf. [6, 18, 23,
22]). The Hardy inequalities are studied in Carnot—Carathéodory spaces [11]
and in Orlicz—Sobolev spaces [9, 10].

2 Maz’ya Type Characterization

In this section, we describe a characterization of the Hardy inequality in terms
of inequalities connecting measures and capacities. Recall the definition of
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variational capacity. Let {2 be an open subset of R™, and let K be a compact
subset of 2. The variational p-capacity of K with respect to {2 is defined as
follows:

cap, (K, 2) = inf/ [Vu(z)|P dz,
Q

where the infimum is taken over all u € C§°(£2) such that u(z) > 1 for every
x € K. The same quantity is obtained if the infimum is taken over compactly
supported continuous functions in W, ”(§2) instead of smooth functions.

The proof the following result is based on an elegant truncation argument
[37, p.110] (cf. [37, Chapter 2] and [38] for more information about such
characterizations and [39, 20] for generalizations).

Theorem 2.1. An open set 2 satisfies the p-Hardy inequality if and only if
there is a constant cps such that

/ d(x)"P dx < epr cap, (K, 2) (2.1)
K

for every compact subset K of §2.

Proof. Assume that the p-Hardy inequality holds in 2. Let v € C§°(£2) be
such that u(z) > 1 for every z € K. By (1.1),

/Ka(x)*pdxg/ﬂ ('ggg')p dxch/Q\vu(x)\de.

Taking the infimum over all such functions u, we obtain (2.1) with ¢ = ¢y

Then assume that (2.1) holds. By a density argument it is enough to prove
(1.1) for compactly supported smooth functions in 2. Let u € C5°(£2). For
k € Z denote

Ep={x € 2:|u(x) > 2"
By (2.1), we have

/Q <|Z((g|>p s kiof(’““h? /Ek\Ek+1 §(x)"Pdx

<cem Z 2(k+1p cap,(Ex, 2) < ea2? Z 2(k+1)p cap,(Ex41, Er).
k=—oc k=—o0
Introduce uy, : £2 — [0,1] as
1 it |u(z)] = 28,
ug(r) = @)l _ 1 if 2k < Ju(z)| < 28+,

2k
0 if  |u(z)| < 2F.
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Then uy, € Wol’p(Q) is a continuous function, uy = 1 in Ey41, and uy = 0 in
R™\ E). Therefore, we can apply take it for a test function for the capacity:

cap,(Er41, Bx) < / [V (z)|P de < 2"”“/ |Vu(z)|P d.
Ex\Eg41 Ex\Eg+1
Consequently,
> 2 reap,BunB) <2 Y. [ Vu@)Pds
k=—o0 k=—oc0 Ek\Ek+1
= 2p/ [Vu(z)|P dz,
Q
and the claim follows with ¢y = 2%P¢y,. a

Remark 2.1. A result of Koskela and Zhong [25] shows that the Hardy in-
equality is an open ended condition in the following sense: If the Hardy
inequality holds in {2 for some 1 < p < 0o, then there exists € > 0 such that
the Hardy inequality holds in 2 for every ¢ with p —e < ¢ < p + ¢ (relative
the weighted case cf. [24]). This implies that the Maz’ya type condition (2.1)
is an open ended condition as well. Indeed, if (2.1) holds, then there are ¢ > 0
and € > 0 such that

/ 0(z)"Tdx < ¢ cap, (K, 2)
K

forall g withp—e <qg<p+e.

3 The Capacity Density Condition

In this section, we consider a sufficient condition for the Hardy inequality in
terms of the uniform thickness of complements (cf. (1.2)). The capacity den-
sity condition has a deep selfimproving property, essential in many aspects.
The following result is due to Lewis [31, Theorem 1] (cf. also [2] and [40,
Section 8]).

Theorem 3.1. If R™\ {2 is uniformly p-thick, then there is ¢ < p such that
R™\ 2 is uniformly g-thick.

Assume that R™ \ 2 is uniformly p-thick. Let u € C§°(§2). Denote
A= {y € B(x,r) :u(y) = O}.

By a capacitary version of a Poincaré type inequality, there is ¢ = c¢(n,p)
such that
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( 1
|B(l‘, ’I“)| B(z,r)

1/p
c
< — \Y Pd
(capp (AN B(z,r), B(z,2r)) /B(m,r) [Vl y)

1/p
1 P
<ecr (W [Vu(y)| dy) . (3.1)

B(z,r)

()l dy)

N

Such inequalities were studied in [37, Chapter 10] (cf. also [1, Chapter 8]).
We also need the equality [37, Section 2.2.4]

cap,, (E(m, r), B(x, 2r)) =cr" P,

where ¢ = ¢(n, p)
The inequality (3.1) implies the pointwise estimate

1/
u(z)| < ¢d(@)(Mo(|Vul?)(z)) " (3.2)
for every x € 2 with ¢ = ¢(n, p). The restricted Hardy—Littlewood maximal
function is defined as

Mg f(x) = sup |f(y)| dy,

|B(I7 T)‘ B(z,r)

where the supremum is taken over r > 0 such that r < 26(x). Such pointwise
Hardy inequalities were considered in [13, 21] (cf. also [11, 24]). By Theorem
3.1, the pointwise Hardy inequality (3.2) also holds for some ¢ < p. Inte-
grating this inequality over {2 and using the maximal function theorem, we
have

/.Q (Zg')p dr < C/Q (Mﬁ(|vu|q)($))p/q dr < C/Q |Vu(x)|P do

for every u € C§°(£2) with ¢ = ¢(n,p, q).

This proof relies heavily on a rather deep Theorem 3.1. Wannebo [49]
gave a more direct proof in the case where the complement of the domain
is uniformly thick (cf. also [50, 51, 52]). Following to Wannebo, one should
first use a Poincaré type inequality (3.4) and the a Whitney type covering
argument to show that

lu(z)P do < 2+ / V(@) d

/{zenz2k1<6(x)<2k} {z€2:5(z)<2-F+1}

for every k € Z. Multiplying both sides by d(z)?~?, with 3 > 0, and sum-
ming up over k, we obtain the weighted Hardy inequality
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| i< [ Bt a (33

Applying this inequality to
u(@)d(a)/?

with sufficiently small 5 > 0, we obtain the unweighted p-Hardy inequality.
Weighted Hardy inequalities were also studied in [30, 28, 29].

The pointwise Hardy inequality is not equivalent to the Hardy inequality.
For example, the punctured ball satisfies the pointwise Hardy inequality only
if p > n, whereas the usual Hardy inequality holds for 1 < p < n. A recent
result of Lehrbéck [27] shows that uniform thickness is not only sufficient,
but also necessary for the pointwise Hardy inequality. Before formulating the
result, we recall a definition from [27]. An open set {2 in R” satisfies an inner
boundary density condition with exponent « if there exists a constant ¢ > 0
such that

HS (B(x,26(x)) NO82) = co(x)®

for every z € (2. Here,

HO (E) {eré Ec|/ B(xi,m)}

=1 i=1

is the spherical Hausdorff content of a set . We formulate the main result
of [27].

Theorem 3.2. The following conditions are equivalent:
(1) The set R™\ §2 is uniformly p-thick.
(2) The set 2 satisfies the pointwise Hardy inequality with some q < p.

(3) There exists a withn—p < o < n so that {2 satisfies the inner boundary
density condition with exponent .

Note that if conditions (1)—(3) hold for some parameter, then they also
hold for all larger parameters. However, the Hardy inequality does not share
this property with them.

Remark 3.1. A recent result of [22] shows that condition (2) in Theorem
3.2 can be replaced with the pointwise p-Hardy inequality. By Theorem 3.1,
the pointwise p-Hardy inequality implies the pointwise ¢-Hardy inequality for
some g < p. This means that the pointwise Hardy inequality is a selfimproving
property. It would be interesting to obtain a direct proof, without the use of
Theorem 3.1, for this selfimproving result.

We present yet another characterization of uniform thickness through a
boundary Poincaré inequality of type (3.1).

Theorem 3.3. The set R™\ §2 is uniformly p-thick if and only if
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/B L Py <er / Vuly)P? dy (3.4)

B(z,r)
for every x € R™\ 2 and u € C§°(12).

Proof. The uniform p-thickness implies (3.4) by the capacitary version of the
Poincaré inequality (3.1).

To prove the reverse implication, let u € C§°(B(x, 2r)) be such that u(z) =
1 for every z € (R™\ 2) N B(x,r). If

1
WPdy > —,
.’IJT‘/2|/ w’r/2) | vz 2[)

then, by the standard Poincaré inequality, we have

1
wlB@rl<e [ jurdeer [ [wu)rdy,
B(x,2r)

B(x,2r)

which implies
[ vutpay e,
B(xz,2r)

Assume that

1
)P d
xr/2|/zr/2) | y<2p

It is clear that

|[B(x,r/2)] < 2p1< / lu(y)l” dy+/ 11— u(y)l dy)
B(z,r/2) B(z,r/2)

and, consequently,

/ 11— u(y)P dy > 27| B(a,r/2)| - / ()P dy > e
B(z,r/2) B(z,r/2)

Let v = (1 — u)p, where ¢ € C5°(B(z,r)) is a cutoff function such that
¢ =11in B(z,r/2). Then v € C§°(£2) and, by (3.4), we have

/ 1~ u(y)lP dy = / ()P dy < cr? / Vo(y)IP dy
B(z,r/2) B(z,r/2) B(z,r/2)

SCW/‘ [Vu(y)|? dy.
B(x,2r)

It follows that

Vu(y)P dy = cr™".
B(x,2r)
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Taking the infimum over all such functions u, we conclude that

Ca,((R*\ 2) N B(z,r), B(z,2r)) > cr" .
Hence (2 is uniformly p-thick. a0

Remark 3.2. Again, by Theorem 3.1, we conclude that the boundary Poincaré
inequality 3.4 implies the same inequality for some ¢ < p. Hence the boundary
Poincaré inequality is a selfimproving property.

4 Characterizations in the Borderline Case

In the borderline case p = n, there are several characterizations for the Hardy
inequality. We begin with the following metric definition. A set R™ \ (2 is
uniformly perfect if it contains more than one point and there is a constant
cp = 1 such that for any x € R™\ 2 and r > 0

R™\ 2) N (B(z,cpr) \ B(z,r)) # 2,

whenever (R"\ 2)\ B(z,cpr) # @ (cf. [17, 46] for details).

We give four variants of characterization for the Hardy inequality in the
borderline case. Needless to say that by Theorem 2.1, Theorem 3.2, and
Theorem 3.3 we have four more characterizations.

Theorem 4.1. The following conditions are quantitatively equivalent:
(1) £2 satisfies the n-Hardy inequality,
(2) R™\ £ is uniformly perfect,
(3) R™\ 2 is uniformly n-thick,
(4) R™\ 2 is uniformly (n — €)-thick for some e > 0.

Proof. The scheme of the proof is as follows. Conditions (3) and (4) are
equivalent in view of Theorem 3.1. The fact that (3) and (4) imply (1) can be
shown as above. The equivalence of (1) and (3) was proved by Ancona [2] for
n = 2 and by Lewis [31] for n > 2. Sugawa [46] proved that conditions (1)—
(4) are equivalent for n = 2. This result was recently generalized for n > 2
in [23].

The first step of the proof is to show that the n-Hardy inequality im-
plies the uniform perfectness (and unboundedness) of the complement. The
method is indirect. First, assume that R™ \ 2 is not uniformly perfect with
some large constant M > 1. This means that there exists o € R™ \ £2 and
ro > 0 such that B(xg, Mrg)\ B(xg,70) is contained in §2. The test function
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(CE_wOl—1> if |z — 20| < 219,
+

o
M
u(x) =41 if 2ry < |17 — .’,Eo| < 2T07
|z — o] . Mrq
2—-2— f — >
( M, ), v =z 2 =5

shows that if {2 satisfies the n-Hardy inequality with some constant cg, then
cy = clog M.

The following step is to show that the uniform perfectness of the comple-
ment further implies a boundary density condition similar to condition (3)
in Theorem 3.2. More precisely, there exists o > 0 such that

HE (B(wo,7m0) \ £2) = cry (4.1)

for any zp € R™ \ 2 and o > 0. For the argument to work it is essential
that B(wg,70) \ §2 is compact. Indeed, there are uniformly perfect countable
sets with zero Hausdorff-dimension. To estimate the Hausdorff content of the
set, we take a cover F for B(xg,ro) \ 2 with balls B(z,r). By compactness,
we can choose a finite cover F. We can also assume that the balls in F are
centered in B(xg, 7o)\ 2, which can increase (4.1) at most by factor 2%. Next,
we reduce the number of balls in F in such a way that the sum

> (4.2)

B(x,r)eF

does not increase: suppose that R™\ {2 is uniformly perfect with constant M.
If a > 0 is sufficiently small, the elementary inequality

r*+s* > (r+ s+ 2M min{r, s})*

holds for all r, s > 0. If there exists balls B(x,r) and B(y, s) in F such that
r < 2s and B(z, Mr) N B(y, s) # &, then

B(z,7)UB(y,s) C B(z,r+ s+ 2M min{r, s})

for some z € {z,y}. Thus, we can replace the original balls B(x,r) and B(y, s)
by a single ball of larger radius so that the sum (4.2) does not increase. We
continue this replacement procedure until there are no balls satisfying the
condition left. Since F is finite, the process terminates in a finite number of
steps.

Let a ball B(x1,71) € F contain . By the uniform perfectness of R™\ {2,
the set

A1 \ 2= (B(xl,Mrl) \ B(.’Iﬁl,’fl)) \ 9

is not empty. There are two possibilities: A; intersects either the complement
of B(zg,ro) or some ball B(xa,72) € F. In the first case, r1 > ro/(M + 1).
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In the second case, we know that ro < r1/2; otherwise, the balls B(z1, )
and B(xzq,r9) could been replaced by a single ball in the above iteration. We
continue in the same way: For a ball B(zy,ry)

Ak = B(xk,Mrk) \ B(xk,rk)

intersects either the complement of B(zg, rg) or some ball B(xy41,75+1) € F
with radius r;41 < 7/2. This procedure terminates when the first alternative
occurs. This happens after a finite number of steps since F is finite. Let K be
an index at which the iteration stops. Since xg € B(x1,71) and B(xx, Mrg)
intersects the complement of B(xg, 7o), we have

K K
<Y (M +1)r < (M+1)) 2"y <2(M + 1)y
i=1 i=1

Thus, r1 > ro/(2(M + 1)) and

Z rz2rl 2 ————.
B(z,r)eF 2(M + 1)

Since this holds for all covers of B(xg,7)\ {2, we obtain a lower bound for its
Hausdorff a-content depending only on the uniform perfectness constant M.
The uniform estimate for the Hausdorff a-content further implies the uniform
p-thickness for every p > n — « (cf., for example, [16, Lemma 2.31]). a

Remark 4.1. Theorem 4.1 gives a relatively elementary proof of Theorem 3.1
with p = n. It is of interest to obtain an elementary proof for other values of
p as well.

5 Eigenvalue Problem

This section gives a characterization of the p-Hardy inequality in terms of
weak supersolutions to the nonlinear eigenvalue problem (1.4). This general-
izes Proposition 1 of [2], where the result for p = 2 was established. We recall
that v € Wécp(()) is a weak solution to the problem (1.4) if

v(z)|P20(z
[ (1we0r=29u0) - Toto) - o) a0 )

for all ¢ € C5°(£2) and a weak supersolution if the integral in (5.1) is non-
negative for ¢ > 0.
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Theorem 5.1. Let 1 < p < oo. The inequality (1.1) holds with a finite cy if
and only if there is a positive eigenvalue A\, = A\p(£2) > 0 and a positive weak
supersolution v € W) *(£2) to the problem (1.4) in £2.

Proof. First, suppose that there exists a positive weak supersolution v to the
problem (1.4). Take u € C§°(£2). We can assume that « > 0 in £2. Let £ > 0.
We take

for a test function. It follows that

u(z)o(e)! —
AP/QM)( A e < [ V@l Vela) - Vilo) do
) [ Vel @) + ) Puta) da

17
er/Q u(@)? ! (v(2) + €)' | Vo(@) [P Vo(z) - Vu(z) da

<(1ﬂv)/Q dgc+p/Q B

[Vu(x)|de.
Using the Young inequality, we conclude that

'),

u(x)Vo(z)|”
v(x) +e

u(x)Vo(z)|”
v(x)+e

u(z)Vo(x) o
v(x) +e

<(p—1)/9

Combining these estimates, passing to the limit as ¢ — 0, and taking into
account the Lebesgue dominated convergence theorem, we find

/n (%)p d s %p/n Vu(2)l? de.

Thus, {2 satisfies the p-Hardy inequality with constant cg = 1/\,.

To prove the opposite implication, we assume that (2 satisfies the p-Hardy
inequality with some finite constant c¢g. Let A\, < 1/cy. Introduce the func-
tion space

|Vu(z)|dx

u(x)Vo(z)|”
v(x)+e

d:}:—i—/ [Vu(z)|P de.
17}

={f € L},.(2): Vf e LP(2), f6~' € LP(2)}

equipped with the norm

=2 19 o

L (02)
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Since 2 satisfies the p-Hardy inequality, X = W,"?(£2) and the norms are

equivalent. Therefore, X is a reflexive Banach space. We define the operator
T: X — X* by

(T1.9) = [ IVI@P291@)- ola)dz =, [ wg(m)dx,

where f,g € X. We will apply the following result from functional analysis.
Let T : X — X* satisfy the following boundedness, demicontinuity, and
coercivity properties:

(i) T is bounded,
(ii) if f; — fin X, then (T'f;,9) — (T'f,g) for all g € X,
(iii) if (f;) is a sequence in X with || f;||x — oo as j — oo, then
TF, f;
(|JJ:§ ||_f oo
Then for every f € X* there is v € X such that Tv = f.

Now, we check these conditions. Condition (i) holds because

ITfl|x-= sup (Tf,g)

llgllx<1
—2
P2 S (@) - Vo) do — , [ HEP@
lollxgr /9' f)l f(@)-Vg(w) dr P/Q o(x)p g(x) dx
I? 9
gIgsll;lcpél[ i LP(Q)H(5 LI’(Q):|

<(1+ Ap)l\fllé’{ll\gl\x-

Assume that f; — f in X and g € X. By the Holder inequality,

[(Tf5.9) = (Tf,9)| = ‘/ (V£ (@) P72V fi(z) = V@)V f(2)) - Vg(z) dz

i (@) P2 f5(@) — 1f@)[P2f (=)
- A / 5@)r g(z) dx
< (0= DI = Fllx max{|L 5157 1 £15 Hlgllx — 0

as f; — fin X. Thus, the second condition is satisfied. Finally, let (f;); be
a sequence in X such that ||f;||x — oo as j — oco. By the Hardy inequality,
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(Tf;, 15) /Q (|Vf] )\pw> de > (1- )\ch)/Q IV fi(z)P da

1- pCH p
— 2

(T'f5, f5)
17511x
We fix a function w € X* such that w > 0 and w # 0. Then there

exists v € X = Wol’p(Q) such that Tw = w. This means that v is a weak

supersolution to the problem (1.4). Moreover, v is positive since

/

Hence — 00, as j — oo. Thus, condition (iii) is also satisfied.

0< (Tv,vo) = /Q |Vo(x)[P~2Vo(z) - Vu_(x) d
— v(x) [P 2v(2z)v_(2)6(x) P da

3 [ @) (@ @) 7 d
—/Q|Vv,(x)|pdx+)\p/QU,(x)W(;E)_pdx
< (/\p—1/cH)/Qv,(x)p5(x)_pdx<0.

Here, v_(x) = —min(v(x),0) is the negative part of v. Now, the strict posi-
tivity of v follows from the weak Harnack inequality. ad

Remark 5.1. The eigenvalue problem (1.4) has the following stability prop-
erty. If there is a positive eigenvalue A\, = A\,(£2) > 0 and a positive weak
supersolution to the problem (1.4) in {2, then there is € such that for every ¢
with p —e < ¢ < p+ ¢ there is an eigenvalue Ay = A\;(£2) > 0 and a positive
weak supersolution to the problem (1.4) with p replaced by ¢ in 2. This fact
directly follows from the selfimproving result for the Hardy inequality (cf.
Remark 2.1).
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Geometric Properties of Planar
BV -Extension Domains

Pekka Koskela, Michele Miranda Jr., and
Nageswari Shanmugalingam

Dedicated to Professor Vladimir G. Maz’ya

Abstract We investigate geometric properties of those planar domains that
are extension for functions with bounded variation. We start from a character-
ization of such domains given by Burago-Maz’ya and prove that a bounded,
simply connected domain is a BV-extension domain if and only if its com-
plement is quasiconvex. We further prove that the extension property is a
bi-Lipschitz invariant and give applications to Sobolev extension domains.

1 Introduction

Let 2 C R? be a domain and 1 < p < co. Recall that
BV(2) ={u e LY(Q2): |Du|(2) < oo},
where

|Du|(£2) = sup{/ﬂudiv vdr: v=(vi,v2) € C5°(2;R?), Jv] < 1}
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nd
) WYP(02) = {u e LP(Q): Vuec LP(2,R*)}.

Here, Vu is the distributional gradient of u. We employ these spaces with
the norms

lull Bv(2) = lullz1 (o) + [Du|($2)
and
lullwreoy = llullLe o) + VUl e (o)

From the discussion in [3] and [11]

| Dul(2) = inf{liknii(gf/ﬂ Vugldz : u, € W5 (2),up — u in Ll(rz)},
(1.1)

where we also may replace Wlicl (2) with C*°(£2).

In this paper, we study geometric properties of those bounded, simply
connected planar domains {2 that are extension domains for BV or for W1,
We say that a domain 2 C R? is a BV -extension domain if there exists a
constant ¢ and an extension operator T': BV (£2) — BV (R?), not necessarily
linear, so that T'u|o = u and ||T'u|| gy (r2) < c|lul| v (o) for each u € BV (2).
Replacing BV by WP above gives the definition of a W!P-extension domain.
In the case p > 1, W!P-extension domains admit a linear extension operator,
but it appears to be unknown if this holds for p = 1 or for BV -extension
domains. For other possible definitions of extension domains see Section 2
below.

The geometry of bounded, simply connected W!P-extension domains for
p = 2 is well understood. Indeed, this class of domains coincides with the
thoroughly investigated class of quasidisks (cf. [14, 4, 5, 8]) that allows us
for a number of geometric characterizations. For p > 2, one also has rather
good geometric criteria for the extension property [9]. In the remaining range
1 < p < 2 for bounded, simply connected domains, it is known that (2 has
to be a so-called John domain (cf. [4, 12]), but no geometric characterization
is available. Finally, Burago and Maz’ya [2] have given a characterization
for an extension property related to BV in terms of extendability of sets of
finite perimeter in the domain. In fact, this seminal result by Burago and
Maz’ya was the first characterization for Sobolev type extensions and should
be viewed as the predecessor of all the results mentioned above.

Our first result that partly relies on the work of Burago and Maz’ya [2]
(cf. also [11, Section 6.3.5]) gives a concrete characterization for bounded,
simply connected BV -extension domains.

Theorem 1.1. Let 2 C R? be a bounded, simply connected domain. Then 2
is a BV -extension domain if and only if there exists a constant C > 0 such
that for all x,y € R?\ §2 there is a rectifiable curve v C R?\ £2 connecting x
and y with length £(v) < C'lz —y|. That is, 2 is a BV -extension domain if
and only if the complement of {2 is quasiconvez.
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As a corollary of this theorem and Lemma 2.4 we obtain a new necessary
condition for a bounded, simply connected domain to be a W'!-extension
domain.

Corollary 1.2. Let 2 C R? be a bounded, simply connected domain that is
a Whl_extension domain. Then the complement of 2 is quasiconvez.

Simple examples such as a slit disk show that the quasiconvexity of the
complement does not characterize W' !-exendability. However, it is easy to
check that the quasiconvexity of the complement of §2 is a stronger require-
ment than (2 being a John domain or the complement of {2 being of bounded
turning [4]. Note also that the complement of a quasidisk is quasiconvex.
Consequently, the claim of Corollary 1.2 holds also in the W'2-extension
setting. We conjecture that it, in fact, holds for all 1 < p < 2.

Our second corollary deals with the invariance of the extension property
under bi-Lipschitz mappings of 2 onto (2. This may seem trivial as bi-
Lipschitz mappings preserve the spaces in question. The novelty here is that
our bi-Lipschitz mapping is a priori only defined in the domain in question
and extendability requires information in the entire plane.

Corollary 1.3. Let 2 C R? be a bounded, simply connected domain that is a
BV -extension domain (or a Whl-extension domain), and let f : 2 — ' C
R™ be a bi-Lipschitz mapping. Then ' is also a BV -extension domain (or a
Wl extension domain).

Corollary 1.3 leaves open the case 1 < p < oo, but the analog holds also
in this case by a recent result from [6]. We conjecture that the assumption
that {2 be simply connected in Corollary 1.3 is superfluous.

This paper is organized as follows. In Section 2, we give necessary prelim-
inaries and discuss an alternative definition for an extension domain. Section
3 contains proofs of the main results stated above. Finally, in Section 4, we
discuss the meaning of Theorem 1.1 in a special case and briefly comment on
possible generalizations of our result.

2 Preliminaries

The notation used in this paper is as follows. Given z € R? and r > 0,
the (open) disk centered at x with radius r is denoted by B,(z), and S(z, )
denotes its boundary 0B, (z). The 2-dimensional Lebesgue measure of a mea-
surable set A C R? is denoted by |A].

Burago and Maz’ya [2] consider extension operators for

BVi(2) = {u € L. (2) : |Du|(2) < +oo}.
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They provide a necessary and sufficient condition for the existence of an
extension operator Tj : BV;(£2) — BV;(R?) such that for all u € BV;(2)

| DTi(w)|(R?) < ¢| Dul(£2). (2.1)

We call such a domain a BV;-extension domain. If E C R? is a measurable set
whose characteristic function x g lies in BV;(§2), then we say that E has finite
perimeter in {2 and denote P(FE, (2) := |Dxg|(£2). From the Burago-Maz’ya
characterization and the subadditivity property of the perimeter measure of
a given set it follows that it is necessary and sufficient to know that for every
set B C (2 of finite perimeter P(E, (2) in {2 there is a set F' C R? of finite
perimeter such that F' N 2 = F and P(F,R?) < C P(E, 02).

Let us begin by pointing out that a bounded domain is a BV -extension do-
main in our sense if and only if it is a BVj-extension domain. This can be seen,
for example, via a modification of an argument of Herron and Koskela [7].

Lemma 2.1. A bounded domain 2 C R? is a BV -extension domain if and
only if it is a BV-extension domain.

Towards the proof, we record a Poincaré type inequality resulting from
the compactness of a suitable embedding. It can be obtained by combining
some results in [11, Sections 6.1.7, 3.2.3, 3.5.2] For the convenience of the
reader we give a simple proof below. Recall that a normed space X is said
to be embed compactly into another normed space Y if there is a bounded
embedding map ¢ : X — Y such that whenever (aj)r is a norm-bounded
sequence in X, the limit lim; ¢(ay,) exists in Y for some subsequence (ag; );.
We call this embedding natural if ¢« can be taken to be the identity map.

We continue with a simple observation.

Lemma 2.2. Suppose that 2 C R? is a domain such that BV ({2) embeds
naturally compactly in L'(82). Then |2] < .

Proof. We define a function my, : [0,00) — R by setting
meo(r) =20 B.(0)]. (2.2)

Then mg € Lipioe([0, +00)) (with mo(r) < mr?). Therefore, my, is differen-
tiable almost everywhere and, by the coarea formula applied to the function
u(z) = (|z| —r)/h in the annular region 2 N B,4,(0) \ B, (0), at almost all
points r of differentiability of m, we have

Let I be the set of all 7 > 0 that are points of differentiability of my, and for
which (2.3) holds. We claim that

i
lim inf mQ(r)

=0.
Isr—+o00 Mg (T’)
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In fact, if there are positive numbers M and ras so that ml,(r)/me(r) > M
for all r > 7y, then mg(r) = mg(rar)e™ =) which contradicts (2.2).

From the above discussion it follows that there exists C' > 0 and a sequence
(rn)n from I with r,, — oo such that P(B,, (0),$2) = mp(r,) < Cmgo(r,).
We define a sequence of functions by setting

1
Un = mg(rn)XQmB”‘ (0)-
Then ||un|[z1(0) = 1 and
1
Du,|(2) = P(B,, ,2)<C.
D |(@) = s P(B,,. )

If the area of {2 were infinite, the sequence (u, ), would converge uniformly
to the zero function, and so this would be the only potential L!-limit of a
subsequence of (uy,)n. Since |[u,| 11 (o) = 1, we would conclude that there is
no subsequence that converges in L!(§2), which contradicts our assumption.

O

In the next result and in what follows, for sets A with 0 < |A| < 400 we

write 1
uUg = uda:z—/udm,
]f Al J 4

Lemma 2.3. If 2 C R? is a domain and BV (§2) embeds naturally compactly
into L' (£2), then there is a constant C' > 0 such that whenever u € BV ({2),

whenever u € L'(A).

/Q lu —ugnldx < C|Dul(£2). (2.4)

Proof. By Lemma 2.2 and the hypothesis of this lemma, the measure of {2
must necessarily be finite. Suppose that for every positive integer n there is
a function u,, € BV ({2) such that

/ |tr, — (un) 0| dz = n|Duy|(£2).
7

Replacing u,, with

([t = o d) (1 — (),

we may also assume that
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unllLi(o) =1 and (un)ngundxzo.
2

Then, by the above assumption, |Du,|(£2) < n~!, and so the sequence (u,)
is bounded in BV (£2), and hence there exists w € L'(§2) such that u,, — w
in L*(£2) for some subsequence (u,);. Because

lim |Du,|(£2) =0,

we have w € BV (£2) with |Dw|(£2) = 0. As (2 is connected, it follows (using
the Poincaré inequality for BV cf. [3, 11]) that w is constant on (2. On the

other hand,
/wda::hm/ Up,; dv =0,

/|w|dx—hm/ [tn, | dr =1,

which is impossible if w is a constant function. This leads to a contradiction.
O

but

Proof of Lemma 2.1. First suppose that (2 is a bounded BVj-extension do-
main, and let 7; : BV;(£2) — BV;(R?) be the bounded extension operator.
Since BV (§2) C BVi(2), for every f € BV ({2) the function T;f belongs to
BV;(R?), with |DT; f|(R?) < C|Df|(£2). Let B be a ball in R? such that 2
is a relatively compact subdomain of B. Let ¢y = (1;f)p. By the Poincaré
inequality,

/ Ty f — col de < Cdiam(B)|DT; f|(B) < Cdiam(B)|D f|(2).
B

Thus,

|00|<][|f—60\dw+][|f|dfc
(9] (9]

<|lﬁ|/Bszf—00\dx+][|f|dx
< €10~ diam(B) <|Df /|f|dx)

Fix a Lipschitz function 1 : R? — [0, 1] with compact support in B such that
n = 1 on 2. We define our extension operator E : BV (£2) — BV (R?) by
setting Ef =nT;f. Now,



Geometric Properties of Planar BV -Extension Domains 261

/ |Ef|dz</ ITof| de
R2 B
</ IT0f — col dz + | Bl o]
B

< C diam(B)(|DFI(2) + 18121 DAY(@) + Bl £ 1] do)
[0}

< CollfllBv(a)-

Furthermore,
IDES\(R) < IDTA\(B)+ [ | 1119l do

<CIDfI(®) +0/ IT1f — col di + C|B||col
B
<G fllBv(a)-

This proves that E is bounded, and hence 2 is a BV -extension domain.

Now suppose that (2 is a bounded BV -extension domain. Let T : BV (§2) —
BV (R?) be an extension operator. Fix a ball B so that {2 C B. By the Rellich
theorem for BV (cf. [3, 11]), T(BV(Q)){B embeds naturally compactly into
LY(B). Especially, BV (£2) embeds naturally compactly into L*(£2). Hence,
by Lemma 2.3, we have a constant C' > 0 for which the inequality (2.4)
is satisfied by every u € BV(£2). For u € BVi({2) and every positive in-
teger n we set u,(z) = max{—n,min{n,u(z)}}. Then u, € BV () with
|Duy|(£2) < |Du|(2) and u,, — u pointwise. Let

Cn :][un dx.

Q
Then u,, — ¢, € BV(£2), and, by the inequality (2.4),
ltn — callvie) < C[Dual(2) < € |Dul(2).

Hence, by the compactness of the embedding BV (£2) into L'(§2), there is
a subsequence (U, — cn, )k converging in L'(£2) to a function w € L(£2).
Passing to a further subsequence if necessary, we may also assume that w,,, —
Cn, — W pointwise almost everywhere in {2 as well. Since u,,, — u pointwise
in (2, it follows that the sequence (c,, )r of real numbers converges to some
co € R. Therefore, w = u — cg, u € L'(§2) and hence v € BV(§2), and
— u — cp in L(§2). Furthermore,

Co :][ud;v.

(9}

Uy, — Cny,
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Because u € BV (£2), we have Tu € BV (R?), but it is not clear if we can
control the BV, norm of T'u purely in terms of the BV, norm of u. To fix this,
we modify our extension operator by setting by F(u) = T(u— co) + ¢o, where

Co :][udx.

9]

Then E : BV,(2) — BV;(R?). Moreover,
[DE(u)|(R?) = |DT (u — co)|(R?) < C [lu = coll sy (o) < C|Dul(£2),

where we again used the inequality (2.4) to obtain the last inequality. This
completes the proof. a

For the sake of completeness, we include a simple proof for the following
connection between Sobolev- and BV -extension domains.

Lemma 2.4. A Whl-extension domain is necessarily a BV -extension do-
main.

Proof. Let 2 be a W'!-extension domain, with a bounded extension operator
T : Whi(2) — WHH(R?), and let u € BV(£2). Then there is a sequence
(ug)r € WH(£2) such that up, — u in L1($2),

/ |Vug|de < 2|Dul(£2),
17

/ \uk|dw<2/ |u|dz,
7 Q

lim/ Vu|dz = | Dul(92).
k Jao

Let vy = Tu, € WHL(R?).

Since ||uk||W1,1(Q) < 2||u||BV(Q), we see that ||Uk||W1v1(]R2) <C ||u||BV(Q).
Again, fix a ball B;(0) so that (2 is a relatively compact subdomain of B;(0).
By the Rellich theorem, there is a subsequence (U,(j ))k that converges in
L'(B;(0)) and almost everywhere in B;(0) to some function w; € L'(B;(0)).
We repeat the argument for this subsequence and B,11(0), and continue by
induction. Then the diagonal sequence (v,(ck))k converges almost everywhere
to a function w with w = w; on B;(0), [ > j, and the convergence holds also
with respect to L'(B;(0)). It follows that ||vg||L1(5,0)) < Cllullpy (o) for all
[l > j and, consequently, w € L'(R?) with the same bound. Secondly,

[ 196kl < 2lullpvio,
R2
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and it thus easily follows that w € BV (R?) with the desired norm bound.
The claim follows when we set E(u) = w. O

In [2], Burago and Maz’ya gave a characterization of BVj-extension do-
mains. A general Euclidean spaces version of the following result can be found
in [2] or [11, p. 314]. A more general metric space version of this statement
was recently given in [1].

Theorem 2.5 (Burago-Maz'ya). A domain 2 C R? is a BVj-extension
domain if and only if there is a constant C > 0 such that whenever E C 2
1s a Borel set of finite perimeter in {2,

To(E) < CP(E, ), (2.5)

where To(E) = inf{P(F,R?\ 2): FN 2 = E}.
Note that

P(F,R*\ 2) =inf{P(F,U): U is open and R*\ 2 C U}.

The following lemma of Burago-Maz’ya [2] gives an analogous charac-
terization for a variant of bounded BV-extension domains (cf. also [11, Sec-
tion 6.3.5]). For a self-contained proof of this lemma in a more general setting,
also see [1].

Lemma 2.6. If 2 C R? is a bounded domain, then there is a bounded exten-
sion map T : BV (2) — BVi(R?) if and only if there exist constants C, 8 > 0
such that for all Borel sets E C (2 of finite perimeter in {2 with diam (F) < ¢

70(E) < C P(E, 9).

The next lemma allows us to approximate sets of finite perimeter by
smooth sets of finite perimeter. The statement and proof of this theorem
for domains in R™ can be found in [11, Section 6.1.3]. Recall that for sets F'
and G their symmetric difference is denoted by FAG.

Lemma 2.7. If F C R? is a set of finite perimeter, then there exist sets Fy, C
R? such that OFy is smooth, xp, — XxE in Li,.(R?), and lim P(F},R?) =
P(F,R?). Furthermore, this sequence can be chosen so that

FyAF C | Bij(a). (2.6)
zEOF

Recall that by the isoperimetric inequality in R2, if F is a set of finite
perimeter, then either |F| or |R? \ F| is finite. If |F| is finite, the expres-
sion (2.6) follows from the construction in [11] of F}, as certain level sets of
smooth convolution approximations of yp. If |R? \ F| is finite, then (2.6)
follows from setting F}, to be the complement of the construction in [11] that
approximates R? \ F.
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Suppose that dF) is smooth in R2. If F}, is bounded (or its complement
is bounded), then the number of connected components of 9F}, is finite. If
both Fj, and its complement are unbounded, then there can be infinitely (but
countably) many components, but only finitely many ones can intersect any
given disc. If 0F}, is only assumed to be smooth in a domain 2, then the
corresponding analog is that the connected components cannot accumulate
in any compact part of {2, though they could accumulate toward 0f2.

From now on, we use the abbreviation 0F N 2 € C™ for the statement
that OF N {2 is smooth.

Lemma 2.8. Let 2 C R? be a bounded domain. Suppose that there is a
constant C' > 0 such that for every closed set F' C R? with OF N 2 € C®
there exists a set F C R with FN Q2 =FN 2 and

|Dxz|(R?) < C|Dxp|(£2).
Then §2 is a BV -extension domain.

Proof. By Lemma 2.1, it suffices to show that (2 is a BVj-extension domain,
i.e., {2 satisfies the Burago—Maz’ya condition of Lemma 2.5.

Let E be any set such that xo # xg € BV(£2). Then, by [11, Sec-
tion 6.1.3], there exists a sequence (Fj)j of sets in 2 so that 0F, N 2 € C*>
and

v = i LNQ), Dy l(2) = Dxel(@). (2.7)

By the regularity of Fj,, we may assume that F} is closed. Now, by hypothesis,
there exist sets F), so that Fi, N {2 = F;, N (2 and

|Dx 5, |(R?) < C|Dxg, |(£2). (2.8)
y (2.7) and (2.8), we get

limksup |DXﬁk |(R?) < C|Dxg|(£2).

By the Rellich theorem applied to balls containing {2 and an application
of a diagonalization argument, we may assume that there is F, such that
Xp, — XFa. I L} .(R?). For this set, by the lower semicontinuity of the BV,
norm, we have

|Dxr. |(R?) < lim sup |Dxz,|(R?) < C|DxE|(92).

Since for every k we have ﬁk N2 = Fy, N {2, we conclude that xr_no = XE
almost everywhere. Thus, such an extension xr_ of xg proves that {2 satisfies
the Burago-Maz'ya condition (2.5). O

We will need a lower bound for the perimeters of certain sets. The following
lemma provides a suitable one.
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Lemma 2.9. Let E C R? be an open set with finite perimeter. Suppose that
there_exist two curves v1,72 : [0,1] — R? with v1([0,1]) C E and 2([0,1]) C
R2\ E with min{|y1(1) — 71(0)], |y2(1) — 72(0)|} = 7. Then P(E,R?) > 27.

Proof. Let us first assume that E is an open, bounded, connected smooth
subset of R?, and let x,y € E. Then P(E) > 2|z — y/|. In fact, if we consider

ti=inf{tcR:z+1t(y—z) € E},
to=sup{t e R:x+t(y—x) € E}

with our hypothesis on F, the points z; = = + t;(y — ), i = 1,2, belong to
the same connected component 3 of OF and they divide it into two curves
(1 and [y each with length I(5;) > |z — x2|, and then

P(E) 2 1(61) + U(B2) = 2|xy — xa| > 2[x —y|.

If now E is any open set with finite perimeter, then either F or R? \ E
has finite area. Let us assume that |R? \ E| < +oco. We then consider F =
R?\ E and the curve vz (in the case |E| < +o00, we have to consider ;).
By assumption, § = dist (y2, E) > 0. Let Fj be an approximation of F
obtained as in Lemma 2.7, with k& > 2/4. With this choice, the curve vz is
eventually contained in one of the connected components f‘s of F.. Now, by

the discussion in the previous paragraph,

P(E) = P(F) = lim P([}) > limsup P(Fy) > 2r. 0

k—oo

Lemma 2.10. Let 2 C R? be a BVj-extension domain. Then there exist
constants ¢, c1,co € (0,1) andrg > 0 such that for any x € 902 and 0 < r < rg

20 B, ()] = ¢|By(x)]. (2.9)

Moreover, for each connected component E of 2 N B,(x) that intersects
Br/5(‘r)
|E| > ¢1|B.(x)] and H'(2NOE) > car.

Proof. We choose g > 0 such that whenever x € 92 and 0 < r < 1,
2\ B,(r) contains a connected subset of diameter at least rg.

Suppose that there exists a sequence (x)r C 082, 0 < r; < 19, and a
sequence € — 0 such that there is a connected component Ej, of 2N B,, (xf)
intersecting B,, /5(xy) with

|Ex| = ek| By, (z1)| = ﬂskri.

Since
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By = /0 HY(Ey N 0B, (x1))dt,
there exists ¢ € [r/2, 7] such that
P(Bz(xy) N Ey, 2) = H' (B, N 0By(x)) < 2mepry,. (2.10)

Observe that as Ej contains a curve connecting a point in S(zy, ) to some
point in S(zy,r1/5), it is clear that Ej N By(xy) contains a curve connecting
some point in S(zy,t) to a point in S(zk,rr/5). Hence the extension Ej, of
Ej, N Bg(xy) has a connected component of diameter at least 3ry/10. Further-
more, as 1 < ro and E, N2 = Ej, N Bg(zx) C By (zx), it follows that R? \ By
also contains a connected set of diameter at least 3ry/10. It therefore follows
by Lemma 2.9 that P(Ejy,R2) > 3r4/10. This means that

P(E, R?) P(E, R?) L3 3

P(E, N By(z1),92)  H(Ej N 0Bi(zr)) ~ 20megrr  20mes

Letting k — oo and recalling that €, — 0, we obtain a contradiction with
the extension property.

Now, fix a connected component E of B,.(x) N {2 that intersects B, /5(x).
Then, by the above argument and the BV -extension property with an exten-
sion E of F given by the BV -extension property,

. P(E,R?)  P(E,R?) N
T HY(NRNOE) P(E,2) ~ 10P(E,Q)’

which completes the proof. O

We complete this section by pointing out that Lemmas 2.1, 2.3-2.8, as
well as their proofs given here, hold in higher dimensional Euclidean spaces
as well.

3 Proofs of the Results

Proof of Theorem 1.1. We first prove the quasiconvexity of a bounded, sim-
ply connected BVj-extension domain. The same for BV-extension domains
then follows from Lemma 2.1.

Suppose that (2 is a bounded, simply connected BVj-extension domain.
It suffices to prove the quasiconvexity estimate for all x,y € 92 such that
d(xz,y) < ro for some fixed 79 > 0 (recall that we assume the domain to
be bounded). Let dp > 0 be the constant from Lemma 2.6, and let ry =
min{dp, diam(§2)}/(2C), where C is the maximum of all the constants from
the previous section. We denote by L., the line segment joining x and y. If
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Lgy N {2 is empty, then we can set v = L,,,. Hence we may assume that L,
intersects 2.

Since {2 is an open set, L., M2 is the disjoint union of countably many line
segments Ly,,,, ? € I C N, with end points x;,y; € 2. Let L,,,, be one of
them. Because (2 is simply connected, 2\ L,,, has exactly two components,
say Eq and Es. Assume that |E| < |E2|. Since 2N JE; = L, and hence
P(E1,02) = HY(Lyyy:) = |2 — yi|, by Theorem 2.5 and subadditivity of
the perimeter measure, there is a set I C R? of finite perimeter such that
FN{=FE; and

P(F,R?) < C'|z; — yil. (3.1)

By Lemma 2.7, there is a sequence of smooth sets Fj, with xm — xr
both in L, (R?) and pointwise almost everywhere, P(F),R?) — P(F,R?),
FeAF C U,copp B(x,1/k), and as vector-valued signed Radon measures,
Dy, converge weakly to Dy p.

Since Fj, is smooth, 0F}, consists of countably many smooth simple loops
Bk.1s- . (these curves are loops because they are of finite length). Recall from
the discussion following the statement of Lemma 2.7 that the sets Fj are
certain level sets of convolution approximations to x . Hence for sufficiently
large k (by passing to a subsequence if necessary) we may assume that 9Fj, C
U.cor B(x,1/k) and one of the loops B 1, ..., say Bk,1, has the property that
all of the line segment L, ,, except perhaps a 1/k-neighborhood of z; and
y; lies in a 1/k-neighborhood of Gy 1, i.e.,

Bea C |J Bla,1/k) (3.2)
z€EOF
and
TE€PK 1
Furthermore,

¢(Br.1) < P(Fy,R?) < 2 P(F,R?),

and so we can use the Arzela—Ascoli theorem (and pass to a further subse-
quence if necessary) to obtain a loop § such that f; — [ uniformly and
((B) < 2P(F,R?). By (3.2) and (3.3), it follows that L,, ,, C 3 and 8 C OF.
Hence 8N 2 = Ly, ,,. Furthermore, by the inequality (3.1),

0(B) < 2P(F,R?) < 2C P(E, 2) = 2C |z; — yi.

Since  is a loop containing E; and not containing Eo, by [10, Theorem 5.
p. 513]) there is a simple subloop [y containing L, ,,. The curve ; =
Bo\ Ly, y; C R?\ 2 with £(y;) < (2C — 1)|z; — y;| is a curve in R? \ 2
connecting z; to y;.

The concatenated curve v = (L, \ £2) %1 (; is a curve in R?\ {2 connecting
x and y, with
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Uy) S ULay) + D> UB) <z —yl+ D Clai—yl < (1+C) |z —yl.

el i€l

Next suppose that R?\ §2 is quasiconvex. By Lemma 2.8, we only need to
verify the extension property for the characteristic functions of sets E C R?
such that dE N 2 is smooth. Therefore, P(E, 2) = P(E, 2) = P(int(E), £2),
and so without loss of generality we may assume that int(E) N2 = EN 2 is
open. Again, without loss of generality we may assume that £ C {2 and that
E' is connected; recall that only a finite number of the components of 0E N {2
can intersect a given relatively compact open set U C {2 and P(E, (2) can
be computed as the supremum of the perimeters P(FE,U) over all such U.
From the smoothness of E it follows that {2 N 0F consists of a collection of
closed curves in {2 and a collection of at most a countable union of smooth
curves 7;, ¢ € I C N, with end points z;,y; € 912 (indeed, if OF N 912 is
empty, i.e., no such points x;,y; exist, then E or R? \ E is the extension of
E or 2\ E respectively, and we need not do anything). Again, without loss
of generality, we may assume that |E| < |2\ FE| since otherwise we replace
E with 2\ E. By assumption, there is a curve 3; C R?\ 2 connecting z;
and y; with ¢(3;) < Clx; — y;|. The concatenated curve v; x §; is a simple
loop (Jordan curve) in R2. Let F; be the bounded subset of R? enclosed by
this loop. Since F is connected, if £ N F; # &, then E C F;. Let J be the
collection of all indices ¢ € I for which this holds. If J is not empty, then we
define

F = ( ﬂ FZ> \ ( U Fz> \ (all regions bounded by loops lying in (2).
icJ ie\J
If J is empty, then we set
F:=R?*\ (U F,) \ (all regions bounded by loops lying in 2).
iel

With the above selection of F', we see that F'N{2 = F, and, by the construction
of the curves f3;, we have

P(RR?) <Y Uy ) = D L) + D 4(53)

icl iel iel
<Y ) +CD i — il <Y lw) +C D Uyv) =1+ C)P(E, ),
i€l iel iel el
which completes the proof. a

Proof of Corollary 1.2. The claim follows from Lemma 2.4 and Theorem 1.1.
O

We record the following recent result by Viiséla [13, Section 2.8].
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Lemma 3.1 (Viisild, 2008). If £2 is a bounded, simply connected planar
domain whose complement is quasiconvex, and if 2" is a planar domain with
f: 92 — 2" a bi-Lipschitz mapping, then there are open sets U D 2,V D (¥,
and a bi-Lipschitz mapping F : U — V such that F' = f on {2.

Proof of Corollary 1.3. By Theorem 1.1 and Corollary 1.2, the complement
of (2 is quasiconvex. Hence, by the above lemma, the bi-Lipschitz map f on {2
can be extended to a bi-Lipschitz map F' on a neighborhood U of the compact
set 2. Hence if 2 is a BV -extension domain (or W !-extension domain) and
u is a function in BV (£2") (or W11 (£2') respectively), then uo f is in the class
BV (£2) (or Wh(£2) respectively), and hence can be extended to a function
T(uo f) that lies in the class BV (R?) (or W11(R?) respectively), with norm
controlled by the norm of u. Thus, T'(uo f) o F~ lies in the class BV (V) (or
WH1(V) respectively), where V = F(U) is a neighborhood of the compact
set (2, with norm controlled by the norm of T'(uo f), and hence by the norm
of w.

Let 1 : R? — [0,1] be an L-Lipschitz function with compact support in V
such that n = 1 on §2'. Let E(u) := nT(uo f) o F~!. Then E(u) € BV (R?)
(or in WH1(R?) respectively). Note that

1Bl @2y < I T(wo f) o F~Hpivy < Cllullx,
where X = BV (£2') (or X = W11(£2') respectively). Furthermore,
|DE(u)|(V) < Lip)[|T(wo f) o F~ [ paqvy + [DT(uo f) o F7H(V)
< C||uHX7
where Lipn = sup [n(z) —n(y)|/|z — y|, the supremum taken over all distinct
pairs of points z,y € R2. This completes the proof. O

4 Examples

The characterization given by Theorem 1.1 is easy to verify for planar Jordan
domains. We now explore some specific examples of bounded, simply con-
nected planar BV-extension domains by answering the following question.
Suppose that 2 C R? is a bounded BVj-extension domain. Let v C 2 be a
curve such that 2\ « is also a domain. When is 2 \ v also a BV -extension
domain? It follows from Theorem 1.1 that v has to be a rectifiable curve.
However, the rectifiability of v by itself does not guarantee the BV -extension
property of §2\ v, as the following example demonstrates.

Ezample 4.1. Let 2 = (—a,a) X (—2,2) be a rectangular region centered at
the origin, where a = Z;’il ]% Further, let v : [0,1) — 2 with (0) = (1,0)
be defined as follows: for each n € N with n > 2
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n

Y1 =1/n) = (Y 1/5%0).

j=1

and the open interval (1—1/n,1—1/(n+1)) C [0,1] is mapped to the curve
obtained by joining two segments, the line segment joining (2?21 1/43,0)
and (1/(2n +2)3 + > 1/53,1/n?), and the line segment joining (1/(2n +
2)% + 377, 1/5%,1/n?) and (Z?:ll 1/43,0). This v is a saw-tooth curve for
which the height of the nth tooth, 1/n?, is substantially larger than the
width 1/n3 of the tooth. It can be seen that « is rectifiable and 2\ v is not
a BV-extension domain.

Ezample 4.2. Let 2 = (0,2) x (—2,2), and let v be the curve given by
v :(0,1] — 2, y(t) = (t3,t). Again it can be seen, via the use of sets

Ey={(z,y) € 2:0<y<t,0<z<y?},

that 2\ 7 is not a BV-extension domain, even though ~ is rectifiable.

The following answer to the above question is a corollary to Theorem 1.1.
Here, dq(x) = dist(z, 002) for x € £2.

Corollary 4.3. Suppose that £2 C R? is a bounded, simply connected BV -
extension domain and v is a curve in {2 so that 2\~ is also a simply connected
domain. Then §2\ v is a BV -extension domain if and only if the following
two conditions hold for ~y.

(i) There is a constant C' > 0 such that for all z,y € v and for all subcurves
Yay Of v with end points x and y, we have {(7yzy) < Clz —y| (i.e., v is
quasiconvez).

(ii) There is a constant C' > 0 such that for all x,y € v and a subcurve
Yoy Of v with end points x and y, we have |z —y| < C max{dn(z),dn(y)}
(i.e., v satisfies a double cone condition in §2).

If v is not rectifiable, then 2\ is not a BV -extension domain as R?\ (£2\),
and hence v, has to be quasiconvex. This is in contrast to the fact that 92
need not be rectifiable even if (2 is a BV-extension domain; as shown by the
von Koch snowflake domain, which is a uniform domain and hence (cf. [8])
is a Wil and further a BV-extension domain. It should be noted that the
assumption that §2 \ v is a domain ensures that v does not have loops. The
first condition above ensures that « is quasiconvex. Observe that the curve in
Example 4.1 fails to satisfy this condition, though it does satisfy the second
condition. Note also that the curve in Example 4.2 fails to satisfy the second
condition of the above corollary, but does satisfy the first condition. Hence
both conditions above are essential in the above result, though if v does not
intersect the boundary of 2, the second condition will follow from the first
condition.

The conclusion of the corollary remains valid if we replace the condition
that {2\ v is a simply connected domain with the condition that 2\ v is
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a domain; however, in this case, the result is not a direct consequence of
Theorem 1.1.

Remark 4.4. Lemma 2.1 fails for some unbounded domains. For example, the
domain

Q={(z,y) eR*: |y >zxifx>0and |y +1> —zifz < 1}

is a BV-extension domain because it has uniformly Lipschitz boundary, but
is not a BVj-extension domain as the set £ = {(z,y) € £ : y > 0} has
no extension satisfying the Burago—Mazya characterization. Therefore, The-
orem 1.1 might fail for unbounded, simply connected domains. However, the
actual proof of this theorem demonstrates that the complement of a planar
simply connected domain is quasiconvex if and only if the domain itself is
a BVj-extension domain. The above example also shows that if {2 is an un-
bounded, simply connected planar domain, the conclusion of Corollary 1.2
may fail. The domain in the above counterexample has the property that
the complement of the domain in R? is not connected; however, the exam-
ple 2 = (0,00) x (0,1) C R? also is a BV-extension domain, but is not a
BVj-extension domain, even though R? \ 2 is indeed connected. If £2 C R?
is such that R?\ 2 is connected, then the proof of Theorem 1.1 also shows
that R? \ §2 is quasiconvex if and only if {2 is a BVj-extension domain. We
point out here that, in this case, there is no reason to assume that {2 needs
to be simply connected.
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On a New Characterization of Besov
Spaces with Negative Exponents
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Dedicated to Vladimir G. Maz’ya with high esteem

Abstract It is proved that for all 1 < ¢ < oo any negative Besov spaces
B~%1(X) can be described by an integrability condition on the Poisson po-
tential of its elements.

1 Introduction

Let B denote the unit N-ball, and let X = 9B. If p is a distribution on X,
we denote by P(u) its Poisson potential in B, i.e.,

P(u)(z) = (u, P(z,.))s VaeB, (1.1)

where (, )5 denotes the pairing between distributions on X and functions
in C*°(X). In the particular case where p is a measure, this can be written
as follows

PG() = [ Pley)duts) Vo€ B, (1.2)

In [3], it is proved that for ¢ > 1 the Besov space W_2/‘1"1(Z) is character-
ized by an integrability condition on P(u) with respect to a weight function

Moshe Marcus
Department of Mathematics, Israel Institute of Technology-Technion, 33000 Haifa, Israel
e-mail: marcusm@math.technion.ac.il

Laurent Véron

Laboratoire de Mathématiques et Physique Théorique, CNRS UMR 6083, Fédération Denis
Poisson and Faculté des Sciences, Université de Tours, Parc de Grandmont, 37200 Tours,
France e-mail: veronl@univ-tours.fr

A. Laptev (ed.), Around the Research of Viadimir Mazya I: Function Spaces, 273
International Mathematical Series 11, DOI 10.1007/978-1-4419-1341-8 12,
© Springer Science + Business Media, LLC 2010



274 M. Marcus and L. Véron

involving the distance to the boundary, and more precisely that there exists
a positive constant C' = C(N, ¢q) such that for any distribution p on X

1/q
C ulhw-srancsy < ([ PO~ lel)dr) < Cllllyraagsy (13

The aim of this article is to prove that for all 1 < ¢ < oo any negative
Besov spaces B~%4(X) can be described by an integrability condition on the
Poisson potential of its elements. More precisely, we prove

Theorem 1.1. Let s >0, g > 1, and let p be a distribution on Y. Then
p€ B™59(X) <= P(u) € LY(B; (1 — |z|)** dz).

Moreover, there exists a constant C' > 0 such that for any p € B~%9(X),

1/q
C v < ([ PGOM = o) ~tdn) < Clalsgsye (1)

The key idea for proving such a result is to use a lifting operator which
reduces the estimate question to an estimate between Besov spaces with pos-
itive exponents. In one direction, the main technique relies on interpolation
theory between domain of powers of analytic semigroups. In the other direc-
tion, we use a new representation formula for harmonic functions in a ball.
Similar type of results, with more complicated proofs, have alreadty been
obtained in the case of harmonic functions in a half space (cf. [3, Theorem
1.14.4]).

2 The Left-Hand Side Inequality (1.4)

We recall that for 1 <p< oo, r ¢ N,r=k+nwithk € Nand 0 <n <1,

D%p — D~
B”’(Rd) = {gp € Wk’p(Rd) :/ / | d+ el dxdy < oo
RY iz — np

VaeNd,a|=k‘}

with the norm

|Dp(z +y) — Dp(x)]”
lelles = lelBpn + 3 / L dady.
|| =k

When r € N,
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BoRY) = {p e WP RY) ;

De 2) + D™ —9pe P
/ |DYp(x + 2y) + Dp(x) ez +y)| drdy < o0
Rd JRd

i
YV a e N |af :r—l}
with the norm

el = el

/ |Dp(x + 2y) + D*p(x) — 2Dp(x + y)|”
R4 JR4

i g

|a|=r—1

dxdy.

The relation of the Besov spaces with integer order of differentiation and the
classical Sobolev spaces is the following [2], [1]

BP(RY) c WrP(RY) if 1<p<2,
Wr2(RY) = B™2(R?), (2.1)
WrP(RY) C B™P(RY) if p> 2.

Since for rN, and 1 < p < oo the space B~"P(R?) is the space of derivatives
of L?(R%)-functions, up to the total order k, for noninteger 7, r = k +n with
k€ Nand 0 < n < 1B "P(R?) can be defined by using the real interpolation
method [2] by

[WhP@®Y), WP RY)] = BTTP(RY).

P
The spaces B~"P(R%), or 1 < p < oo and 7 > 0 can also be defined by duality
with B="P' (R9). The Sobolev and Besov spaces W*? (%) and B™P(X) are
defined by using local charts from the same spaces in RV ~1.

Now, we present the proof of the left-hand side inequality in the case
N > 3. However, with minor modifications, the proof applies also to the case
N = 2 (cf. Remark 3.1 below). Let (r,0) € [0,00) x S¥~=1 (with SV~! ~
Y) be spherical coordinates in B. We put ¢ = —Inr. Suppose that u €
B=%4(SN=1) Let u = P(u). Denote by @ the function u expressed in terms
of the coordinates (¢,0). Then

N -1

1
Upr + U+ —Aou=0 in (0,1) x SV (2.2)
r

and
Ut — (N —2)u + A, =0 in (0,00) x SV~ (2.3)

Then the right inequality in (1.4) takes the form
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6
L e e Nt < C gy (29)

Clearly, it suffices to establish this inequality in the case u € M(SNV~1) (or
even p € C*°(SN=1)), which is assumed in the sequel. We define k € N* by

2k —1) < s < 2k, (2.5)

with the restriction s > 0 if £ = 1. We denote by B the elliptic operator of

order 2k .
_o\2
B— <% _ AU)

and call f the unique solution of
p=Bf inSNL

Then f € W?2k=54(§N-1) gince B is an isomorphism between the spaces
B#=sa(SN=1) and B=49(SN~1). Put v = P(f) in B. Then v satisfies the
same equation as u in (0,1) x S¥~1. Let ¥ denote this function in terms of
the coordinates (t, o). Then

L :=0y— (N —2)0y 4+ A0 =0 in Ry x SV,
- ol (2.6)
v|t:0 =f in S .

Since the operator B commutes with A, and 9/9¢, and this problem has a
unique solution which is bounded near t = oo, it follows that

P(Bf) = Bv. (2.7)
Hence
u="P(u) =P(Bf) =DBv. (2.8)

If v* == e t(N=2)/25 then

*

N —2)?
vy — uU*JrAgv* =0 in Ry x SN,

4 (2.9)
v*(0,-) = f in SNTL

Note that

(N -2

)2 1/2
v* = e (f), where A( 1 IAU> — A% =B,

where e/ is the semigroup generated by A in LI(S™N~1). By the Lions-Peetre
real interpolation method [2],
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[W2k,q(SN71)7LQ(SN71)} :B2kfs,q(SN71).

1—s/2k,q
Since D(A?) = W24(SN-1),
D(A%) — W2k,q(sN71)'

The semigroup generated by A is analytic as any semigroup generated by the
square root of a closed operator. Therefore, by [4, p. 96],

o0 . adt
£ 2rmia ~ IFE 0oy + tERaZRD [ A% o) o
( ) o ( ) t

q dt
Lq(SN*1)> n

1
~ Qq _ +/ ts AQk *
e A Gl P

! _ a dt
= ||f||%q(SN_1) +/ (tse_t(N—2)/2 ||BIU||Lq(SN71)) it (210)
0 t

where the symbol ~ denotes equivalence of norms. Therefore, by (2.10),

1 fy2k—saqgn-1y = C 1| Taqgv-1
( ) ( )
! _ _ adt
+C/0 (tseft(N 2)/2 ”u”Lq(SN*l)) 7

1
> CIIf[¢ugsn ) +C / gy e Ve Nar, (2.11)
0
Furthermore,
|l (1 = et N
0

1
<O Nllonosy (1 = 1t Ve
0

1
< C/ [Gll G0 gy e Nt . (2.12)
0
This is a consequence of the inequality

/ [u]9dS < (r/p)N ! / ful9ds,
OB, o

P

which holds for 0 < r < p, for every harmonic function v in B. By a straight-
forward computation, this inequality implies that
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w?(l—r)dz <c wl?(1 —r)dx,
/lmm ) (7)/ 91— )

y<l|z|<1

for every v € (0,1).
In view of the definition of f,

||/v‘||?3—s,q(sn—1) ~ ||f||?/[/2k—s,q(5n—1) . (2.13)

Therefore, the right-hand side inequality (2.4) follows from (2.11), (2.12), and
(2.13).

3 The Right-Hand Side Inequality (1.4)

Suppose that j is a distribution on SV 1 such that P(x) € L9(B; (1—|z|* ™).
Then we claim that y € B=%9(SV~1) and

1/q
C Mol < [ O aoae) L @y

Because of the estimate (2.10) it suffices to prove that

Hf”Lq(sN—l) <C ||U||Lq(B7(1,T).<q_1 dz) - (3.2)

With v = Bv this relation becomes

”f”LQ(SN*l) <C ||BU||Lq(B;(1_7-)sq—1 dz)

1 1/q
<C (/ 1013200 (g -1y (1 = r)sat rN_1d7“> . (3.3)
0

In order to simplify the exposition, we first present the case 0 < s < 2.

3.1 The case 0 < s < 2

We take k = 1. Since the imbedding of B2~%4(SN-1) into LI(SN-1) is
compact, for any € > 0 there is C; > 0 such that

1Ml Lagsv-1) < ellll ga-saqsn-ry + Cell@llpign-ry Vo € BX29(SVT),

Therefore, the following norm for B2=%4(SN=1) is equivalent to the one given
in (2.4)
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q q ' s 2, % adt
1 = WMo+ [ (12 o) G G0)
and the estimate (3.3) is a consequence of
q ' s 2, % adi
11, o, < /0 (8 4% | sy ) (3.5)
Integrating (2.9) and using the fact that
tlggo ||v*||Loo(sN71) = tlggo ||U:||Loo(sN71) =0, (3.6)
we find
vy (t,0) = / A%v*(s,0)ds ¥ (t,0) € (0,00) x SN,
and

v*(t,a):/ / A%*(1,0)drds
t s

= /OOAQU*(T, o)(r —t)dr V¥ (t,0) € (0,00) x SNL. (3.7)

t

Letting t — 0 and integrating over S™V—1, one obtains

/ |f] do < / / |A2v*
SN—I 0 SN—I

00 1/q
< C(N,s,q,0) </ / |A2v*|qe‘sTqu1dadT> (3.8)
0 SN-—1

for any § > 0 (§ will be taken smaller than (N — 2)g/2) in the sequel), where

Tdodr

o 1/d’
C(NasaQ76) = (’SN_ll/ T(Q+1_SQ)/(Q—1)e—57’/(q—1)d7_> )
0

Note that the integral is convergent since (¢ +1 — sq)/(¢ —1) > —1 if and
only if s < 2. Going back to v, we have

/ / ’AQ’U* |q65778q71d0d7 = / / |AZE}qe(‘s*(meq/z)Tqu*1dod’r.
0 SN-—-1 0 SN-—-1

Since w is harmonic,

/ |ﬂ(7-17 ')|ng < / |ﬂ(7’2, ')|qd0' V0< Ty < T1
SN—1 SN-—1
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or, equivalently,
/ | A%5 (74, -)’qda < / | A%5 (72, -)’qda VO0<T7 <. (3.9)
SN*I SN*I
Applying (3.9) between 7 and 1/7 for 7 > 1, we get

/00/ |A21~)‘qe(‘s_(N_Q)q/Q)TTSq_IdUdT
1 Jev-a

1
< / / |A25|qe(‘S*(Nfz)Q/Q)T_l'rfsqfldadT. (3.10)
0 JSN-1
Moreover, there exists C' = C(N, ¢,d) > 0 such that
6(5*(N*2)Q/2)t71t*5q*1 < Cel0—(N=2)a/2)tysa=1 () ¢ < 1.

Plugging this inequality into (3.9) and using (3.8), one derives

1 1/q
/ |f|do < C (/ / |A2v*|qe5Tqu1dadT> (3.11)
SN—] 0 SN—l

for some positive constant C, from which (3.5) follows.

3.2 The general case

We assume that k > 1. Since the imbedding of B2¢=%4(SN~1) into L4(SN 1)
is compact, for any € > 0 there is C; > 0 such that

||80||Lq(sN—1) < 5||90||B2k—s,q(sN—1) + CEHSOHU(SN—l) Ve szis’q(sNily

Thus, the following norm for B2*=%:4(SN=1) is equivalent to the one given
in (2.4)

' . adt
||f||qB2k—s,q = ||f‘|%1(SN—1) “!‘A (ts HA2kU Lq(SN*1)> ?, (3.12)
and the estimate (3.3) follows from
q sl 42k @dt
0wy < [ (#1420 gon ) 5 (3.13)

From (3.7)
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v*(t, o) = /Oosz*(T, o)(r —t)dr VY (t,0) € (0,00) x SN (3.14)
t
Since the operator A2 is closed,
A*v*(t,0) = /00A41)"‘(7'7 o)(T —t)dr
t
and

v*(t,0) = /too(tl - t)/OOA4U*(t27J)(t2 — t1)dtodty

t1
:/ / (t1 — t)(ta — t1)A%0* (ta, 0)dtodty
t t1
VY (t,0) € (0,00) x SN7L, (3.15)

Iterating this process, for every (¢,0) € (0,00) x SN~ one gets

o0 o0 oo k
v*(t,cr):/ / / H(tjftj_l)A%v*(tk,a)dtkdtk_l...dtl. (3.16)
t t1

te—1 j=1

where we set ¢ = ty in the product symbol. The following representation
formula is valid for any k € N,.

Lemma 3.1. For any (t,0) € (0,00) x SVN~1,

o0 (g _ 4)2k—1
v*(t,a)z/t ((th_)l)!A%v*(s,a)dS. (3.17)

Proof. We proceed by induction. By the Fubini theorem,

/ / (t1 — t)(ty — t1) A*0* (to, 0)dtadly
t t1

oo ta
:/ A4v*(t2,o)/ (t1 — t)(ty — t1)dt dty
t t

o0 _+)3
= / %A‘Lv*(tg,a)dtg.
t

Suppose that for ¢ > 0, £ < k and any smooth function ¢ defined on (0, c0)

o0 OO oo 4 oo (té _ t)2271
/ / [ —timn)e(todtedt,y ... dty = / S o(ty)dty.
t Jty te-1 jq ¢ (20-1)!
(3.18)
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Then

00 foe) E+1
/ / / —1)@(tes1)dtesrdty . . . dty
t Ju te oy
- / / / H (tj —tj—1)P(te)dtedto—1 ... dly
t Ju

te—1 j=1
oo (tl _ t)2€71
= —————P(ty)dt
/t (26 _ 1)| ( Z) 14

with -

D(te) = / (ter1 — to)p(tesr)dtosa.

te

But

C(t) —t 20—1
/ %/ (t£+1 - te)go(t€+1)dt£+1dtz
t - .

te

oo tell+1 (tl _ t)%—l
= /f <P(te+1)/t W(t@rl — to)dtedtesq

oo teil+1—t 7_2271
= t — (1 —t—T)drdt
/t o z+1)/0 (%_1)!(“1 T)dTdtesy

)2€+1

o0
topri1 — T
:/ <P(te+1)(2+l—
t

S

as

1 ( 1 ) B 1
(20— 1)1\2¢  20+1/  (20+1)
Taking p(tey1) = A*v*(tgy1,0), we obtain (3.17).
End of the proof. From (3.16) and Lemma 3.1 with ¢ = 0 we get

~2k—1
/ [fldo < / / AQkU*| —dodr
SN- —1)!

00 1/q
< C(N,s,k,q,0) (/ / |A2kv*|qe‘577’sq1d0dr> (3.19)
0 SN-1

for any ¢ > 0 (§ will be taken smaller than (N — 2)g/2) in the sequel), where

o0 l/q/
C(N73ak?,Q,5) = (|SN_1’/ T(Qk_s_l/q/)q/e—57/(q—1)d7_> .
0
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Note that the integral is convergent since (2k — s — 1/¢')¢’ > —1 if and only
if s < 2k. As in the case s < 2, we return to v and u = A%*%, use the
harmonicity of uw in order to derive

/OO/ ’A2k5|qe(é—(N—Z)q/2)Tqu—ldo_d7_
1 Jsn-1

1
S// |A%ﬁ‘qe(é_(N_Q)Q/Q)FlT_Sq_ldadr (3.20)
0 SN—-1

as in (3.10) and, finally,

1 . 1/q
/ |fldo < C (/ / |A[E oy qu_ldO'dT)
SN-—-1 0 SN—-1
1 1/q
<’ </ / |1~Lq7'sq1dcrd7'> , (3.21)
0 Jsn-1

which completes the proof of Theorem 1.1. a

Remark 3.1. If N = 2, the lifting operator is

k
d2
B=(1-—]) ,
and the proof is similar. Moreover, since B is an isomorphism between

B2k=s1(S1) and B~*!(S'), the result of Theorem 1.1 also holds in the
case ¢ = 1.

4 A Regularity Result for the Green Operator

Put (1—|z|) = §(z). By duality between L4(B; 6%~ dz) and LY (B; 6%~ 1dx),
we write
a¢

sq—1 — — _>
| Pwwsrtar =~ [ B acis = - [ S (4.1)

B
where ( is the solution of the problem

—AC=6"% in B,

(=0 on 0B. (4.2)

In (4.1), the boundary term should be written as (i, 9¢/0v) 5 if p is a distri-
bution on Y. Then the adjoint operator P* is defined by

0

P*($) =~ G811, (43)
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where G(§°7~ 1) is the Green potential of §°¢~ 1. Consequently, Theorem
1.1 implies that there exists a constant C' > 0 such that

S ClYllLer (Bisoa-1dz) -

- 0] o
ct Hw”Lq’(B;(;sq—ldx) < H@G((; q lw)
Bs:a' (%)
(4.4)

But
¢ e LY (B; 6% \dx) < 6°91p € LY (B; 669 D0-0) ).

Putting ¢ = 6°¢~ 4/ and replacing ¢’ by p, we obtain the following result.
Theorem 4.1. Let s >0 and 1 < p < co. Then
@ € LP(B; P19 ) dz) — aﬂG(gp) € B*P(%).
v

Moreover, there exists a constant C' > 0 such that for any function
@ € LP(B; 6P =)~ 1)dx)

0

T S () (L Fr——

p (4.5)
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Isoperimetric Hardy Type and
Poincaré Inequalities on Metric Spaces

Joaquim Martin and Mario Milman

Abstract We give a general construction of manifolds for which Hardy type
operators characterize Poincaré inequalities. We also show a class of spaces
where this property fails. As an application, we extend recent results of E. Mil-
man to our setting.

1 Introduction

While working on sharp Sobolev—Poincaré inequalities in the classical Eu-
clidean setting (cf. [17]) as well as the Gaussian setting (cf. [14]), we ob-
served that the symmetrization methods we were developing could be readily
extended to the more general setting of metric spaces (cf. [6, 14, 15, 16]).
However, in the metric setting we found that we could not always decide if
the results we had obtained were “sharp” or best possible.

Indeed, generally speaking, the methods that we use to show sharpness
require the construction of special rearrangements and thus our spaces need to
exhibit sufficient symmetries. In fact, in all the examples where we know how
to prove sharpness, the “winning” rearrangements are those that are somehow
connected with the solution of the underlying isoperimetric problems (for
example, the symmetric decreasing rearrangements in the Euclidean case,
which are associated with balls (cf. [17]), while in the Gaussian case one uses
special rearrangements associated with half spaces (cf. [8, 14]) and, likewise,
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in the more general model cases of log concave measures (cf. [5, 7] and the
more recent [1, 15, 16]). In particular, these special rearrangements allow
us to show that there exist “special symmetrizations that do not increase
the norm of the gradient,” i.e., that a suitable version of the Pdlya—Szego
principle holds.

In preparation for a systematic study we observed that, in all the model
cases we could treat, a key role was played by the boundedness of certain
Hardy operators, which we termed “isoperimetric Hardy operators.” This led
us to isolate the concept of “isoperimetric Hardy type spaces.” This property
can be formulated in very general metric spaces and can be applied if we
have estimates on the isoperimetric profiles. By formulating the problem in
this fashion, while we may lose information about best constants, we gain
the possibility of obtaining positive results that would be hard to obtain by
other methods.

In this note, we continue this program and we address the question: which
metric spaces are of “Hardy isoperimetric type”? On the positive side we
show, using ideas of Ros [26], how to construct a class of metric spaces
of “Hardy isoperimetric type” that contains all the model cases mentioned
above. Therefore this construction provides us with a large class of spaces
where our inequalities are sharp.

As another application we continue the discussion of the connection be-
tween our results and the recent work of E. Milman [23, 22, 24]), who has
shown the equivalence, under convexity assumptions, of certain estimates for
isoperimetric profiles. In [16], we extended and simplified E. Milman’s results
to the setting of metric spaces of isoperimetric Hardy type. The construction
presented in this paper thus gives a general concrete class of model spaces
where Milman’s equivalences hold.

Finally on the negative side we also construct spaces that do not satisfy
the “isoperimetric Hardy type condition.”

In the spirit of this book, we now comment briefly on the influence of
Maz’ya’s work in our development. Underlying the equivalences of Theo-
rem 2.1 below are two deep insights due to Maz'ya: Maz’ya’s fundamental
result showing the equivalence between the Gagliardo—Nirenberg inequality
and the isoperimetric inequality (cf. [18] and also [9]), and Maz’ya’s technique
of showing self improvement of Sobolev’s inequality via smooth cut-offs (cf.
[20]). Indeed, one of the themes of Theorem 2.1 is to develop the explicit con-
nection of these two ideas using pointwise symmetrization inequalities (“sym-
metrization by truncation” cf. [17, 14]). Another theme of our method is that
we formulate our inequalities incorporating directly geometric information, an
idea that one can also already find in Maz’ya’s fundamental work characteriz-
ing Sobolev inequalities in rough domains [20] as well as in Maz’ya’s method
characterizing Sobolev—Poincaré inequalities via isocapacitory inequalities®

(cf. [21)).

L A detailed discussion of the connection between Maz'ya’s isocapacitory inequalities and
symmetrization inequalities is given in [16].
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As this outline shows, and we hope the rest of the paper proves, our meth-
ods owe a great deal to the pioneering work of Professor Maz’ya and we are
grateful and honored by the opportunity to contribute to this book.

2 Background

Let (£2,d, 1) be a metric probability space equipped with a separable Borel
probability measure p. Let A C 2 be a Borel set. Then the boundary measure
or Minkowski content of A is by definition

e (A - (4
1] (A)—hmégfo - ,

where Ay = {z € £2:d(x,y) < h} denotes the h-neighborhood of A.

The isoperimetric profile I, 4,,) is defined as the pointwise maximal func-
tion I q,) : [0,1] — [0, 00) such that

1 (A) = Lig,a, (1(A))
holds for all Borel sets A.

Condition. We assume throughout that our metric spaces have isoperi-
metric profile functions I 4, Which are: continuous, concave, increasing on
(0,1/2), symmetric about the point 1/2, and vanish at zero?.

A continuous function I : [0,1] — [0,00), with I(0) = 0, concave, increas-

ing on (0,1/2) and symmetric about the point 1/2, and such that
I'>Iqdu

is called an isoperimetric estimator on (§2,d, 11).
For measurable functions u : 2 — R the distribution function of w is given
by
A (t) = p{x € 2 |u(x)| >t} (¢ >0).

The decreasing rearrangement u* of u is defined, as usual, by

uy(s) = inf{t > 0: A, (t) < s} (¢ €(0,u(82)]),

and we set

Given a locally Lipschitz real function, f defined on (£2,d) (we write in
what follows f € Lip(£2)), the modulus of the gradient of f is defined by

2 For a large class of examples, where these assumptions are satisfied we refer to [6, 23]
and the references therein.
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Vf(z)| = limsup —————"~
‘ ( )‘ d(z,y)—0 d(l‘,y)

and zero at isolated points®.

A Banach function space X = X (£2) on (£2,d, ) is called a rearrangement-
invariant (r.i.) space if ¢ € X implies that all g-measurable functions f with
the same rearrangement function with respect to the measure p, i.e., such
that f; = g;;, also belong to X; moreover, ||f||x = [[g|x. An r.i. space X({2)
can be represented by an 1.i. space X = X (0,1) on the interval (0,1), with
Lebesgue measure, such that

1fllx = 1/2 =

for every f € X. Typical examples of r.i. spaces are the LP-spaces, Lorentz
spaces, and Orlicz spaces. For more information we refer to [4].

In our recent work on symmetrization of Sobolev inequalities, we showed
the following general theorem (cf. [15, 16] and the references therein)

Theorem 2.1. Let I : [0,1] — [0,00) be an isoperimetric estimator on
(£2,d, ). The following statements hold and are in fact equivalent.

1. Isoperimetric inequality

VA C 02, Borel set, u"(A) > I(u(A)).

2. Ledoux’s inequality
vfelin(@), [ 10v()ds < [ 195)|duto).
0

3. Maz’ya’s inequality®

d

Vf € Lin(@), (<) ()1 < 1 [ V() di).
STLF1>F(9)}

4. Polya—Szegd’s inequality

Vf € Lip(€2), / (L) (I (s)ds < / VA1 ()ds.

(The second rearrangement on the left hand side is with respect to the
Lebesgue measure).

3 In fact, it is enough in order to define |V f| that f will be Lipschitz on every ball in (£2, d)
cf. [6, pp. 184,189] for more details.

4 See [19]; one can also find this inequality in [27, 28].
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6. Oscillation inequality

Ve Lip(2), (£ - f1(1) < %

VI (@) (2.1)
Given any rearrangement invariant space X ({2), it follows readily from
(2.1) that for all f € Lip(£2)

s = o0 - £20) B2 <41

One salient characteristic of these spaces is that they explicitly incorporate
in their definition the isoperimetric profiles associated with the geometry in
question and thus they can automatically select the correct optimal spaces for
different geometries (cf. [14, 15, 16] for more on this). While the LS(X) spaces
are not necessarily normed, often they are equivalent to normed spaces (cf.
[25]), and, in the classical cases, lead to optimal Sobolev—Poincaré inequalities
and embeddings (cf. [17, 13, 14] as well as [3, 2, 29] and the references therein).

3 Hardy Isoperimetric Type

Let Q be the operator defined on measurable functions on (0, 1) by

Qr(t) = / f(s)%,

where [ is an isoperimetric estimator. We consider the possibility of com-
pletely characterizing Poincaré inequalities in terms of the boundedness of
Qr as an operator from X to Y.

In order to motivate what follows, we recall the following result obtained
in [15, 16] for classical settings (cf. [14]).

Theorem 3.1. Let X,Y be two r.i. spaces on §2. Suppose that there exists

a constant ¢ = ¢(X,Y) such that for every positive function [ € X with
supp f C (0,1/2)
lR1fF(®)ly <

Hg - / gdp
(93

5 We note for future use that Poincaré inequalities can be equivalently formulated replacing
fQ gdp by a median value m of g, i.e., p(g =m) >1/2 and p(g <m) > 1/2.

i

-
Then for all g € Lip(£2)®

= IVylx - (3.1)
Y
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Furthermore, if the space X is such that || ;HY ~ Hf;*HY’ then

1Al = 1A sy + 11z -

In fact, LS(X) is an optimal space in the sense that if (3.1) holds, then for

all g € Lip(£2)
= Hg/ gdp
Y Q

Hg - / gdp
2

We give a simple, but nontrivial example that illustrates how the preceding
developments allow us to transplant Sobolev—Poincaré inequalities to the
metric setting.

= Vgl x -

LS(X)

Example. Suppose that ({2, 1) has an isoperimetric estimator
I(s)~ stV (0 <s<1/2).

It follows that, on functions supported on (0,1/2),

1/2
Qrf(t) ~ /t s””f(t)%.

Since the conditions for the boundedness ()7 on r.i. spaces are well under-
stood, we can transplant the classical Sobolev inequalities to ({2, ). Further-
more, we note that, in the borderline case ¢ = n, the corresponding result
using the optimal LS(L™) spaces is sharper than the classical Sobolev theo-
rems (cf. [2]).

As was mentioned, it is known that the converse to Theorem 3.1 is true
in a number of important classical cases. In other words, the operator Q7 in
those cases gives a complete characterization of the Poincaré inequalities (for
the most recent results cf. [15, 16]).

This led us to introduce the following definition.

Definition. We say that a probability metric space (£2,d, u) is of isoperi-
metric Hardy type if for any given isoperimetric estimator I, the following
assertions are equivalent for all r.i. spaces X = X(2), Y =Y (02).

1. There exists ¢ = ¢(X,Y) such that

<c| VIl (3.2)
Y

Vf € Lip(12), Hf—/gfdu

2. There exists ¢ = ¢(X,Y) such that

1Qrfllv = Iflx. fe€X with supp(f) C (0,1/2).
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4 Model Riemannian Manifolds

In this section, we construct a class of spaces of isoperimetric Hardy type
spaces that includes the n-sphere S™ (R"™, v,) (R™ with Gaussian measure)
and symmetric log-concave probability measures on R.

We follow the construction of Ros (cf. [26]). Let My be a complete smooth
oriented ng-dimensional Riemannian manifold with distance d. An absolutely
continuous probability measure po w.r. to dV in My is called a model measure
if there exists a continuous family (in the sense of the Hausdorff distance on
compact subsets) D = {D": 0 <t < 1} of closed subsets of M satisfying the
following conditions.

1. po(DY) =t and D* C D', for 0 < s <t < 1.

2. D! is a smooth isoperimetric domain of pg and I,,(t) = ud(D?) is
positive and smooth for 0 < ¢ < 1, where I,, denotes the isoperimetric
profile of M.

3. The r-enlargement of D', defined by (D'), = {x € My : d(z,D") < r}
verifies (D), = D* for some s = s(t,r), 0 <t < 1.

4. D' = My and D is either a point or the empty set.
Theorem 4.1. Let (My,d) be an ng-dimensional Riemannian manifold en-

dowed with a model measure pg. Then (Mg, d) is of isoperimetric Hardy type.

Proof. Consider the function defined by

p:MO_)[Oal]a
x € 0D! —t.

Let x,y € My be such that 0 < p(y) < p(z). Let D € D be such that y ¢ D.
Consider the function h(r) = po(D,), which is continuous and smooth for
0 < h(r) < 1 and, in this range (cf. [26]),

W (r) = Lo (h(r)). (4.1)

From the definition of p it follows that p(z) = h(d(z,D)) and p(y) =
h(d(y, D)). Since d(z, D) — d(y, D) < d(z,y), we see that

p(z) —ply) _ hd(z, D)) — h(d(y, D))
d(x,y) h d(x7D) _d(va)

< suph(s),
i.e., p € Lip(Mp) and

|Vp(z)| = lim sup p()

y—z
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is finite, it follows that |Vp(z)| exists a.e. w.r. to dV (cf. [6, p. 2]) and hence
a.e. W.I. fi9. Let us now compute |Vp|. Given x € M such that p(z) =1t < 1,
let D € D so that = ¢ D and, as above, consider the function h(r) = uo(D,).
Let z(x) € My be such that

d(z,D) = d(z, z(x)).

Select y,, on the geodesic joining z(x) and x such that y, — x. Then

o [ = pon)

n— 00 d(gc’yn) = hl<d($7D>)

= lim
n—oo

‘ h(d(z, D)) — h(d(yn, D))
d(z, D) — d(yn, D)

= Ly (h(d(x, D)) [by (4.1)
= L (p(2)). (4.2)

Let f € X be a positive function with suppf C (0,1/2). Define

! ds
F(x)_ p(x) (S)Iﬂo(s).

It is obvious that F' € Lip(Mj) and, by (4.2),

-
Lo (p())

We claim that the map p : (Mo, uo) — ([0,1],ds) is a measure-preserving
transformation. To prove this claim, we need to see that for any measurable
subset R C [0,1]

|VF(x)| = f(p(x)) \Vp(z)| = f(p(z)) a.e.

o (o (R) = [ as. (43)

It is enough to see (4.3) for a closed interval. Let [a,b] C [0,1] (0 <a <b < 1).
Then

1o (7 ([a,b])) = po(DP) — po(D*) = b — a.
Using this claim (cf. [4, Proposition 7.2, p. 80]) then a.e. we have

ds
Iﬂo (5) 7

It is obvious that the condition (3.2) is equivalent to

% (5) = / £(s) VEL () = £*(5).

lw =mlly 2 |[Vullx,

where m is a median® of f, now since o (F = 0) > 1/2, 0 is a median of F,
and from

Sie., po (f >m)>1/2and po (f <m) >1/2.
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I1F = 0lly = [[VFx

‘ / ' 970

as we wished to show. m|

we obtain

_=2flx
Y

5 E. Milman’s Equivalence Theorems

In the next result, we have a list of progressively weaker statements that
nevertheless have been shown by E. Milman (cf. [23, 22, 24]) to be equivalent
under certain convexity assumptions. Likewise, E. Milman also has formu-
lated similar results in the context of Orlicz spaces.

In [16], we have simplified and extended Milman’s results to the context of
metric spaces with Hardy isoperimetric type, as well as considering general
r.i. spaces.

Theorem 5.1. Let (£2,d, ) be a space of Hardy isoperimetric type. Then
the following statements are equivalent:

(E1) Cheeger’s inequality
3C >0 5.t Iigau >Ct, te(0,1/2).
(E2) Poincaré inequality
IP>0st. |f —=mlpzo) < Plfllpzg)-
(E3) Ezponential concentration: for all f € Lip(£2) with |[f|1;,0) < 1
Jer,co >0 st pf|f —m| >t} <crem 2, te(0,1).
(E4) First moment inequality: for all f € Lip(£2) with | f|lp;,0) <1
IF > 05t |f =mlpig < F

Theorem 5.2. Let (§2,d, ;1) be a space of isoperimetric Hardy type. Let 1 <

1/
q < 00,, and let N be a Young function such that M is nondecreasing

and there erists a > max{% — 1,0} such that @

the following statements are equivalent.

(E5) (Ln, L) Poincaré inequality holds

is nonincreasing. Then

IP >0 st ||f — mHLN(Q) < PHf”Lq(Q) .
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(E6) Any isoperimetric profile estimator I satisfies: there exists a constant

¢ > 0 such that
tl—l/q

N-H(1/t)

The construction of the previous section thus provides a class of spaces
were the previous theorems apply.

It)>c te(0,1/2).

6 Some Spaces That Are not of Isoperimetric Hardy
Type

In this section, we show that, unfortunately, not all metric spaces are of
isoperimetric Hardy type.

Let I : [0,1] — [0,00) be concave, continuous, increasing on (0,1/2),
symmetric about the point 1/2, and such that I(0) = 0. Let 0 < 8 < 1.
We say that I has (-asymptotic behavior if lim,_, o+ 511(—,523 exists and lies on

(0, 00).

Theorem 6.1. Suppose that I is of B-asymptotic behavior. Then the follow-
ing assertions hold.

(i) Given 0 < B < 1/2, there is a metric space (20,d, p) with I(s
I 0g,do.po) (), @ pair of r.i. spaces X,Y on §2, and a constant ¢ = c¢(X
<c|Vygllx, g€ Lip(£2),

Such that
H /!2 Y
0

but Qr : X — Y is not bounded.
(ii) Given 0 < 8 < 1, there is a metric space ({21,dy, 1) such that

) o~
Y)

I(S) =~ I(Ql7d1,ﬂl)(s)
and (§21,d, p) is of isoperimetric Hardy type.

Proof. (i) (cf. [13] for a more general result). Let 1 < o < 2,, and let {2 be
an a-John domain on R? (]2| = 1). Then (cf. [11])

Io(s) ~s¥/2 = g1=0-a/2) <5< 1/2.

Let t > 1 be such that & > t—1, and let r = ﬁ Note that 1 <t <.
Then (cf. [12])
o= o
0

In this case, the operator Qr,, is given by

=Vl -
L7‘
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1
Qr, f(t) :/t u_“/Qf(u)du.

Note that Qj, is not bounded from L! to L". Indeed, the boundedness of
Qr1, can be reformulated as a weighted norm inequality for the operator

g — fxl g(u)du; namely,

’ /E ' o)

It is well known that (6.1) holds if and only if (cf. [20])

(6.1)

<o foon]

L Lt

t—1

() ([ e™e) Tew e

—at

-1 + 1 < 0, and for a near zero we have

Now, since a < 2, it follows that

a 1/r 1 —1 - | t—1
() ([ ™) o sy
0 a

(A—t)(a—1)
~a 2.

Consequently, since % < 0, (6.2) cannot hold.
(ii) We follow Gallot’s method (cf. [10]) in order to construct (£21,dy, 1) .

Let .
ds
B(ry= | ——, 0<r<l.
(r) /TI(S)7 o<r

Since I is of S-asymptotic behavior, we see that L = B(0) < oco. Since B is
decreasing, it has an inverse which we denote by A. Consider the revolution
surface M = (0, L) x S* (compactified by adjoining the points {0} x S and
{L} x S1)) provided with the Riemannian metric

g =dr?* + I(A(r))?*do?,

where § € S' and d6? is the canonical Riemannian metric on (Sl, can) . Notice
that I(A(0)) = I(A(L)) = 0. We denote by Voly; the volume of (M, g).
Multiplying the metric g by a constant, we can and will assume without loss
that Volys (M) = 1. Denote by Ips the isoperimetric profile of (M, g, Volas).
Then (cf. [10, Appendix A.1.]) we can find a constant ¢, depending only on
I, such that

cl(s) < Inp(s) < I(s).

‘ Let X,Y be two r.i. spaces on M such that
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Hg — / gdVol s
M

Let f be a positive Lebesgue measurable function on (0, 1) with suppfC
(0,1/2). Define

= Vygllx, g € Lip(M).
Y

1
’Z,L(’I", 01792) = /A( )f(S)%, (T, 01702) S M.

It is plain that w is a Lipschitz function on M such that Vol {u =0} > 1/2.
Hence 0 is a median of u.

On the other hand, recall that (cf. [10, Page 57]) for any domain of revo-
lution 2(\) = (0,\) x St € M we have that

Voli, (92(\)) = I (Volar (2(N)) .

In other words,

Therefore,
9t 60.00) = [5ru(r)| = |- A 7| = 1)
Now, since
W, (1) = / f(s)%7 VulLe,, (8) = £*(2),
from

lu = Ofly = [IVullx

[ ot

as we wished to show. O

we deduce that

= Flx
Y

By Theorem 6.1 the verification of a Sobolev—Poincaré inequality cannot
be reduced, in general, to establish the boundedness of the associated isoperi-
metric Hardy operator. However, if the profiles are of 8-asymptotic behavior,
we have the following weaker positive result.

Theorem 6.2. Let I be of B-asymptotic behavior (0 < 8 < 1). Let M be
the set of metric probability spaces (§2,d, ) such that

la.am = 1.
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Let X, Y be two r.i. spaces on [0,1]. Then the following statements are equiv-
alent.

1.
HIVQI* -
inf inf allb " =c>0.
(02,d,n)eM,;, geLip(£2) H (g — f() gd#’)uH7
2. o
Qr: X =Y is bounded. (6.3)

Proof. 1 — 2. Given I of (-asymptotic behavior, consider the revolution
surface M constructed in part (ii) of the previous theorem. Since M € M,

by h y p( )thebls.
(] n

which is equivalent to (6.3) since M is of Hardy isoperimetric type.
2 — 1. The implication is a direct consequence of Theorem 3.1. ad

<c|(vor|, . 9L,
Y
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Gauge Functions and Sobolev
Inequalities on Fluctuating Domains

Eric Mbakop and Umberto Mosco

Dedicated to Professor Vladimir G. Maz’ya

Abstract We study Sobolev inequalities on domains with fluctuating geome-
try. Fluctuations are expressed in terms of suitable sub-linear gauge functions,
typically of iterated logarithmic type. The same gauge function describes the
metric oscillations of the domain, as well as the resulting oscillations ob-
served in the Sobolev exponent. The theory applies to fractal domains dis-
playing random self-similarity. The gauge function is then produced by the
scale fluctuations of the fractal.

1 Introduction

The object of this study is to consider Sobolev and Poincaré inequalities in a
setting including certain fluctuating fractal domains. There is a vast literature
on Sobolev and Poincaré inequalities in metric spaces (cf., for example, [9, 8,
3] and [19]). The aim of these theories is to show that if the volume p(R) of a
ball Bg, of radius R has a power growth pu(R) ~ R for some exponent v > 0,
then for every 1 < p < v the Sobolev space WP on By is imbedded into the
Lebesgue space LP” on a comparable smaller ball, say Br /q for some constant
q > 1 independent of R. The Sobolev exponent p* is given by p* = %. This
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relation between p and p* is the analogue of the one occurring in the familiar
case of Euclidean space of (integer) dimension » = D € N.

In the more general situation dealt with in this paper, the volume p(Bg)
is subject to fluctuations in R. This affects the Sobolev imbedding by induc-
ing fluctuations on the Sobolev exponent. The main goal of the paper is to
describe these fluctuations in detail.

Following [22], we rely on a two-scale formalism. In addition to power-
scaling, we introduce a finer metric scale, typically of logarithmic type, in-
corporated in a suitable gauge function g.

In our setting, a gauge function is defined to be a (Lipschitz) nondecreasing
function on the real line such that g(0) =1 and

g(t) <got'™ Vix1 (1.1)

for some constants gop > 1 and 0 < ¢y < 1.

A significative example, from probability theory, is the function g(n) =
en®(loglogn)®, with @ < 1 and b > 0, which for large n € N satisfies (1.1)
with 0 < ¢g < 1 — a. We will meet this function in Section 5 in connection
with the fractal examples which motivate our theory.

Related scaling functions are the function

f(R) = exp (cg (c|log R])) (1.2)

for R > 0 and some constant ¢ > 0 and, given an exponent v > 0, the
function

O(x) = a(SV (Ra'/V)) ™77
for x > 0, with

SW(ry=>"27F f(27*r), (1.3)
k>0
0<r<l.

The function f describes the fluctuations of the volume of balls u(Bg).
The function © describes the fluctuations of the Sobolev imbedding. Both
functions f and @ are build upon the same gauge function g. Therefore,
the two functions together provide a quantitative, explicit description of how
volume fluctuations carry over to summability fluctuations.

We consider functions defined on a space X. We assume X to be a quasi-
metric space, i.e., is a space endowed with a quasidistance. While distances are
Lipschitz continuous functions, quasidistances are Holder continuous func-
tions. This provides an additional parameter scale. Moreover, we allow for
gradient of functions be only defined in a measure-valued sense, namely as
local energy forms, called Lagrangeans. Both these features, quasidistances
and Lagrangeans, together with the gauged functions mentioned before, play
a crucial role in our applications to fluctuating fractals.

Our main results are stated in Theorems 2.3, 3.1, and 4.1. Theorem 2.3
establishes some summability properties of the gauge functions. Theorem 3.1,
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which refines and extends some results from [22], shows the equivalence of
gauged Sobolev and Poincaré inequalities on the balls of X. Theorem 4.1,
inspired by recent work of Mazy’a and others [17, 18, 6], deals with the
equivalence of gauged Sobolev inequalities with suitable gauged capacitary
inequalities.

All inequalities involve the same gauge function g. Taken together, they
describe the interrelation between the structural fluctuations of the space X
and the analytical fluctuations of the function spaces on X.

Section 2 is dedicated to the study of gauge functions. Section 3 deals with
Sobolev and Poincaré inequalities, Section 4 with Sobolev and capacitary
inequalities, and in Section 5 we give examples of fluctuating domains in
which our results apply.

2 Gauge Functions

A gauge function is a nondecreasing continuous function g on the real line
such that ¢g(0) = go > 1 and

g(t) < got'™ Vix1, (2.1)

0 < eg < 1. We will have as an additional assumption that g is Lipschitz on
[1,00), with Lipschitz constant M. We identify g with its constants g, €o,
and write g = (go, €0). In some parts of our paper, we assume that g satisfies
the following condition

Sub-additivity condition. There exists a constant Cy > 0 and ¢ > 1 such
that for all z,y >t

g(x +y) < Cylg(z) + 9(v)). (2.2)

Given a gauge function g, we define an associated scaling function f as
follows:

f(s) = f(fo, fr;8) := exp (fo g(fih(s))), s>0,

where
h(s) = max{1, |log(s)|} (2.3)

with fo > 0 and f; > 1 two constants. For such a function f and for a given
R > 0 we consider the function fgr defined by

Fr= £ (for o mlB); s ). (2.4)

Here, the function m(R) is defined by

m(R) = max {1, R}. (2.5)
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We identify a scaling function f, associated to the gauge function g, with its
constants fo and f; and write f = (fo, f1)-

Also associated to the gauge function g is the fluctuation modulus Sl(g)
defined for some positive constants R and v as

S () =27 fa(27 ). (2.6)

k>0

It is important to note that f is nonincreasing on (0,e) and fg is nonincreas-
ing on (0, em(R)).
Also, the scaling function f satisfies

f(gs) < f(fo, fim(q); s) (2.7)

for all ¢, s > 0.
We proceed by giving some estimates on the growth of the fluctuation
modulus S}, near the origin.

Proposition 2.1. Let Ry > 0 and v > 0 be given constants. Let f be a
scaling function associated to a gauge function g = (go,€o0) with constants
fo >0 and f1 > 1. Then there exists two positive constants Cy,Cy1 > 0 such
that for all 0 < R < Ry we have

Sg) (r) < Cyexp (Cl ( log (m(R> )) 1760)

r
for all 0 < r < min {R7 m(R) }, (2.8)
e
where
Ci = fogo(fim(Ro))' ™, Co = Z 27" exp (Cy(klog2)' ).

k>0

Proof. Let 0 < r < min {R, @}, and 0 < R < Ry. We have

S () =" 27 fp(27Fr)

k>0

=> 27%exp (fog (flm(R) log 2%:1(}%) )>

k>0

= > 27 exp (fog (fum(R) (klog2 + log @)D

r
)

< 3" 2% exp (fog (frm(Ro) (Klog2 + log @)))

r
k>0
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< Z 277 exp (fogo (flm(RO) (k log 2 + log @))1—60)

r
k>0

3o b 4 (™) )

k>0 "
- e (1 (")) ).

Note that we used the fact that g is increasing, g(t) < got'=€ for all t > 1,
and 0 < ¢p < 1. Now, it only remains to show that Cj is finite.
Since 0 < ¢y < 1, there exists K* € N such that for all £ > K* we have

1 log 2)¢0
<v(0g) .

keo 2C4
Hence
Co < Z 277 exp(Cy (klog 2)—<0) + Z 2= < 00,
E<K* E>K*
where the second term is part of a geometric sum. ad

Corollary 2.2. For all R > 0 and for all 3 > 0 the fluctuation modulus
satisfies

m(R))ﬁ

Sh(r) < Co( "

Ci\ =
for all 0<T<min{R,m(€R),m(R)exp(_(ﬂ1) )}7 (2.9)
where
C1 = fogo(fim(R))' ™%, Cp= 22_"”“ exp(Cy(klog2)'—<0).

k>0

Proof. The inequality follows from the fact that

(R)

im0 < Blog mT

C1(log @

if r < m(R) exp(—(C’l/ﬂ)%). O

We define a function ¢y related to the gauge function g that will be used
in the statement of our results. For R > 0 and 0 < v < v let ¢ := ¢} be
defined by

_ v

or(x) = z(S5 (Rev)) 7 (2.10)
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We establish some summability properties of the function ¢g.

Theorem 2.3. Let Ry and Ry be two given positive constants that satisfy
0 < Ry < Ry. Then for all p > 1 with 119 + 1% =1 and for all R such that

Ro < R < Ry the functions (¢y) "7 belong to LP ((0,1)) with LP — norm
uniformly bounded by a constant C, = Cp(p, Ry, R1), t.e.,

1
7

(/01(¢IR(33))1_pldl‘>pl, < (/01 (é%@)y_ldx) : <Gy (2.11)

Here, ¢'n denotes the derivative of ¢r. If, in addition, g satisfies the sub-
additivity condition, then for all Ry > 0 and p > 1 there exists C), =

Cyp(p, R1) > 0 such that

(/01(%(@)1—?’@) ’ < C,f(R) YO0<R<R,. (2.12)

Here, the new scaling function f is related to the original scaling function

F = (o f1) by .
Col g p), o= 2.
p v—r

f=(

Proof. We first prove that ¢/, exists almost everywhere (a.e) on the interval
(0,1). With that end in mind, we first show that for all R > 0, v > 0, and

0 < rp < R the sequence of partial sums (m)S}(g) defined by

k=m
MMy = § 277k (27 k)
k=0

converges uniformly to Sl(g) on [rg, R].

In fact,
1

2v(m+1

r

(55 = S (r) = gt

7SR

Since 51(97) is nonincreasing, we get

m) g() L o "o
||S§§) —(m) Sg | oo ((ro, R)) < (i D) Sy <2m+1) — 0 as m — o0,
where the limit is obtained as a consequence of Corollary 2.2. Hence the con-
tinuity of the partial sums (m)Sl(g) on (0, R] implies that of Sg) on (0, R).

Since g is Lipschitz, every partial sums (m)Sg) is differentiable almost every-

where on (0, R). Let (™) S%(,"Y) denote the first order derivative of (m)Sg). We
have
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k=m

M) = =TS g (am() o

k=0

28m(R)

)2  fr(27)

for 0 < r < min {R, @}, where Cr = fofim(R). Define ¢y as follows:

va(r) =~ B3 (fom(B)log

2Fm(R)
> =)

)27 fr(27Fr)

m

for 0 < r < min {R, ER) } Using an argument similar to the one above, we

obtain

53 1 (,y)( T0

o 20(mtD) 7R szrl)HoasmHOO

195 = SE N o (g, maxtrm ) <
for all 0 < rp < min{R, @} Here, Cr = MC,, where M is the Lip-
schitz constant of g. Therefore, Sj(g) is differentiable almost everywhere
on (O,min{R, mTR)}) and its derivative, which we denote by ng), is the
function 1g. Note that if min{R, @} < R, then Sgw(r) = 0 for all
z € [ min{R, meR)},R).

Now,

(5% (Rav))S

with ( = Vﬁ—v Differentiating with respect to x, we obtain

or(T) =

(S (Rav))s+!

(Pp(2) " = : ; 1
f SO (Rat) — SRzt S (Rat)

a.e z € (0,1). Using the fact that Sﬁéw (Rzv) < 0 and Sg)(Rx%) > 1, ae
z € (0,1), we get

¢ x

Ol@) ™ < (87 (Re?) = s

a.e x € (0,1). Therefore,
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for all Ry < R < R;. Here, the finiteness follows from Corollary 2.2 and
the fact that Sl(g) is continuous for all R > 0. Note that we have use the
inequality Sp(z) < S% (x) which holds for all 2 € (0, e).

If we assume, in addition, that g satisfies the sub-additivity condition, then
the growth of the L?'-norm of (QS’R(Q:)Y% as R tends to zero can be controlled
by the gauge function f as follows: For R < 1/e

1

(/01(%(%))_%36)’/ < ( /01(S§”)(in))<<p’1))5’

<Jr)( / (50 )Y e = Fm)C,

=

where we used the inequality

1) < (i)

Note that Corollary 2.2 gives that

1 a
( /O (St ) D)7 = € < o,
Hence, given Ry > 0, (2.12) holds with Cp = max {C’p(p, é, Ry), C’}. ad

Remark. If g is unbounded,

/

lim (QS'R(:U))_% dr = oo.

1
R—0 J

Indeed, for all R < 1 we have
1 o v R ,
p(x)) 7 dr > C— SO (2))$¥' =D =gy,
R RY 1
0 0
where C' = (14 fofy MCy=1)'=7". Now,

R
LV (V) (N —1) =1 7 1 [€0) ¢(p'=1)
Jim > [ S @) Ve e = i (517 ()

> lim O, (Fu(R)* Y = o,

where Cy = (2311)“1) - Therefore, (2.12) is an estimate of the divergence

of the integral as R — 0.

In the subsequent sections, we will make repeated use of the following
lemma.
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Lemma 2.4. For all § > 0 define C®) as

o - 1

1+ |log(0)] (2:13)

Let £ be related to the scaling function f = (fo, f1) by £ = (fo,CO f1).
Let gbg) be obtained from ¢r according to (2.3) by replacing f with 9. Then
for every a,b € [0,1] and § > 0 the following inequalities hold:

ér(da) < 56% (a), (2.14)
drla+b) <262 (a) + 2 (b)) (2.15)

Proof. Let h be defined as in (2.3). Then for every positive § the following
inequality holds:
h(ox) = COn(z) Ya>0 (2.16)

with C®) as defined above. The proof is straightforward and we omit the
details.
We first prove (2.14). From (2.16) it follows that

ox
m(R)

T (6) = f(for frm(R); =) > £ (fo, LCOm(R); m‘s(”j% ) =1 @).
Therefore,
S (62) =0 51 (r),

where (5)55;) is obtained from S}g) in (2.6) by replacing the scaling function
f with f(®), The inequality (2.14) easily follows from the definition of ¢p.

We now prove that (2.14) implies (2.15). If @ < b, as ¢ is nondecreasing,
from (2.14) we get

dr(a+b) < or(20) < 2012 ().

Therefore, ¢r(a+b) < 2max{6 (a), 6% (b)} < 2(s% (a) + 02 () O

3 Gauged Poincaré Inequalities

In recent years, Sobolev and Poincaré inequalities have been extensively used
and investigated by several authors in a variety of abstract setting. Some
of the ideas used in these extensions date back to the work of Maz’ya [16],
Hedberg [11], more recently, Long-Nie [13]. A general presentation of Sobolev
inequalities and their applications can be found, for example, in [27]. For re-
cent developments in regard to Sobolev inequalities in metric spaces, we refer
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to the survey of Hajlasz—Koskela [9] and to Heinonen [12] (cf. also the recent
collection [19] edited by V. Maz’ya, devoted to Sobolev type inequalities).

In this section, we begin by describing the general setting of gauged homo-
geneous spaces which was first introduced in [22]. We then go on to establish
the equivalence between gauged Sobolev and gauged Poincaré inequalities
in that setting. The results we obtain are an extension to those obtained in
[14], where the gauge function g is constant. The general setting of a gauged
homogeneous space X is defined by the following properties:

H1 X is a locally compact space endowed with a quasidistance d, whose
balls form a basis of open neighborhoods in X. Here, a quasidistance d is
a function on the set X that has all the usual properties of a metric with
the exception that we only have the following weaker form of the triangle
inequality:
d(z,y) < cr(d(z, 2) + d(z,y)) (3.1)
1.

for all z,y,z € X, with ¢p >

H2 p € M satisfies the following gauged eccentric volume doubling con-
dition on all balls B = B(z,R) CC X: for all z € B(z,0R) such that
B(xz,r)C B(z,R) cC X

w(B(z, R)) RA\V
B <Ce(3) S0, (3.2)

where Cr and v are fixed positive constants, 0 < o < 1, M™ is the space
of nonnegative radon measures on X, and f = (fo, f1) is a scaling function
associated with a given gauge function g as defined in (2.1).

We will equip our space X with a p-Lagrangean £®), p > 1, having the
following properties:

L1 £® :C — M is a map which associates to each function u from a
given subalgebra C of C'(X) a measure £P)[u] € M.

L2 Forallu € Candg e C'(R), with ¢’ bounded, g(u) € C and L) [g(u)] <
max |¢'(u) |pé\f{g/¢0}£(p) [u], where X4 represents the characteristic function
of the set A.

Remark. 1. In the general definition of homogeneous spaces [4, 24], only a
similar concentric volume doubling condition is assumed, but for simplicity
we will assume the eccentric condition stated above since it is the main tool
used in our proofs. If the gauged eccentric volume doubling condition stated
above does not hold for all the precompact balls in our space X, our results
will be restricted to the “nice” balls where it holds.

2. Property L2 is a form of weak chain rule and expresses the gradient like
dependence of the measure £ [u] on the potential u.
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We now introduce a class of measures on X that we will refer to as measure
weights. This class of measure weights generalizes the Eucledian so-called A,
Muckenhoupt weights.

Definition. A measure weight w in a ball B of the gauged quasimetric space
X is a measure w € M™T(X) satisfying for some constants ¢,, > 1 and 8 > 0,
the following gauged volume growth condition:

w(B,) _ B, (R\" .
v < M (B) o) (W)

r

for every ball B, = B(y,r) C B = B(z, R), 0 < r < R, with the same scaling
function f used in the gauged eccentric volume growth condition.

Note that the measure weights w are not required to have an L' density
with respect to the underlying measure pu.
We now define a function @p related to the gauge function g and the
measure weights w as
@R = QIV%’OC’B = gaiﬁ’ (3.3)

where ¢p is as defined in (2.10), and § is the exponent of a measure weight
w.
In what follows, Rd(B) denotes the radius of a ball B, i.e.,

Rd(B) =a= 3z € X such that B = B(z,a)

and
|B| := u(B), up:= |B|*1/ wdp, TB:=B(x,Ta) V¥ T >0.
B

Our main result in this section is the equivalence between gauged Sobolev
inequalities and gauged first order Poincaré inequalities, as well as the equiva-
lence between first order and higher order gauged Poincaré inequalities. These
results are summarized in the following theorem.

Theorem 3.1. Let 1 < p < v/a, let Ry > 0 be given constants, and let g be
a given gauge function that satisfies the subaddivity condition. Let (X, u, L)
satisfy the assumptions H1, H2, L1 and L2. Let p* and pj (Sobolev exponent
associated to the measure weight w) be the Sobolev exponents defined by

v—a
v—a+p’

. pv .
pr= , DP3=D
vV —ap

*

and let f be scaling functions associated with the given g and suitable con-
stants fo and fi. Then the following conditions are equivalent.

(1) The following inequalities hold:
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][|u—uB\du C,R*f(R <| BI/ dL®[u ) (3.4)

for every u € C and for every ball B with 0 < R = Rd(B) < Ry, for suitable
constants T = 1 and C), > 0, independent of u and B.

(2) The following inequalities hold:

( /0°° N ai(g— 1> 0 i)

< C’sRaf(R)<ﬁ /B dﬁ(”)[u]>% (3.5)

for every uw € C and for every ball B with 0 < R = Rd(B) < Ry, where
0 <cro7m <1 and Cs > 0 are suitable constants independent of u and
B. Here, w is any measure weight that satisfies (W) with 0 < f < « and
1 =n(B,u) is a constant that depends both on the ball B and the function u.

(3) The following inequalities hold:

: . :
(f lu-uspan) < cpuresim) (g [ acopa) (36)

for every 1 < q < p*, for every u € C, and for every ball B with 0 < R =
Rd(B) < RO, where 7 > 1 and Cp 4 > 0 are suitable constants independent
of u and B.

This theorem is a consequence of Theorem 3.2 ((1) implies (2)) and The-
orem 3.3 ((2) implies (3)) stated below. These two theorems provide also
additional information about the mutual relation between the constants and
the gauged functions occurring in the inequalities of Theorem 3.1.

Theorem 3.2. Let w be a measure weight that satisfies (W) with exponent
B,0< B < a, and let Ry > 0 be a fized constant. Suppose there exists Cp, > 0,
T21and1<p<Z, such that

][|u—u3\du C,R*f(R (|B|/ dL®[u ) (3.7)

for allu € C and for every ball B with Rd(B) < Ro. Then there exists Cs > 0
such that

-

(/OOO @R(w(x € Ui(g) nl > t))d(tp?*)) P
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1 1
<Curf(m) (o [ ac )’ (3.8)
|B| J

for all w € C and for every ball B with Rd(B) < Rg. Here, o is a fizved
constant satisfying 0 < cyo 7 < 1 andn = n(B,u) is a constant that depends
both on the ball B and the function u.

Proof. Let Y = (Y, ) be a measure space. Let 1 < ¢ < 00, 1 < a <b<
oo and @ be a nondecreasing continuous function on [0,00). We define the
Lorentz type spaces Lg" = LE*(Y, 1) as the set of all measurable functions
v on Y such that

> adt
| e > )i <o
As in the classical case, we have the continuous inclusion

LE* L%, 1<a<b< oo (3.9)

Also, we define LY = LE?. When O(s) = s, the preceding spaces coincide
with the classic Lorentz spaces L%, L1 = L%%. Tt is shown in [22, Theorem 3|
that, in our setting and under the assumptions of Theorem 3.2, the following
inequality holds:

/Z [P (QR(w(x € awB(|BI;—t71 > 1)))%& < CR‘”’f(R)% /B dL®) [y]
(3.10)

for a fixed positive constant C, where = n(B, u) is a constant that depends
both on the ball B and the function u. Note that Lemma 2.4 gives

éR(w(x € ai|(|g) n| > t)) < 2(9R<w(:c € 051;) n > t))

w(x €oBlu—n< —t))>7

+n( w(B)

where O is defined as in (3.3) with scaling function fv: (fo, %) Hence

[ (6n (Mo B e 0))

< 2[0 jt|p! (@R (w(x < UwB(|B? - 1)>> 7t

Combining this inequality with the inclusion (3.9) (where ¢ = p}, a = p, and
b= pj) and the inequality (3.10) gives
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/OOO éR(w(x €oBl|u—n|> t)>d(tp5)

w(B)
- F(R) / %
< ap (p) .
<CR a( B/ [u]) (3.11)
for some new constant C. O

Theorem 3.3. Suppose there exists Cs > 0 andp > 1, 1 < p < v/« such
that

( /OOO ¢R(N({x € UB;J(E)_ nl > t}))d(tp*)) o

< C.R® f(R)(ﬁ /B dﬁ(p)[u]>% (3.12)

for all w € C and for every ball B. Here, o is a fized constant satisfying
0 < cro <1 andn=n(B,u) is a constant that depends both on the ball B
and the function u.

Then for every pair of positive constants Ry and Ry satisfying 0 <
Ry < Ry, and for all 1 < q < p*, there exists a constant Cy; > 0,
Cy = Cy(q,p*, Ro, R1), such that

(f lo—uspan)” < corep (o [ acop)’ )

for all w € C and for every ball B such that Ry < Rd(B) < Ry. Here, T is
any constant satisfying T > %

If, in addition, g satisfies the sub-additivity condition, then for all u € C
and for all balls B such that 0 < Rd(B) < Ry, the inequality (3.13) holds
with a new constant Cy depending only on ¢, p*, and Ry, and with a new
scaling function f' that is a power of the original scaling function f, f'(r) =

(f(r)C2 with

G G

q pq(v—a)

Proof. Fix u € C and a ball B that verifies Ry < R = Rd(B) < R;. Let
o= % and define the function u* as:

{zeB: Ju—n>t)
W(GE) >S}

Note that u* is a nonincreasing function on (0,1) that has the same dis-
tribution with respect to the Lebesgue measure as u with respect to the

measure /L7£%). Set b = %* and define b’ to be the conjugate exponent of b,

1
Co=1+-+
q

u*(s) :sup{t20: a
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ie, 1/b+1/b = 1. We have

oB
]{B|u —up|ldp < Qq]i lu —uzp|idu = QQ/L((UB))]{B |u —uzp|?dp

2(1/1,(53) w— |y — QQM(EB) 1u* $)9ds
<ol enan =28 [ oa

=T [ (7 (o) 0to) bt

<80 ([ 1(%(8))_%8) (/ (s (o)) T e

Note that we used the Holder inequality (b > 1). We then obtain

][ |lu —uplidu
B

< 4qlL(Zg) ( /Ol(qﬁﬁq(s))‘bb/ds);'( /O";R(u(x € i(l:B_) 7| > t))d(tp*))p%

<a [ (M=)

where C; = 41Cra” CyCy, with Cp = Cy(b, Ro, R1) defined as in (2.11) and
Co = maxp,<r<r, f(OR)f(R). Combining this inequality with (3.12) gives

(]i u— uBrJduf < C,R*f(R) (% /TB dc® [u])%

1
with Cy = C,CY and 7 = 0.

If, in addition, g satisfies the sub-additivity condition, then Theorem 2.3
gives

=

L </0 (¢/12(8))_b’;d8> " < Cu fERIRIG(R)

Therefore,

(f tu—uslian) " < core GO SR TR () (
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! pa (p %
—C'R°f | ‘/ ac
O, O

~ 1 1
where C! = 4C,(C5"Cy)7 and f = (Cafo, f1), Ca = 1+ rha ?9 i
with Cp and ( as defined in Theorem 2.3. ad

4 Gauged Capacitary Inequalities

In this section, we establish the equivalence between gauged Sobolev inequal-
ities and certain gauged capacitary inequalities. These results are inspired by
the seminal work of Vladimir Maz’ya in this field, in particular to the pa-
pers [17, 18]. The results are also influenced by the work of Fukushima
and Uemura [6]. While the inequalities in the previous papers are global, the
inequalities we obtain in this section are scaled inequalities on possible fluctu-
ating quasimetric ball as in the setting of the previous section. The setting in
this section is the same as in Section 3. Moreover we assume that, in addition
to conditions L1 and L2, our p-Lagrangean satisfies the following condition:

L3 For every compact set K and every open set A such that K C A there
exists a € C4 such that a|x = 1. Here, C4 = {u € C such that u|s. = 0}
for any open set A in X, where A¢ denotes the complement of A in X.

We consider the capacity function associated to the p-Lagrangean L®)
which is defined in the following way:

Definition. For arbitrary compact sets K and open sets A such that K C A
we define the capacity of K relative to A as follows:

cap, (K, A) inf / dL®

uEAK A

where Agx 4 = {nonnegative u € C such that u > 1 on K and v = 0 on A°}.

We now proceed to establish an equivalence between Sobolev and capac-
itary inequalities. As already mentioned, simplified gloval versions of these
inequalities were obtained by Maz’ya [17, 18] and by Fukushima and Uemura
[6] in different settings. Our proof is an adaptation of theirs to our setting.
Theorem 4.1. Let w be a measure weight with exponent (3 satisfying 0 <

pv v—1
<1 dletp = ————
B <1, and let p* =~ Py
following conditions are equivalent on (X, L).

(1) There exists Cs > 0 such that

be the associated Sobolev exponent. The



Gauge Functions and Sobolev Inequalities 315

(/O‘X’ @R(w(m € i?j|9)|u| > t))d(tp*))p%

<Cst(R)(|;|/Bdc<P>[u])’l“ (4.1)

for all uw € Cp and for every ball B such that 0 < R = Rd(B) < Ry. Here, o
is a fived constant satisfying 0 < cpo 7 < 1.

(2) There exists a constant C. > 0 such that

On (1‘;@) " < crim) (W) (4.2)

for every ball B and for oll K C 0B such that K is compact.

Proof. (1) = (2) For u € Ak »p, with K C 0B we have

on (S = ([ (2= a0

< C.Rf(R) <|;| /B dw)[u])

We obtain the implication by minimizing the right-hand side over all admis-
sible w.

(2) = (1) Let u € C,p and for each j € Z, let M;r = {z € Blu(z) > 27},
M = {z € B| —u(z) > 27}. Define accordingly the functions v}, u; as

R
follows:
v u . —u
Y _¢(21')’ Y _¢<2j>'

Here, ¢ is a C' function on R such that ¢ = 0 on [~00,1/2], ¢ = 1 on
[1,00), and the inequalities 0 < ¢ < 1, 0 < ¢’ < 4 hold on (1/2,1). It can

be easily shown that u;r € AM;f)UB and u; € ‘AM]»_JB' In addition, u;r =0

on (thl)c and u; =0 on (Mj:l)c. Combining all these observations, we
obtain

( /0°° On (w(m € Z}?}L)M > t)> d(t”*))p%

1
P

< ((21)* —1) j_io:o W IO (w(:zc € awfiB|)u| > 2j)>)p1*
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< B (el () e ()

P2y w(B)
j=o0 - )
<CRf(Ru(B) (3 27 (cap,,5(M;)F +cap, .5 (M; )7 )",
j=—00

where C' = C,(2(2" — 1))1%* and cap, () = cap,(-, B). Now, since uj €
Ayr+ opand uy € Ay~ 5, we have

( /OOO On <w(x € Z}?'L)u' > t)> d(tp*)>%*

Jj=00 1
<SCRFRuB)™H( Y 2 @+m)”,
j=—00
where 3
I= (/ dﬁ@[u]ﬂ) :
M \M
and
= dlu; P 5
L (/Mjl\MJ [u] )
Jj=00 p*
< CRf'(R)u(B)™» (j_z_:oo ((/Mfl\M;r dﬁ(?)[u])

Using the fact that p*/p > 1, we get

( /OOO @R(w(x € Z}(BIL)W > t))d(t”*))p%

i
j=—00 J*l\M]'

3=

< CORf'(R)u(B)~ dr® [u]))%

A\MS

i—

—crpwum) ([

ddmmg?
B

The proof is complete.
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5 Fluctuating Domains

To motivate our theory, we construct in this section a simple example of a
gauged homogeneous space with a nonconstant gauge function of logarithmic
type. The example is obtained by constructing in the plane a family of fluc-
tuating curves of von Koch type. Our example is taken from [22]. A similar
construction with curves of Sierpinski type is given in [21].

Let a be a fixed constant, 2 < « < 4. Consider the planar points A = (0, 0),

B =(1,0),C = (3, \/g), D= (1-1,0), F=(1,0) and the segments
I=[AF],; =[AB], I, =[B,C|, Is = [C,D] and I, = [D, F|. Here, for
z,y € R? [2,y] = {z € R?|z = Az + (1 — \)y, 0 < X\ < 1}. Note that the
segments Iy, I, I3, and I, all have length 1/a. We refer to the constant «
as the contraction factor. Let Fi(a) be the similitude that carries the interval
I into the segments I; and define the set-to-set function F(®) as follows:

4
FOE) = JF(E) for EcR (5.1)

i=1

It can be shown that there is a unique compact set K that is F(%) invariant,
i.e., F(®)(K) = K. We now construct a family of Koch curves K€ indexed by
the binary sequence & € {0, 1}, Let us first fix two values of the contraction
factor a, namely 2 < g < vy < 4. For each value of o, j € {0,1} we denote

by Fi(j )= Fi(aj ) the corresponding similitudes and by F() the corresponding
set-to-set functions. For & = (£1,62,&3,...) € {0,1}Y we set F¥ .= Fé o

co F&) and V, by Vi = F9 (V) where Vy = {(0,0),(1,0)} is the
“boundary” of the Koch curve. The Koch curve associated to the binary
sequence &, K(© is defined by

K© = cz( G V,@), (5.2)

n=0

where ¢l(A) denotes the closure of a set A. We approximate the Koch curve
K®© by a sequence of graphs I, with vertices V,, and edge relation p ~, ¢
defined by

prng if {p,q}= Fi(fl) oF) o o Fi(f") (5.3)

i2
for some finite sequence (i1, 12,...,4,), where i; € {1,2,3,4}, j =1,2,...,n.
Note that the sequence of sets Véﬁ) is monotonically increasing. We now
define a measure (&) and Lagrangean £&) associated to the binary sequence

¢ as follows: for every ¢ € C(K(©)) we set

odp© = tm TS 4(p) (5.4)

K€ n—oo 2
pevﬁ)
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and

¢dL®) (u, v) —nhm Y Z ¢(p) Y (ulp) — u(@)(v(p) — v(q)), (5.5)

3
K® pev(“ P~nq

where u,v € Dy = {u € C(K(g))‘ / dL'® (u,u) < +oo}. Note that in
K©

the notation of this section, the index £ in the Lagrangean denotes its de-
pendence on the sequence £, not “summability” index p of the Lagrangean
as in Sections 3 and 4. Indeed, all Lagrangeans mathcal L'®) of this section
are 2-Lagrangeans of quadratic type, as defined in Section 3.

For each & we consider the frequency by which each contraction F@) occurs
in the finite sequence &|n := (&1, &a,...,&,), i€

B (n ZI{@—]} (5.6)

and set p; = lim,, oo hg-'f)( ). Note that 0 < po,p1 < 1 and py + p; = 1. The

gauge function g as defined in Section 2 will determine the rate at which hf)
converges to p;:
g9(n)

[ —pil < T2 ¥z (5.7)

We now define a quasidistance d©) on K©). For z,y € K© let

‘5(6)

d®(@,y) = [|lz — y| (5.8)

where | . || denotes the Euclidean norm in the plane and

po log ap + p1 log an

It can be shown [21, Theorems 4 and 5] that there exists a constant ¢ > 1,
depending only on the contraction factors g and «q, such that for every &
and for all 0 < r < R the following gauged volume growth condition and
Poincaré inequality hold:

1 © (B©
¢ fr(r) Sp : (Br§ (17)) < rfr(r), (5.9)
Lo 1 Tl @ <) [ at@w. (610

We can extend our results from arbitrary fixed £ to random & = (&1, &a,...),
where ; are i.i.d. random variables on a probability space (£2,F,P) with
distribution py > 0 amd p; > 0. In this latter case, by the Kintchine law
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of iterated logarithm (cf., for example, [1]), the convergence in (5.7) is given
by g(n) = ¢(&)(nloglogn)z with P({c(€) < co}) = 1. Similar results hold
for the random Sierpinski geometries as shown in [21, 20]. For every &,
K®© = (K(g),u(f),ﬁ)(g) is a gauged homogeneous space equipped with a
2-Lagrangean. Note that in this context ¥ =1, a = 1 and p = 2. By relying
on the method of product Lagrangean first introduced by Mosco and Vivaldi
[23] and then developed by Strichartz [25] and Tintarev [26], we can construct
examples of gauged spaces with dimension v > 2, which produces a setting
in which our theorems can be applied.

Random fractal constructions of the type described in this section are
well known in fractal theory. They were first considered by Hambly [10] and
Barlow—Hambly [2]. Further examples of similar constructions can be found
in [5, 7, 15].
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tional Science Foundation under Grant 0807840.
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A Converse to the Maz’ya Inequality
for Capacities under Curvature Lower
Bound

Emanuel Milman

Dedicated to V.G. Maz’ya
with great respect and admiration

Abstract We survey some classical inequalities due to Maz’ya relating iso-
capacitary inequalities with their functional and isoperimetric counterparts
in a measure-metric space setting, and extend Maz’ya’s lower bound for the
g-capacity (¢ > 1) in terms of the 1-capacity (or isoperimetric) profile. We
then proceed to describe results by Buser, Bakry, Ledoux and most recently
by the author, which show that under suitable convexity assumptions on the
measure-metric space, the Maz’ya inequality for capacities may be reversed,
up to dimension independent numerical constants: a matching lower bound
on l-capacity may be derived in terms of the g-capacity profile. We extend
these results to handle arbitrary ¢ > 1 and weak semiconvexity assumptions,
by obtaining some new delicate semigroup estimates.

1 Introduction

The notion of capacity, first systematically introduced by Frechet, has played
a fundamental role in the theory developed by V.G. Maz’ya in the 1960’s
for the study of functional inequalities and embedding theorems, and has
continued to play an important role in the development of the theory ever
since (cf. [27] for an extended overview).

Before recalling the definition, let us first describe our setup.
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We denote by ({2, d) a separable metric space and by u a Borel probability
measure on ({2,d) which is not a unit mass at a point. Let F = F(£2,d)
denote the space of functions which are Lipschitz on every ball in (£2,d); we
call such functions “Lipschitz-on-balls.” Given f € F, we denote by |V f| the
following Borel function:

Vfl(z) = limsup
‘ ‘ ( d(y,x)—0+ (xv y)

(and we define it as 0 if  is an isolated point; cf. [9, pp. 184,189] for more
details). Although it is not essential for the ensuing discussion, it is more
convenient to think of {2 as a complete smooth oriented n-dimensional Rie-
mannian manifold (M, g) and of d as the induced geodesic distance, in which
case |V f| coincides with the usual Riemannian length of the gradient.

Definition. Given two Borel sets A C B C (£2,d) and 1 < ¢ < oo, the
q-capacity of A relative to B is defined as

Cap, (A, B) i= inf { IVl (i Bla =1, @loyp =0},

where the infimum is on all @ : {2 — [0, 1] which are Lipschitz-on-balls.

We remark that it is possible to give an even more general definition than
the one above (cf. the monograph by Maz'ya [27]). Note that, in the case
of a compact manifold (M, g) and the Riemannian (normalized) volume g,
Cap, (4, B)? coincides (up to constants) with the usual Newtonian capacity
of a compact set A relative to the outer open set B. Following [3], we will
only be interested in this work in the g-capacity profile:

Definition. Given a metric probability space (£2,d,pu), 1 < g < oo, its g-
capacity profile is defined for any 0 < a < b < 1 as

Cap,(a,b) := inf {Cap,(A,B) ; AC B, u(A) > a, u(B) < b}
= inf { IVl s 1{@=1} >0, p{@=0}>1-0},

where the latter infimum is on all @ : {2 — [0, 1] which are Lipschitz-on-balls.

The intimate relation between 1-capacity and the isoperimetric properties
of a space was noticed by Fleming [18] in the Euclidean setting, using the
co-area formula of Federer [16] (cf. also [17]) and generalized by Maz’ya [23].
An analogous relation between isoperimetric inequalities and functional in-
equalities involving the term [[[V f[[|, ) was discovered by Maz’ya [23] and
independently by Federer and Fleming [17], leading, in particular, to the de-
termination of the optimal constant in the Gagliardo inequality in Euclidean
space (R™,|-]). Maz’ya continued to study these relations when 1 above is
replaced by a general ¢ > 1 [23, 24, 25, 27]:  he showed how to pass from
any lower bound on 1-capacity to an optimal lower bound on ¢-capacity, and
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demonstrated the equivalence between g¢-capacitary inequalities and func-
tional inequalities involving the term |||V f||| L,(u)- Combining all these in-
gredients, Maz'ya discovered a way to pass from isoperimetric information
to optimal (up to constants) functional inequalities. Especially useful is the
case ¢ = 2 since this corresponds to spectral information on the Laplacian
and the Schrodinger operators, leading to many classical characterizations
(25, 26, 27].

We define all of the above notions in Section 2 and sketch the proofs of
their various relations in our metric probability space setting in Section 3.
Moreover, we extend the transition from 1-capacity to g-capacity (¢ > 1) to
handle arbitrary transition between p and ¢, when p < ¢, following [28].

It is easy to check that in general, one cannot deduce back information on
p-capacity from g-capacity, when p < ¢. In other words, the above transition
is only one-directional and cannot, in general, be reversed (cf. Subsection
2.3). We therefore need to add some additional assumptions in order to have
any chance of obtaining a reverse implication. As we will see below, some
type of convexity assumptions are a natural candidate. We start with two
important examples when (M, g) = (R™,|-|) and || is some fixed Euclidean
norm:

e (2 is an arbitrary bounded convex domain in R™ (n > 2), and p is the
uniform probability measure on f2.

e 2 =R" (n>1)and p is an arbitrary absolutely continuous log-concave
probability measure, meaning that dy = exp(—)dx, where ¢ : R" —
R U {+o0} is convex (we refer to [12] for more information).

In both cases, we say that “our convexity assumptions are fulfilled.” More
generally, we use the following definition from [30].

Definition. We say that our smooth s-semiconvexity assumptions are ful-
filled if

e (M,g) denotes an n-dimensional (n > 2) oriented smooth complete con-
nected Riemannian manifold or (M, g) = (R,|-|), and 2 = M,

e d denotes the induced geodesic distance on (M, g),
e du = exp(—1)dvolys, 1 € C*(M), and as tensor fields on M

Ricy 4+ Hessgt) > —g . (1.1)

We say that our s-semiconvexity assumptions are fulfilled if p can be
approximated in total-variation by measures {1, } so that each (§2,d, tt,,)
satisfies our smooth »-semiconvexity assumptions.

When s = 0, we say that our (smooth) convezity assumptions are satisfied.

The condition (1.1) is the well-known curvature-dimension condition
CD(—5,00) introduced by Bakry and Emery in their celebrated paper [1]
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(in the more abstract framework of diffusion generators). Here, Ric, denotes
the Ricei curvature tensor and Hess, denotes the second covariant derivative.

Our main result from [29], as extended in [28], is that under our convexity
assumptions (» = 0 case), the above transition can in fact be reversed, up
to dimension independent constants. This can be formulated in terms of
passing from g¢-capacity to p-capacity (1 < p < q), or equivalently, as passing
from functional inequalities involving the term |||V f]]] L,(u) to isoperimetric
inequalities.

In this work, we extend our previous results to handle the more general
»-semiconvexity assumptions. For the case ¢ = 2, this was previously done by
Buser [13] in the case of a uniform density on a manifold with Ricci curvature
bounded from below, and extended to the general smooth s-semiconvexity
assumptions by Bakry and Ledoux [2] and Ledoux [22] using a diffusion semi-
group approach. To handle the general ¢ > 1 case, we follow the semigroup
argument, as in our previous work [28]. Surprisingly, the case s > 0 requires
proving new delicate semigroup estimates, which may be of independent in-
terest, and which were not needed for the previous arguments. We formulate
and prove this converse to the Maz’ya inequality for capacities in Section 4.

2 Definitions and Preliminaries

2.1 Isoperimetric inequalities

In Euclidean space, an isoperimetric inequality relates between the (appro-
priate notion of) surface area of a Borel set and its volume. To define an ap-
propriate generalization of surface area in our setting, we use the Minkowski
(exterior) boundary measure of a Borel set A C (£2,d), denoted here by
T (A), which is defined as

§(A) = lim jng 24— 1(A)

e—0 £ ’

where A? := {x € 2;3y € A d(z,y) < ¢} denotes the e-neighborhood of A
with respect to the metric d. An isoperimetric inequality measures the relation
between p*(A) and p(A) by means of the isoperimetric profile Z = Z( q,,.),
defined as the pointwise maximal function Z : [0,1] — Ry, so that

wh(A) = Z(u(4)) (2.1)

for all Borel sets A C 2. Since A and (2 \ A typically have the same
boundary measure, it is convenient to also define Z : [0,1/2] — R as
Z(v) :== min(Z(v),Z(1 — v)).



Converse to the Maz’ya Inequality 325

Let us keep some important examples of isoperimetric inequalities in mind.
We say that our space satisfies linear isoperimetric inequality if there exists
a constant D > 0 so that ~

Lia,aw(t) = Dt

for all ¢t € [0,1/2]. We denote the best constant D by Dri, = Drin(£2,d, p).
Another useful example pertains to the standard Gaussian measure v on
(R,]-]), where |-| is the Euclidean metric. We say that our space satisfies a
Gaussian isoperimetric inequality if there exists a constant D > 0 so that

(@, (t) Z DL ) (1)

for all ¢ € [0, 1]. We denote the best constant D by Dgay = Dgau($2,d, ). It is
known that f(RI-M) (t) ~ tlog'/?(1/t) uniformly on ¢ € [0,1/2], where we use
the notation A ~ B to signify that there exist universal constants Cy,Co >
0 so that C1B < A < (C9B. Unless otherwise stated, all of the constants
throughout this work are universal, independent of any other parameter,
and, in particular, the dimension n in the case of an underlying manifold.
The Gaussian isoperimetric inequality can therefore be equivalently stated
as asserting that there exists a constant D > 0 so that

I(.Q,d”u) (t) 2 Dt 10g1/2(1/t)

for all t € [0,1/2].

2.2 Functional inequalities

Let f € F. We consider functional inequalities which compare between
11l 3,y @0d [IIV Il v, y> Where N1, Na are some norms associated with the
measure (i, like the L,(p) norms, or some other more general Orlicz quasi-
norms associated to the class A of increasing continuous functions mapping
R4 onto R, .

A function N : Ry — Ry is called a Young function if N(0) = 0 and
N is convex increasing. Given a Young function N, the Orlicz norm N (u)
associated to N is defined as

Il =0t {o> 0 [ N1/ <1},

For a general increasing continuous function N : Ry — Ry with N(0) =0
and lim;_, o, N(t) = oo (this class is denoted by A), the above definition still
makes sense, although N (u) will no longer necessarily be a norm. We say in
this case that it is a quasinorm.
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There is clearly no point to test constant functions in our functional in-
equalities, so it is natural to require that either the expectation E, f or
median M, f of f are 0. Here, E,f = [ fdu and M, f is a value so that
p(f =2 Muf) 2 1/2 and p(f < Muf) > 1/2.

Definition. We say that the space (2, d, p1) satisfies an (N, q) Orlicz—Sobolev
inequality (N € N,q > 1) if

3D>0 st V[ E€F DIf = Mufllygy <NVA gy - (22

A similar (yet different) definition was given by Roberto and Zegarlinski [34]
in the case ¢ = 2 following the book by Maz’ya [27, p. 112]. Our preference to
use the median M, in our definition (in place of the more standard expecta-
tion E,,) is immaterial whenever N is a convex function, due to the following
elementary lemma from [29].

Lemma 2.1. Let N(u) denote an Orlicz norm associated to the Young func-
tion N. Then

1
5 ”f - Eﬂf”]\l(#) § Hf - M,uf”N(u) g 3 ||f - E/LfHN(M) .

When N(t) = ¢P, then N(u) is just the usual L,(p) norm. If, in addition,
M, in (2.2) is replaced by E,,, the case p = ¢ = 2 is then just the classi-
cal Poincaré inequality, and we denote the best constant in this inequality
by Dpein. Similarly, the case ¢ = 1,p = "5 corresponds to the Gagliardo
inequality, and the case 1 < ¢ < n, p = nq—fq to the Sobolev inequalities. A
limiting case where ¢ = 2 and n tends to infinity is the so-called log-Sobolev
inequality. More generally, we say that our space satisfies a g-log-Sobolev in-

equality (g € [1,2]) if there exists a constant D > 0 so that

1/a
vrer o [irmosirian- [1sirauon [ 1) <197 g -

(2.3)
The best possible constant D above is denoted by Drs, = Drs,(§2,d, i). Al-
though these inequalities do not precisely fit into our announced framework,
it follows from the work of Bobkov and Zegarlinski [11, Proposition 3.1] (gen-
eralizing the case ¢ = 2 due to Bobkov and Gotze [8, Proposition 4.1]) that
they are, in fact, equivalent to the following Orlicz—Sobolev inequalities:

V€ F Dy, I~ Bufll, o < IV FIlL 0 (2.4)

where ¢4 (t) = t?log(1 + t9) and Drs, ~ D, uniformly on ¢ € [1,2].
Various other functional inequalities admit an equivalent (up to universal

constants) formulation using an appropriate Orlicz norm N (u) on the left-

hand side of (2.2). We refer the reader to the recent paper of Barthe and
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Kolesnikov [4] and the references therein for an account of several other types
of functional inequalities.

2.3 Known connections

It is well known that various isoperimetric inequalities imply their func-
tional “counterparts.” It was shown by Maz'ya [25, 26] and independently
by Cheeger [14] that a linear isoperimetric inequality implies the Poincaré
inequality Dpoin = Drin/2 (the Cheeger inequality). It was first observed by
Ledoux [20] that a Gaussian isoperimetric inequality implies a 2-log-Sobolev
inequality Drg, > ¢Dgay for some universal constant ¢ > 0. This was later re-
fined by Beckner (cf. [21]) using an equivalent functional form of the Gaussian
isoperimetric inequality due to Bobkov [6, 7] (cf. also [5]): Drs, = Dgau/V2.
The constants 2 and /2 above are known to be optimal.
Another example is obtained by considering the isoperimetric inequality

Z(t) > DEqutlogl/q 1/t

for some ¢ € [1,2]. This inequality is satisfied with some Dgxp, > 0 by the
probability measure p, with density exp(—|x|P)/Z, on (R,|-|), for p = ¢* =
q/(q — 1) (where Z, is a normalization factor). Bobkov and Zegarlinski [11]
showed that D LS, = cDEqu, for some universal constant ¢ > 0, independent
of ¢, in analogy to the inequality Drgs, > c¢Dgay mentioned above. Another
proof of this using capacities was given in our joint work with Sasha Sodin
(31].

We will see in Section 3 how Maz’ya’s general framework may be used to
obtain all of these implications.

In general, however, it is known that these implications cannot be re-
versed. For instance, by using ([—1,1], ||, o), where du, = 152 |z[*dz on
[-1,1], it is clear that p}t([0,1]) = 0 so Drin = Dgan = 0, whereas one
can show that Dpein, Drs, > 0 for a € (0,1) using criteria for the Poincaré
and 2-log-Sobolev inequalities on R due to Artola, Talenti, and Tomaselli (cf.
Muckenhoupt [32]) and Bobkov and Goétze [8] respectively. These examples
suggest that we must rule out the existence of narrow “necks” in our mea-
sure or space, for the converse implications to stand a chance of being valid.
Adding some convexity type assumptions is therefore a natural path to take.

Indeed, under our s»-semiconvexity assumptions, we see that a reverse im-
plication can in fact be obtained. This extends some previously known results
by several authors. Buser showed in [13] that Dy, = cmin(Dpoin, D3,;,/vV/%)
with ¢ > 0 a universal constant, for the case of a compact Riemannian mani-
fold (M, g) with uniform density whose Ricci curvature is bounded below by
—g. This was subsequently extended by Ledoux [22] to our more general
smooth s-semiconvexity assumptions, following the semigroup approach he
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developed in [20] and refined by Bakry and Ledoux [2]. Similarly, the re-
verse inequality Dgay = cmin(Dps,, D3 g, /v/7) with ¢ > 0 a universal con-
stant, was obtained by Bakry and Ledoux (cf. also [22]) under our smooth
»-semiconvexity assumptions. We will extend these results to handle gen-
eral Orlicz—Sobolev inequalities in Section 4 and, in particular, show that
Dgxp, > cmin(Drs,, D7 g, /\/>) for some universal constant ¢ > 0, uni-
formly on ¢ € [1,2]. When ¢ > 2, we will see that these formulas take on a
different form.

3 Capacities

In this section, we formulate the various known connections mentioned in the
Introduction between capacities and isoperimetric and functional inequalities,
and provide for completeness most of the proofs, following [28].

Remark 3.1. A remark which will be useful for dealing with general metric
probability spaces, is that in the definition of capacity, by approximating @
appropriately, we may always assume that

/ V| dyi = 0
(o=t}

for any t € (0,1), even though we may have u{® =t} > 0 (cf. [28, Remark
3.3] for more information).

3.1 1-Capacity and isoperimetric profiles

Our starting point is the following well-known co-area formula which in our
setting becomes an inequality (cf. [9, 10]).

Lemma 3.2 (Bobkov—Houdré). For any f € F

o0
[1vsianz [t (> ey
2 —o00
The following proposition [24, 17, 9] encapsulates the connection between
the 1-capacity and isoperimetric profiles.

Proposition 3.3 (Federer-Fleming, Maz’ya, Bobkov—Houdré). For all 0 <
a<b<l
inf Z(t) < Capy(a,b) < inf Z(t). (3.1)

a<t<b a<t<b

For completeness, we provide a proof following Sodin [35, Proposition A].
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Proof. Given a function @ : 2 — [0,1] which is Lipschitz-on-balls with
p{® =1} > aand p{P =0} > 1 — b, the co-area inequality implies

/|V@|du>/ ut B>t dt = /Ol,ﬁ{q5>t}dt inf 7(1)

ast<hb

Taking the infimum on all such functions @, we obtain the first inequality
n (3.1). To obtain the second inequality, let A denote a Borel set with a <
pu(A) < b. We may exclude the case that put(A) = oo since it does not
contribute to the definition of the isoperimetric profile Z. Now, denote for
r,s >0

D, s 1—s'd(z, 4,)) VO

It is clear that u{®, s = 1} > u(A) > a, and since ut(A) < oo, for r + s
small enough we have u{®, s =0} > 1 —b. Hence

MAsior) = p(A)  pfr < d@, A) Ss+r}

/|V¢,« s|du = Capy(a,b) .
Taking the limit inferior as r, s — 0 so that r/s — 0, and taking the infimum
on all sets A as above, we obtain the second inequality in (3.1). O

Since obviously Cap,(a,b) = Cap;(1 — b,1 — a), we have the following
useful corollary.

Corollary 3.4. For any nondecreasing continuous function J : [0,1/2] — R

I(t) = J(t) Vte0,1/2] < Cap,(t,1/2)>J(t) Vte[0,1/2].

Definition. A g-capacitary inequality is an inequality of the form
Cap,(t,1/2) = J(t) vte[0,1/2],

where J : [0,1/2] — Ry is a nondecreasing continuous function.

3.2 q-Capacitary and weak Orlicz—Sobolev inequalities

Definition. Given N € N, denote by N : R, — R, the adjoint function

1
N=H1/t)
Remark 3.5. Note that the operation N — N” is an involution on A and

N(-*)" = (NN for a > 0. Tt is also immediate to check that N(t%)/t is
nondecreasing if and only if N\(¢£)*//t is nonincreasing (a > 0).

N (t) =
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We denote by L (1) the weak Ly quasinorm defined as

11

Lo = SUP (|| > 6t

We now extend the definition of the weak L4 quasinorm to Orlicz quasinorms
N(p), using the adjoint function N”:

Definition. Given N € N, define the weak N(p) quasinorm as
113 ()00 = jggNA(u{lfl > t})t.

This definition is consistent with the one for Ly o, and satisfies

1l (oo < Il (3.2)

as easily checked using the Markov—Chebyshev inequality. Also note that this
is indeed a quasinorm by a simple union-bound:

1 + ol oo < 2 (1100 + 19llgur0) -

Remark 3.6. The motivation for the definition of N stems from the im-
mediate observation that for any Borel set A

IXally ) = IXally ()00 = N (1(A)) -

For this reason, the expression 1/N~!(1/t) already appears in the works of
Maz’ya [27, p. 112] and Roberto and Zegarlinski [34].

Definition. An inequality of the form:

is called a weak type Orlicz—Sobolev inequality.

Lemma 3.7. The weak type Orlicz—Sobolev inequality (3.3) implies
Cap,(t,1/2) = DN"(t) Vvt €[0,1/2].

Proof. Apply (3.3) to f = @, where ¢ : {2 — [0,1] is any Lipschitz-on-balls

function so that p{® =1} > t and p{® =0} > 1/2. Since M,P = 0, it

follows that

IVOIllL, ) = D12l nguy.co = DN (u({ =1})) = DN"(t).

Taking the infimum over all @ as above, we obtain the required assertion. O
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Proposition 3.8. Let 1 < g < co. Then the following statements are equiv-
alent:

(1)
Vf€F Dullf = Mufllngn oo < VAL o s (3.4)

(2)
Cap,(t,1/2) > DoN"(t) Vte[0,1/2] ,

and the best constants Dy, Dy above satisfy D1 < Dy < 4D1.

Proof. We have Dy > D; by Lemma 3.7. To see the other direction, note
that as in Remark 3.1, we may assume that

[ wsrdn=o
{f=t}

for all t € R, and by replacing f with f — M, f, that M, f = 0. Note that
it suffices to show (3.4) with D; = D5 for nonnegative functions for which
w{f =0} > 1/2 since for a general function as above we can apply (3.4) to
f+ = fxs>o0 and to f_ = — fx <o, which yields

1/q
o = ([ 198 [ 19517 dn)

1/q
> Du (140800 + 17N

_ D,
> D127 (11 lvguoo + 1-lgooe) = 3 1 vguneo -

IV £1]

Given a nonnegative function f as above (u{f =0} > 1/2 hence M, f = 0)
and ¢t > 0, define 2, = {f <t} and f, := f/t A1. Then

1/q 1/q 1/q
Tqd > Tq > Td
(/QIVfI u) >(/Qt|Vf| u) >t(/Q|Vft| u)

> tCap,(u{fe = 1},1/2) = Dot N"™(u{f > t}) .

Taking the supremum on ¢ > 0, we obtain the required assertion. a

3.3 q-Capacitary and strong Orlicz—Sobolev
inequalities

Proposition 3.9. If N(t)'/9/t is nondecreasing on Ry with 1 < q < oo,
then the following statements are equivalent:
(1)
VFeF Dillf - Ml < NIVAIL G (3.5)
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(2)
Cap,(t,1/2) > DyNA(t) Vi€ [0,1/2]

and the best constants Dy, Dy above satisfy D1 < Dy < 4Dq.

Remark 3.10. As already mentioned in Section 2, we call an inequality
of the form (3.5) an Orlicz—Sobolev inequality (even though N may not be
convex).

Remark 3.11. One may show (cf., for example, the proof of [34, Theorem
1]) that when N (/9) is convex (so, in particular, N(¢)'/?/t is nondecreas-
ing), Proposition 3.9 is equivalent to a theorem of Maz’ya [27, p. 112] with a
constant depending on ¢ which is better than the constant 4 above. In par-
ticular, when ¢ = 1, Maz’ya showed that the optimal constant is actually 1,
so that Dy = Ds. The latter conclusion was also independently derived by
Federer and Fleming [17].

Proof. We have Dy > D1 by (3.2) and Lemma 3.7. To see the other direction,
we assume again (as in Remark 3.1) that

| vittdn=o
{f=t}

for all t € R, and by replacing f with f — M, f, that M, f = 0. Again, it
suffices to show (3.5) for nonnegative functions for which p{f =0} > 1/2,
but now we do not lose in the constant. Indeed, for a general function as
above, we can apply (3.5) to f+ = fx >0 and to f_ = —fx <o, which yields

97110 = [ 195217 du+ [ (951
> DI (I 1%y + 15Uy ) = DL g -

The last inequality follows from the fact that N/4(t)/t is nondecreasing, so,
denoting v+ = || f+| v, We indeed verify that

fv+ f-
[ (Gt tm) o
_ [+ vy f- v_
‘/N<mvi+vz>1/q)d“/]v<u<vi+v‘i>1/q>d“

q q
(Y ane [ (S
vy +oul vy vy + ol v_
We first assume that f is bounded. Given a bounded nonnegative function f
as above (M, f =0 and p{f =0} > 1/2), we may assume by homogeneity

that || f]l, = 1. For i > 1 denote £2; = {1/2" < f < 1/27'}, m; = p(12;),
fi =24(f —1/29)VOAT1 and set mg = 0. Also denote J := N”. Now,
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= 1
V11, = Z N RRTED g MR
=1

(9]
i~ OOJq i— Dq
5 Lcutnlr> e > oS 2Dy,

where

= ja(my) )"’
V= (Z; 2a(i—1) ) :
1=

It remains to show that || f[[,) < V. Indeed,

f = J-
/QN(V) Zml (22 1V> ;m\z Qq(Z 1)Vq 1

where in the last inequality we used the fact that N(¢)'/9/t is nondecreasing,
hence (J~1)Y/4(t)/t is nondecreasing, and therefore

JHx) (m) !
1 < - ’
J7Hy) "\
whenever x/y < 1, which is indeed the case for us.
For an unbounded f € F with u{f = 0} > 1/2, we may define f,,, = fAb,

so that p{f > by} < 1/m and (just for safety) p{f =0b,} = 0. It then
follows by what was proved for bounded functions that

IV Al > Jim 19l 0 > Do lim il = DiZ

where all the limits exist since they are nondecreasing.
To conclude, Z > || f|| N(u Since N is continuous, so, by the monotone
convergence theorem,

[ NG 2)dn= [ Y Nhn/2ydn = tim [ N(/2du<1. o

3.4 Passing between q-capacitary inequalities

The case ¢o = 1 in the following proposition is due to Maz’ya [27, p. 105].
Following [28], we provide a proof which generalizes to the case of an arbitrary
metric probability space and ¢y > 1. We denote the conjugate exponent to
q € [1,00] by ¢" =q/(q—1).

Proposition 3.12. Let 1 < g9 < g < 0o0. We set po = q5,p = ¢*. Then for
all0<a<b<1
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1
1 /b ds P
Cap,(a,b) S | | 5T ayP77oCap? (s,b) :

S (po/p — 1)/Po
p;po * (1 _p/po)l/p .

Proof. Let 0 < a < b < 1 be given, and let ¢ : 2 — [0, 1] be a function in F

such that @’ ;== p{® =1} Z>aand 1 — b := p{P =0} > 1 —b. As usual (cf.
Remark 3.1), by approximating @, we may assume that

/ V@9 du =0
{o=t}

for all t € (0,1). Let C' :={t € (0,1); u{®P =t} > 0} denote the discrete set
of atoms of @ under p. We set I' := {f € C'} and denote v = pu(I).

We now choose tg = 0 < t; < t3 < ... < 1, so that denoting for ¢ > 1,
2; = {t;i1 <D < t;}, and setting m; = pu(2; \ I'), we have m; = (V/ —a’ —
7)1 (1 — a), where 0 < g < 1 will be chosen later. Denote, in addition,
b, = (‘MH vo) Aland N; = 3

ti—ti—1
twice, we estimate

1/q oo
V@qd> = / vVo|ld
(/Q| Tdu (Z [ el u)

L q/q0
> m; © / Vo|® dy
o (

i=1
1 a/ao\ /4
> m; 0t —tio1)? </ |V@i|q°du>
i=1 2

1/q
14
m; “(t; —ti—1)?Capg (u{®; = 1},1 — p{P; = 0})>

where
(3.6)

j=i M- Applying the Hélder inequality

1/q

1/q

M2

NE

>

=1

o 1—p/po —1/p
72 et (ZCapqgu{‘P t-},w) '

i=1

Since u{® > t;} > a’ + N; and Cap, (s, b) is nondecreasing in s, we continue
to estimate as follows:

1 P/ 00 mi—P/po
L) S Gl (85 10
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o 1-p/po a’+N; oo a’ +N;
m, i ds 1 i ds
< E — % < E —_—
‘ u p/po |,

) D P
mMi41 "+ N1 Capqo(sab> i—1 am; '+Nit1 Capqo (S’b)

. 1 a p/poi/a/+N’i ds
Tal\l-a @ +Niy, (8 —a')P/PoCapl (s,b)

i=1

1 a \P/Po b ds
<= 7
@ (1 — a) /a (s — a)P/POCang (s,b)

where we used that m; 1 = am,;, m; = %Ni and, in the last inequality,
the fact that Cap, (s,b) is nondecreasing in s. The assertion now follows
by taking the supremum on all ¢ as above, and choosing the optimal o =
1 —p/po. O

3.5 Combining everything

Combining all of the ingredients in this section, we see how to pass from
isoperimetric inequalities to functional inequalities, simply by following the
general diagram

Isoperimetric inequality < corollary 3.4 1-capacitary inequality
|} Proposition 3.12

(N, q) Orlicz—Sobolev inequality <proposition 3.9 g-capacitary inequality
with N (t)'/9/t nondecreasing

In particular, it is an exercise to follow this diagram and obtain the pre-
viously mentioned inequalities of Subsection 2.3:

Dpoin 2 ¢Drin, Drs, 2 ¢Dgan, Drs, 2 ¢Dexp,,

q € [1,2], for some universal constant ¢ > 0. In the first case, the optimal
constant ¢ = 1/2 may also be obtained by improving the constant in Propo-
sition 3.9 as in Remark 3.11 (but, of course, easier ways are known to obtain
this optimal constant; cf., for example, [29]). More generally, the following
statement may easily be obtained (cf. [28] for more details and useful special
cases).

Theorem 3.13. Let 1 < ¢ < oo, and let p = ¢*. Let N € N, so that
N(t)Y/9/t is nondecreasing. Then

Z(t) = Dt'VINA ) V€ [0,1/2] (3.7)

implies
Vf€F BrgDIf - Mufllyg < IV AL - (3.8)
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where 1 1
B = — inf . 3.9
N4 L octie1y2 [ 12 NA(H)rds \ /P (3)
(ft W)

4 The Converse Statement

Our goal in this section is to prove the following converse to Theorem 3.13.

Theorem 4.1. Let 1 < ¢ < oo, and let N € N denote a Young function so
that N(t)l/q/t 18 nondecreasing. Then, under our »x-semiconvexity assump-
tions, the statement

VieF DIf = Muflingy < IVFL, (4.1)
implies
Z(t) = Cy,,min (D, 17).71 ) = YINN ) Ve [0,1/2] (4.2)
w2

where r = max(q,2) and Cn 4 > 0 depends solely on N and q.

Remark 4.2. The assumption that IV is a convex function is not essential
for this result since it is possible to approximate N appropriately in the large
using a convex function as in Subsection 4.2.2 below. We refer to [28, Theorem
4.5] for more details.

Remark 4.3. It is clear that, using the results of Section 3, we can reformu-
late Theorem 4.1 as a converse to the Maz’ya inequality relating Cap, and
Cap, (cf. Proposition 3.12) under our »-semiconvexity assumptions. For the
case of our convexity assumptions (3 = 0), this was explicitly written out in

[28, Theorem 5.1].

The case » = 0 of Theorem 4.1 was proved in [28] by using the semigroup
approach developed by Bakry and Ledoux [2] and Ledoux [20, 22]. Let us
now recall this framework.

Given a smooth complete connected Riemannian manifold 2 = (M, g)
equipped with a probability measure p with density du = exp(—)dvolyy,
1 € C?(M,R), we define the associated Laplacian Ao, by

A(_Q7M) = AQ - V”L/J . V, (43)

where Ag is the usual Laplace-Beltrami operator on §2; Aq ) acts on B(2),
the space of bounded smooth real-valued functions on 2. Let (P;):>¢ denote
the semigroup associated to the diffusion process with infinitesimal generator
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Ao,y (cf. [15, 21]), for which p is its stationary measure. It is characterized
by the following system of second order differential equations:

d

SP(f) = Ao p(PA) Bo(f)=F VIEB®R). (44

For each t > 0, P, : B(£2) — B(£2) is a bounded linear operator in the Lo
norm, and its action naturally extends to the entire L,(u) spaces (p > 1).
We collect several elementary properties of these operators:

[ ] Ptl =1.

> 0= Ptf 0.

fgdp = / f(Pg)d

e N( |Pf( )) < P(N (\f|)) for any Young function N.
o PoPs= Py,

\\

The following crucial dimension-free reverse Poincaré inequality was shown
by Bakry and Ledoux [2, Lemma 4.2], extending Ledoux’s approach [20] for
proving the Buser theorem (cf. also [2, Lemma 2.4] and [22, Lemma 5.1]).

Lemma 4.4 (Bakry-Ledoux). Assume that the following Bakrny’mery
curvature—dimension condition holds on {2 :

Ricy + Hessgtp > —»g, x>0 (4.5)
Then for any t > 0 and f € B(f2)

K (o,1) [V < P(f?) = (Pf)?
pointwise, where

1 — exp(—2st)
»

K(5,t) := (=2t ifx=0) .

Sketch of the proof following [22]. Note that

Ao (9%) — 2940, (9) = 2|Vg|?

for any g € B(£2). Consequently, (4.4) implies

PP = (P = [ SP(Pyis =2 [ PSP

The main observation is that, under the Bakrnymery condition (4.5), the
function exp(2ss)Ps(|VP,_sf|?) is nondecreasing, as verified by direct dif-
ferentiation and use of the Bochner formula. Therefore,
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2 2 tex — M8 S
B(f?) — (Pif)? > VP, | / p(—2s¢8)ds |

which concludes the proof. a

In fact, the proof of this lemma is very general and extends to the abstract
framework of diffusion generators, as developed by Bakry and Emery in their
celebrated paper [1]. In the Riemannian setting, it is known [33] (cf. also [19,
36]) that the gradient estimate of Lemma 4.4 remains valid when the support
of 11 is the closure of a locally convex domain (connected open set) 2 C (M, g)
with C? boundary, and du|o = exp(—)dvoly|a, ¥ € C?*(2,R). A domain
2 with C? boundary is called locally convez if the second fundamental form
on 0f2 is positive semidefinite (with respect to the normal field pointing
inward). In this case, A, in (4.3) denotes the Neumann Laplacian on 2, B(§2)
denotes the space of bounded smooth real-valued functions on {2 satisfying
the Neumann boundary conditions on 0f2, and Lemma 4.4 remains valid.

Under these assumptions, Lemma 4.4 clearly implies that

1
Vg € [2,00] VfeB(2) IIVPSfllL, ) < RGO L, > (46)

and using ¢ = oo, Ledoux easily deduces the following dual statement (cf.

[22, (5.5)]).

Lemma 4.5 (Ledoux). Under the same assumptions as Lemma 4.4,

VEEB(Q) |If = Piflly g < (4.7)

/ ﬁ 19 A0 -

To use (4.6) and (4.7), it is convenient to note the following rough esti-
mates:

€[0,1/(2x»)] = K(s,t) (4.8)

/m

It is also useful to introduce the following definition.

Definition. We denote by N(u)* the dual norm to N(u), given by

s = o0 { [ fodclalgy <1}

It is elementary to calculate the N(u)*-norm of characteristic functions
(cf. [27, p. 111]).

Lemma 4.6. Let N denote a Young function. Then for any Borel set A with
n(A) >0
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IxXallyge- = #(AN? (

4.1 Case q > 2

To handle the s > 0 case, we need the following new estimate, which may
be of independent interest.

Proposition 4.7. Assume that Bakrnymery curvature—dimension condi-
tion (4.5) holds on 2 and the following (N,q) Orlicz=Sobolev inequality is
satisfied for N € N and q > 2

Vi €F DIf - Eufllygy <NVHlL G - (4.9)

Then for any f € Loo(£2) with
[ rin=o.
we have for all t >0

2D1 ot
PifPdu < | f2d <1+ 1_( fzd)
Jipatas [ ran 1+ e 112 [

1

t =
x/ K(%,s)q2d5> .
0

Proof. Denote u(t) := [|Pif|?du = [ fPfdu by self-adjointness and the
semigroup property. By (4.4) and integration by parts, we have

W) =2 [ PfAguPRdn= -2 [IORfPan. (a10)

Note that u(t) is decreasing. We now use the following estimate:

q
ult)? < u(t/2)1 = ( / fPtfdu) <1 1P

T IIfH
< / VP, flodp < NG / VP, fdu ||V P, ][22
y (4.6) and (4.10), we obtain

aieyr < W A1
T 2DT Ko t)'E

u'(t) .
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Denoting v(t) = u(t)~9"1, we see that this boils down to

2D1 a-
V() > (g = ) K (1) .
1 Wy 11T
Integrating in ¢, the desired conclusion follows. a

Remark 4.8. When N(z) = 22, or more generally, when N (z'/?) is convex,
it is possible to obtain a better dependence on ¢ in Proposition 4.7, which, as

q — 2, would recover the exponential rate of convergence of / |Pyf|2dp to 0,

as dictated by the spectral theorem. Unfortunately, it seems that this would
not yield the correct dependence in N in the assertion of Theorem 4.1.

Proof of Theorem 4.1 for q > 2. We prove the theorem under the smooth -
semiconvexity assumptions of this section. The general case follows by an
approximation argument which was derived in [28, Section 6] for the case
2 = 0, but holds equally true for any s > 0.

Since NV is a Young function, we may invoke Lemma 2.1 and replace M, f
in (4.1) by E, f as in (4.9), at the expense of an additional universal constant
in the final conclusion.

Let A denote an arbitrary Borel set in {2 so that pu™(A4) < oo, and let
Xa,e6(x) = (1 — Ld(x, A})) V 0 be a continuous approximation in §2 to the
characteristic function y4 of A (as usual d denotes the induced geodesic
distance). Our assumptions imply that

(1(AL55) — (A
sz Z1A) J

Applying Lemma 4.5 to functions in B(f2) which approximate x 4. s (in say
Wh(2, 1)) and passing to the limit inferior as £, — 0 so that §/e — 0, it
follows that

t
ds
+
et () > [ v~ Pocaldn
/0 K (5,s)
(note that the assumption put(A4) < oo guarantees that u(A\ A) = 0, so
XA,eos tends to x4 in Lq(p)). We start by rewriting the right-hand side as

/A(l — Pixa)dp + /Q\A Pixadp =2 (u(A) - /APtXAdu)
=2 (WA= ) ~ [ (Poxca = () 0cr — )

=2 ([ pea = ntPdu [ |Pyatea - nta)Pan)
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Denoting f = x4 —u(A) and using Proposition 4.7 to estimate the right-most
expression, we obtain after using the estimates in (4.8), that for ¢ < 1/(2s)

2V (4) 2 20(A)(1 = p(A) (1= (14 (g = DM)TF7) - (411)

q q-1 3
e o) 20
g I 7

To estimate My, we employ Lemma 4.6:

where

Ixa = ()| - < 0= uA) Ixally - + 1A [xavall v -

1 1
= u(A)(1 — u(A)) (N/\(‘u(A)) TN u(A))>

p(A) (1 — p(A))
N (min(u(A),1 — u(A)))

and using that
[ £ = ()1 = ),

we conclude that

M, > L= E2 <t>g .= DIV (min(u(4),1 - m(A))T (4.12)

g \2 207 p(A) (1 — p(A))

2
It remains to optimize on ¢ in (4.11). Denote

e gyl 20 ()~ p(4))e
wi=4(55) =4(3) DENA (min((A), L — p(A))2

1. If tg < 1/(2%), we see from (4.12) that L;, = 29/2, and we immediately
obtain from (4.11)

A)(1 — p(A))
t(A > /“L(—
K ( ) €1 \/%
> caDmin(a(A), 1 — p(A))' "IN (min(u(A), 1 - u(A))) ,
where ¢1, ¢y > 0 are some numeric constants.
2. If to > 1/(2x), we evaluate (4.12) and (4.11) at time t; = 1/(2x), for

which L;, < 29/2. Therefore, (1 + (¢ — 1)Lt1)<1%1 > 1+ 327921, (recall
that ¢ > 2), and hence, by (4.11),

i (A) 2 en/rn(A) (L - p(A)2L,
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where c3,cq > 0 are numeric constants. Plugging in L;,, we obtain

Cs D1
q4? 5,73

N (min(u(A), 1 — u(A)))" .

Using that N(t)*/9/t is nondecreasing, which is equivalent to N/ (t)/t'/4
being nonincreasing, we conclude that
ce N (1/2)771 D9

q41 %q%l
% N (min(u(A), 1 — u(A))) (4.13)

ph(A) > min(p(A), 1 — p(A)) =/

for some numeric constants cs, cg > 0.

Combining both cases, we obtain the assertion in the case ¢ > 2. a

We conclude the study of the case ¢ > 2 by mentioning that, even though
our estimates in (4.13) degrade as ¢ — oo, it is also possible to study the
limiting case ¢ = oco. In this case, the functional inequality (4.1) corresponds
to an integrability property of Lipschitz functions f with M,(f) = 0, or
equivalently, to the concentration of the measure pu, in terms of the decay of
w(2\ AY) as a function of ¢ for sets A with pu(A) > 1/2. Using techniques
from Riemannian geometry, it is still possible to deduce in this case an appro-
priate isoperimetric inequality under our »-semiconvexity assumptions (and
an appropriate necessary assumption on the concentration); cf. [30].

4.2 Casel1 < q<2

We present two proofs of Theorem 4.1 for this case, each having its own
advantages and drawbacks. The first runs along the same lines as in the
previous subsection, and is new even in the s = 0 case. It has the advantage
of working for arbitrary N € N satisfying the assumptions of Theorem 4.1,
but with this approach the estimates on C'y 4 degrade as ¢ — 1. This does not
necessarily happen with the second proof, which is based on the idea in [28]
of reducing the claim to the ¢ = 2 case using Proposition 3.12. Nevertheless,
some further conditions on N will need to be imposed for this approach to
work.

4.2.1 Semigroup Approach

We need an analogue of Proposition 4.7, which again may be of independent
interest.
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Proposition 4.9. Assume that the following (N, q) Orlicz—Sobolev inequality
is satisfied for N € N and 1 < q < 2:

VfeF DIf = Euflly < IIVAL 0 - (4.14)

Then for any f € Loo(£2) with /fd/L =0, we have for allt >0

2D?2 FleEay)
[ 1psdn < [ o | 1 — (/ f”du) '

A1 ey 11y

Note that the case ¢ = 2 is identical to the one in Proposition 4.7.

_alg—=1)
2

Proof. Denote
u(t) = [ |Pfrd

and observe that
") =g / (P17 sign(Pof) Agu(Pyf)du
— 4(g—1) / P72V P f P

Note that u(t) is decreasing. Using the Holder inequality (recall ¢ < 2) twice,

we estimate

q%l (2(;_(11)(1 q
u(t)™ < ( / |Pt/2f|qdu) < ( / |Pt/2f|du) ( / |Pt/2f|2du)
N

<l (f fPtfdu) < 1

1
I 1 W e [ v fira

L A - 2
< s SN ([ ipgea) T ([ imgetiwrsta)

Rearranging terms, we see that

D2

w(t) < —q(g—1) u(t) T

2(2
LA 1710

Setting v(t) = u(t)74<q2*1>, we obtain
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2D2
v'(t) = :
WAL 1710
and the assertion follows after integrating in ¢. O

Proof of Theorem 4.1 in the case q < 2. Semigroup approach. We begin as in
the proof of the ¢ > 2 case above, obtaining for a Borel set A C {2 and any
time 0 <t < 1/(2x)

2Vt (A /|XA — Pyxaldp.

Denote f = xa — p(A). Since |z|9 — |y|? < g|z —y| for all |z|, |y| < 1, we have

2Vt (A /|f Pofldu > %(/|f|qdu—/|Ptfqdu) ,

and, using Proposition 4.9, we obtain for 0 < ¢t < 1/(25)

Vit (A) > %/quu (B (4.15)

where

D2(J \fl"du)q<q2—1> .

2(2—¢q

M =

IIfHLl(M) A1y
As in the proof of the ¢ > 2 case, it is easy to verify that

D2 (u(A)(1 = p(A))) T N M(min(u(A), 1 — p(A)))?

" - 2(2—q) ;
(2p(A) (1 — p(A))) "ot

which simplifies to

D2 N (min((A), 1 — p(4)))*
27 (u(A) (1~ p(A))r
As usual, we need to optimize (4.15) in t. Set g := 1/E.

1. If tg < 1/(25), we obtain

M>FE:=

it (4) > L\/%DM(A)U ~u(4)

ca(g—1)
97T

> Dmin(p(A), 1 - p(A))' "IN (min(p(A), 1 - p(A)))

for some numeric constants ¢y, co > 0.
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2. If tg > 1/(25), we evaluate (4.15) at t; = 1/(25¢). Since Et; < 1, we obtain

ph(A) = Wu@)(l — n(4))
> &liqql_ll)gi min(u(A), 1 — u(A))' =N (min(u(A), 1 - p(A)))?

where c3,c4 > 0 are numeric constants. Using that N (¢)/t'/? is nonin-
creasing, we conclude that

e (g — A 2
() > SO D i) 1 - p(ayy e

x N (min(p(A), 1 - p(A))) .

Combining both cases, Theorem 4.1 follows for 1 < ¢ < 2. O

4.2.2 Capacity Approach

To complete a circle as we conclude this work, we present a second proof
using capacities following [28, Theorem 4.5].

Proof of Theorem 4.1 for ¢ < 2. Capacity approach. The assumption (4.1)
implies by Proposition 3.8 that
Cap,(t,1/2) = DN\(t) Vte[0,1/2],

where N\ (t)/t'/4 is nonincreasing by our assumption on N. Using Proposi-
tion 3.12 (with gy = ¢, ¢ = 2) to pass from Cap, to Cap,, we obtain

(1— 2)1/2 1/2 ds —1/2
q*
Ca’p2(t? 1/2) 2 (%71)1/(1*D <l (S—t)z/q*N/\(S)2> vte [071/2] :

Next, we modify N”(t) when ¢ > 1/2 as follows:

N(t) te0,1/2],

N (t) = {NA(1/2)21/qt1/q te[l/2,00),

so that NQ(t)/t'/4 is still nonincreasing. By [28, Lemma 4.2, Remark 4.3], it
follows that there exists a numeric constant ¢; > 0 so that

Cap,(t,1/2) > c1 DN (t) Vt € [0,1/2],

where Ny € N is a function so that
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1
o ds 1/2 °
J: 5277 N} (5)2

Moreover, by [28, Lemma 4.4], Ny is, in fact, a convex function and Ny (t)'/2 /¢
is nondecreasing. Proposition 3.9 then implies that

C1
VfeF ZD If _MufHNz(u) < |||vf|HL2(M) )

We can now apply the case ¢ = 2 of Theorem 4.1, and conclude that

Z(t) = min(cy, N4 (1/2)) min (D, 3;) 2NN (t) Ve [0,1/2]

with ¢ > 0 a numeric constant. Defining

C N f e/ 4
‘= min(cs, N2 (1/2)) i , 16
N.q = min(cz, Ny'(1/ ))0<1trél/2 co Np(2ds )2 (4.16)
( t sz/‘?*NoA(s)2)

since N§'(t) = N (¢) for ¢ € [0,1/2], this implies

~ . D\
Z(t) > Cn,qmin <D, \/;> tI=VaNA () vt e [0,1/2],

as required. This concludes the proof under the additional assumption that
CN’q > 0. O

Remark 4.10. Note the similarity between the definitions of Cy 4 in (4.16)
and By 4 in (3.9).

This proof has the advantage that one may obtain estimates which do not
degrade to 0 as ¢ — 1, if the constant Cn 4 in (4.16) may be controlled.
Indeed, this is the case for the family of g-log-Sobolev inequalities (2.3) for
q € [1,2], discussed in Section 2. As already mentioned, it was shown by
Bobkov and Zegarlinski that these inequalities may be put in an equivalent
form, given by (2.4), corresponding to (¢4,q) Orlicz-Sobolev inequalities,
where ¢, = t?log(1l + t?). It is not hard to verify (cf. [28, Corollary 4.8])
that Cy, 4 = ¢ > 0 uniformly in ¢ € [1,2], and so we deduce the following
assertion.

Corollary 4.11. Under our sx-semiconvezity assumptions, the q-log-Sobolev
inequality

1/a
vrer o [irmosirian- [1siaon [ Irtan) " <194,

with 1 < g < 2 implies the following isoperimetric inequality:
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- D2
Z(t) > cmin (D, \/;) tlog"?1/t Vte0,1/2],

where ¢ > 0 is a numeric constant (independent of q).
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Pseudo-Poincaré Inequalities and
Applications to Sobolev Inequalities

Laurent Saloff-Coste

Abstract Most smoothing procedures are via averaging. Pseudo-Poincaré in-
equalities give a basic LP-norm control of such smoothing procedures in terms
of the gradient of the function involved. When available, pseudo-Poincaré in-
equalities are an efficient way to prove Sobolev type inequalities. We review
this technique and its applications in various geometric setups.

1 Introduction

This paper is concerned with the question of proving the Sobolev inequality

viecxM), |fllg<SM,p,g)Vfly (1.1)

when M = (M, g) is a Riemannian manifold, perhaps with boundary oM,
and C°(M) is the space of smooth compactly supported functions on M (if
M is a manifold with boundary M, then points on M are interior points
in M and functions in C.(M) do not have to vanish at such points). We say
that (M, g) is complete when M equipped with the Riemannian distance is
a complete metric space.

In (1.1), p,q € [1,00) and ¢ > p. The norms || - ||, and || - || are computed
with respect to some fixed reference measure, perhaps the Riemannian mea-
sure dv on M or, more generally, a measure dy on M of the form du = odv,
where o is a smooth positive function on M. We set V(z,r) = u(B(z,r)),
where B(z,7) is the geodesic ball of center x € M and radius » > 0. The
gradient Vf of f € C*(M) at x is the tangent vector at  defined by
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92(Vf (), u) = df|, (u)

for any tangent vector u € T},. Its length |V f| is given by |V f|?> = g(Vf, Vf).

We will not be concerned here with the (interesting) problem of finding the
best constant S(M, p,q) but only with the validity of the Sobolev inequality
(1.1), for some constant S(M,p, q).

In R™, equipped with the Lebesgue measure dz, (1.1) holds for any p €
[1,n) with ¢ = np/(n — p). The two simplest contexts where the question
of the validity of (1.1) is meaningful is when M = {2 is a subset of R", or
when R™ is equipped with a measure p(dz) = o(z)dz. In the former case, it
is natural to relax our basic assumption and allow domains with nonsmooth
boundary. It then becomes important to pay more attention to the exact
domain of validity of (1.1) as approximation by functions that are smooth up
to the boundary may not be available (cf., for example, [13, 14]).

The fundamental importance of the inequality (1.1) in analysis and geom-
etry is well established. It is beautifully illustrated in the work of V. Maz’ya.
One of the fundamental references on Sobolev inequalities is Maz’ya’s treaty
“Sobolev Spaces” [13] which discuss (1.1) and its many variants in R” and in
domains in R™ (cf. also [1, 3, 14] and the references therein). Maz’ya’s treaty
anticipates on many later works including [2]. More specialized works that
discuss (1.1) in the context of Riemannian manifolds and Lie groups include
[11, 19, 23] among many other possible references.

The aim of this article is to discuss a particular approach to (1.1) that is
based on the notion of pseudo-Poincaré inequality. This technique is elemen-
tary in nature and quite versatile. It seems it has its origin in [4, 7, 17, 18]
and was really emphasized first in [7, 18], and in [2]. To put things in some
perspective, recall that the most obvious approach to (1.1) is via some “rep-
resentation formula” that allows us to “recover” f from its gradient through
an integral transform. One is them led to study the mapping properties of
the integral transform in question.

However, this natural approach is not well suited to many interesting ge-
ometric setups because the needed properties of the relevant integral trans-
forms might be difficult to establish or might even not hold true. For instance,
its seems hard to use this approach to prove the following three (well-known)
fundamental results.

Theorem 1.1. Assume that (M, g) is a Riemannian manifold of dimension
n equipped with its Riemannian measure and which is of one of the following
three types:

1. A connected simply connected noncompact unimodular Lie group equipped
with a left-invariant Riemannian structure.

2. A complete simply connected Riemannian manifold without boundary with
nonpositive sectional curvature (i.e., a Cartan—Hadamard manifold).

3. A complete Riemannian manifold without boundary with nonnegative Ricci
curvature and maximal volume growth.
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Then for any p € [1,n) the Sobolev inequality (1.1) holds on M with q¢ =
np/(n — p) for some constant S(M,p,q) < co.

One remarkable thing about this theorem is the conflicting nature of the
curvature assumptions made in the different cases. Connected Lie groups
almost always have curvature that varies in sign, whereas the second and
third cases we make opposite curvature assumptions. Not surprisingly, the
original proofs of these different results have rather distinct flavors.

The result concerning unimodular Lie groups is due to Varopoulos and
more is true in this case (cf. [22, 23]).

The result concerning Cartan-Hadamard manifolds is a consequence of a
more general result due to Michael and Simon [15] and Hoffmann and Spruck
[12]. A more direct prove was given by Croke [9] (cf. also [11, Section 8.1 and
8.2] for a discussion and further references).

The result concerning manifolds with nonnegative Ricci curvature and
maximal volume growth (i.e., V(z,7) > ¢r™ for some ¢ > 0 and all x €
M,r > 0) was first obtained as a consequence of the Li-Yau heat kernel
estimate using the line of reasoning in [22].

One of the aims of this paper is to describe proofs of these three results
that are based on a common unifying idea, namely, the use of what we call
pseudo-Poincaré inequalities. Our focus will be on how to prove the desired
pseudo-Poincaré inequalities in the different contexts covered by this theorem.
For relevant background on geodesic coordinates and Riemannian geometry
see [5, 6, 10].

2 Sobolev Inequality and Volume Growth

There are many necessary conditions for (1.1) to hold and some are discussed
in Maz'ya’s treaty [13] in the context of Euclidean domains. For instance, if
(1.1) holds for some fixed p = pg € [1,00) and ¢ = gy > po and we define m
by 1/q0 = 1/po — 1/m, then (1.1) also holds for all p € [pg, m) with ¢ given
by 1/q = 1/p — 1/m (this easily follows by applying the pg, go inequality to
|f|* with a properly chosen a > 1 and using the Holder inequality). More
importantly to us here is the following result (cf., for example, [2] or [19,
Corollary 3.2.8]).

Theorem 2.1. Let (M, g) be a complete Riemannian manifold equipped with
a measure dyy = odv, 0 < 0 € C®(M). Assume that (1.1) holds for some
1<p<qg<ooandsetl/q=1/p—1/m. Then for any r € (m,00) and any
bounded open set U C M

VFeCRW), |Iflle < Cop()Y™ TV, (2.1)
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Corollary 2.1. If the complete Riemannian manifold (M, g) equipped with
a measure du = odv satisfies (1.1) for some 1 < p < q < 00, then

inf{s™™V(z,s):x € M, s >0} >0

with 1/g=1/p —1/m.
Proof. Fix r > m and apply (2.1) to the function

Prs(y) =y = (s = p(x, )+ = max{(s — p(z,y),0},

where p is the Riemannian distance on (M, g). Because (M, p) is complete,
this function is compactly supported and can be approximated by smooth
compactly supported functions in the norm || f|leo + ||V S|+, justifying the
use of (2.1). Moreover, |V¢, | < 1 a.e. so that |V¢, s, < V(x,r)/". This
yields s < C.V(x, s)Y/™= V"V (z,5)Y/" = C,.V(x,5)"/™ as desired. O

Remark 2.1. Let {2 be an unbounded Euclidean domain.

(a) If we assume that (1.1) holds but only for all traces f|, of functions f €
C°(R™), then we can conclude that (2.1) holds for such functions. Applying
(2.1) to Yz s(y) = (s — ||z —y|)+, z € £2, s > 0, yields

{zeQ:ifa—z] <5} >cs™

(b) If, instead, we consider the intrinsic geodesic distance p = pg, in 2 and
assume that (1.1) holds for all p-Lipschitz functions vanishing outside some p-
ball, then the same argument, properly adapted, yields V(z, s) > ¢s™, where
V(z, s) is the Lebesgue measure of the p-ball of radius s around z in (2.

For domains with rough boundary, the hypotheses made respectively in
(a) and (b) may be very different.

3 The Pseudo-Poincaré Approach to Sobolev
Inequalities

Our aim is to illustrate the following result which provide one of the most
elementary and versatile ways to prove a Sobolev inequality in a variety of
contexts (cf., for example, [2, Theorem 9.1]). The two main hypotheses in
the following statement concern a family of linear operators A, acting, say,
on smooth compactly supported functions. The first hypothesis captures the
idea that A, is smoothing. The sup-norm of A, f is controlled in terms of the
LP-norm of f only and tends to 0 as 7 tends to infinity. The second hypothesis
implies, in particular, that A, f is close to f if |V f] is in L? and r is small.
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Theorem 3.1. Fix m,p > 1. Assume that for each r > 0 there is a linear
map Ay : C°(M) — L>*(M) such that

o VfeCX(M),r>0,||A fllo < Crr ™P|fl,.
o VfeCx(M),r>0,|f—Arflly <Corl[Vlp.

Then, if p € [1,m) and ¢ = mp/(m — p), there exists a finite constant

S(M,p,q) = C(p, q)CgCll/m such that the Sobolev inequality (1.1) holds
on M.

Outline of the proof. The proof is entirely elementary and is given in [2]. For
illustrative purpose and completeness, we explain the first step. Consider the
distribution function of |f|, F(s) = u({z : |f(x)| > s}). Then

F(s) < p({lf = Arfl > 5/2}) + p({|Arf| > 5/2}).

By hypothesis, if s = 2C,r~™/P| ||, then u({|A,f| > s/2}) = 0 and
F(s) < p({lf — Arfl > s/2}) < 2°CorPs™P| V£

This gives
sPUFM R (s) < 20U OV ) £

This is a weak form of the desired Sobolev inequality (1.1). But, as is already
apparent in [13], such a weak form of (1.1) actually imply (1.1) (cf. also
(2, 19]). O

Remark 3.1. When p =1 and p = v is the Riemannian volume, we get
sTYm({|f] > ) < 2GRVl £

For any bounded open set {2 with smooth boundary 92 we can find a
sequence of functions f, € C(M) such that f, — 1o, and |Vf,]|1 —
vp—1(082). This yields the isoperimetric inequality

o(2)1 M L MmO Oy, (092).

Of course, as was observed long ago by Maz’ya and others, the classical co-
area formula and the above inequality imply

VI eCOM), || Fllmjmor) < 2FVmCH™Co|V 1.

There are many situations where one does not expect (1.1) to hold, but
where one of the local versions

ViecxM), |fllqg <SM,p,q)(IVfllp +11f]lp), (3.1)
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or (€ indicates an open relatively compact inclusion)
VReM, VfeCx(2), |fle<SW2p,aIVFly+I1llp) (3.2)

may hold. This is handled by the following local version of Theorem 3.1 (cf.
[2] and [19, Section 3.3.2]).

Theorem 3.2. Fiz an open subset 2 C M. Assume that for each r € (0, R)
there is a linear map A, : C°(£2) — L*°(M) such that

o VfeCX(2),r € (0,R), A flloo < Crr™™P|f|,.
o VfeCx(2),r e (0,R), |f — Arflly < Cor||V £l

Then, if p € [1,m) and ¢ = mp/(m — p), there exists a finite constant S =
S(p,q) such that
VfeCE (), fllg < SCY™CallV Iy + B S1lp)- (3.3)

Another useful version is as follows. For any open set (2 we let WP (£2) be
the space of those functions in LP({2) whose first order partial derivatives in
the sense of distributions (in any local chart) can be represented by a locally
integrable function and such that

/ [V fPdv < .
2

We write || f|| o, for the LP-norm of f over 2. Note that C*°(£2) N W1P((2)
is dense in W1P(£2) for 1 < p < oo (cf., for example, [1, 3, 13]).

Theorem 3.3. Fiz an open subset £2 C M. Assume that for each r € (0, R)
there is a linear map A, : C=(2) N WLP(2) — L>(M) such that

o Viel(2)nWhP(2),r € (0,R), [|Aflloc < Crr™ ™| f]l,.
o VfeC®(W@)NWEP(R2),r € (0,R), If = Arfllp < Cor[[VEp-

Then, if p € [1,m) and ¢ = mp/(m — p), there exists a finite constant S =
S(p,q) such that

VFeW(Q), |l < SC™ColVlp+ RS- (3-4)

4 Pseudo-Poincaré Inequalities

The term Poincaré inequality (say, with respect to a bounded domain 2 C
M) is used with at least two distinct meanings:

e The Neumann type LP-Poincaré inequality for a bounded domain 2 C M
is the inequality
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Ve whe(9), mf/ \f — €fPdv < /|Vf|pdv

e The Dirichlet type LP-Poincaré inequality for a bounded domain 2 C M
is the inequality

Vfeco(n /|f|pdv (82 )/Q|Vf|pdv.

When p = 2 and the boundary is smooth, the first (respectively, the second)
inequality is equivalent to the statement that the lowest nonzero eigenvalue
AN (£2) (respectively, Ap(§2)) of the Laplacian with the Neumann boundary
condition (respectively, the Dirichlet boundary condition) is bounded below
by 1/Pn(£2) (respectively, 1/Pp(£2)). Note that if M = S™ is the unit sphere
in R"™! and 2 = B(o,r), r < 27, is a geodesic ball, then Py () — 1/(n+1)
and Pp(f2) — oo as r tends to 2.

Here, we will use the term Poincaré inequality for the collection of the
Neumann type Poincaré inequalities on metric balls. More precisely, we say
that the LP-Poincaré inequality holds on the manifold M if there exists P €
(0, 00) such that

VB = B(x,r), VfecW"(B), mf/ If — §|pdv<Prp/ |V fPdv. (4.1)

The notion of pseudo-Poincaré inequality was introduced in [7, 18] to de-
scribe the inequality

VfeCE(M), |If = fillp < CrIVElp, (4.2)

where

fr(x) = V(x,r)~! /B( )fdv.

Although this looks like a version of the previous Poincaré inequality, it is
quite different in several respects. The most important difference is the global
nature of each of the members of the pseudo-Poincaré inequality family: in
(4.2) all integrals are over the whole space.

We say the doubling volume condition holds on M if there exists D €
(0,00) such that

Vee M, r>0, V(z,2r) < DV (x,r). (4.3)

The only known strong relation between (4.1) and (4.2) is the following
result from [8, 18].

Theorem 4.1. If a complete manifold M equipped with a measure du =
odv satisfies the conjunction of (4.3) and (4.1), then the pseudo-Poincaré
inequality (4.2) holds on M.
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The most compelling reason for introducing the notion of pseudo-Poincaré
inequality is that unimodular Lie groups always satisfy (4.2) with C =1 (cf.
[22] and the development in [7]). The proof is extremely simple and the result
slightly stronger.

Theorem 4.2. Let G be a connected unimodular Lie group equipped with a
left-invariant Riemannian distance and Haar measure. For any group element
y at distance r(y) from the identity element e

VIeClG), [If = Fulls <T@V,

where fy(z) = f(zy).

Proof. Indeed, let 7, : [0,7(y)] — G be a (unit speed) geodesic joining e to
y. Thus,

r(y)
(@) — Flap)lP < r(y)! / IV (@, (5)) Pds.

Integrating over z € G yields the desired result. a

With this simple observation and Theorem 3.1, we immediately find that
any simply connected noncompact unimodular Lie group M of dimension n
satisfies the Sobolev inequality

||anp/(nfp) < S(M,p)HVpr

This is because the volume growth function V(z,r) = V(r) is always faster
than er™ (cf. [23] and the references therein). In fact, for » € (0,1), we
obviously have V() ~ r™ and, for r > 1, either V(1) ~ r¥ for some integer
N > n or V(r) grows exponentially fast. This line of reasoning yields the
following improved result (due to Varopoulos [22], with a different proof).

Theorem 4.3. Let G be a connected unimodular Lie group equipped with a
left-invariant Riemannian structure and Haar measure. If the volume V (r)
of the balls of radius v in G satisfies V(r) = cr™ for some m > 0 and all
r >0, then (1.1) holds on G for all p € [1,m] and ¢ = mp/(m — p).

In this article, we think of a pseudo-Poincaré inequality as an inequality
of the more general form

VfeCE(M), [If = Arfllp < CrIVElp, (4.4)

where A, : C°(M) — L°°(M) is a linear operator. It is indeed very useful to
replace the ball averages

fo=Vian [ L

by other types of averaging procedures. One interesting case is the following
instance.
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Theorem 4.4. Let (M,g) be a Riemannian manifold, and let A be the
Friedrichs extension of the Laplacian defined on smooth compactly supported
functions on M. Let H, = et be the associated semigroup of selfadjoint
operator on L?(M,dv) (the minimal heat semigroup on M). Then

VI eCE(M), ||f —Hiflla < VEIVSll2. (4.5)

Consequently, if there are constants C' € (0,00), T € (0,00] and m > 2 such
that
Vi€ (0,7), [Heflloo <C™|f]l2, (4.6)

then there exists a constant S = S(C,m) € (0,00) such that the Sobolev
inequality

VfeCEM), [Ifllam/om—2) < SUVFll2+ T fl2) (4.7)
holds on M.
Proof. In order to apply Theorem 3.2 with A, = H,=, it suffices to prove
(4.5). But
i = [ ou.gas
and

(35Hsf, H‘rf) = <AHSf, H‘rf> = _HH(er'r)/Q(_A)lﬂfH% = _va‘lg
Hence ||H,f — f||3 < t|Vf||3 as desired. O

Remark 4.1. One can show that (4.7) and (4.6) are, in fact, equivalent prop-
erties. This very important result was first proved by Varopoulos [21]. This
equivalence holds in a much greater generality (cf. also [23]). When m € (0,2),
one can replace (4.7) by the Nash inequality

vfece), |fI30T™ < NIV Fllz + T )™

which is equivalent to (4.6) (for any fixed m > 2). See, for example, [2, 4, 19,
23] and the references therein.

5 Pseudo-Poincaré Inequalities and the Liouville
Measure

Given a complete Riemannian manifold M = (M, g) of dimension n (without
boundary), we let T, M be the tangent space at =, S, C T,M the unit
sphere, and SM the unit tangent bundle equipped with the Liouville measure
defined by
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[ rau= /M /S ), (o)

where we write £ = (x,u) € SM and ds, u is the normalized measure on
the unit sphere. We denote by @; the geodesic flow on M (with phase space
SM). For any t, &, : SM — SM is a diffeomorphism and the Liouville
measure is invariant under @;. By definition, for any x € M, uw €S, C T, M,
we have &y(z,u) = (Yo,u(t), You(t)), where v4,, : [0,00) — M is the (unit
speed) geodesic starting at @ with tangent unit vector u and 4, ,(¢) is the
unit tangent vector to v, at v, (t) in the forward ¢ direction.

If f:SM — R is a function on SM that depends on & = (z,u) € SM
only through « € M, we have (for any fixed ¢ > 0, and with a slight abuse of
notation, namely f(§) = f(x))

/Mfdv: /S Jdu= /S Tt = /S G uo@). (5.)

For any (x,u) € SM, let r(z,u) be the distance from x to the cutlocus in
the direction of u. Namely,

r(z,u) =1inf{t > 0: d(xz, Py(x,u)) < t}.

The function r defined on SM is always upper semicontinuous and continuous
when M is complete without boundary. Now, let ¥ : (z,u, s) — ¥ (z,u,s) =
Vou(s) € Lt (SM x [0,00)) with ¢, (t) = 0 if ¢ > r(x,u). Call such a
function admissible. For f € C2°(M) we set

A f(2) = wla,r)? / ' /S F (o) (£t .

where

w(z,r) = /OT /SL Y 0 (t)dtds .

In words, A, f is a weighted geodesic average of f over scales at most r. Note
that, according to our definition, these averages never look past the cutlocus.

Ezample 5.1. Let 1, (t) = J(z,u,t) be the density of the volume element
dv in geodesic polar coordinate around z so that

dv(y) = J(x,u, t)dtds, u, y = You(t) = P(z,u), t <r(x,u).

By definition, we set J(x,u,t) = 0 for t > r(x,u). Then w(z,r) = V(x,r)
and A, f(x) = f,(x) is the mean of f in B(x,r).

Theorem 5.1. On any complete manifold without boundary and for any
choice of admissible 1 € LLT(SM x [0,00)), we have

/ \f — A, fPdo < D(r) / IV f PP
M M
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)1
D,(r)= sup {/wacu }
(z,u)eSM

[ 15 g

<[ a1~ )P et i)
s [ L(] |Vf|m,u<s>>ds)p%,uu)dtdsmudv(x)
P () st ()07 s, ()
e [ [ it ([ ldt) s, udo(2)ds
(o[ 2585a)) [, 5 ph s
o) [ Vs,

where D, (r) is as defined in the theorem. Note the crucial use of (5.1) at the
last step. a

with

Proof. Write

Corollary 5.1. Let (M, g) be an isotropic Riemannian manifold. Then, for
any p € [1,00], the pseudo-Poincaré inequality

Vel M), [If = frllp < 7IIV LI
1$ satisfied.

Proof. Use the previous theorem with v, ., (t) = J(z,u,t), in which case
A.f = fr, w(z,r) = V(x,r). Observe that J(z,u,t) is independent of (z,u)
because M is isotropic. It follows that

/Jmutdt //untdtdu—V(:rr)

Hence D(r) < rP. |
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Note that isotropic Riemannian manifolds are the same as two-point ho-
mogeneous Riemannian manifolds. They must be either R™ or a rank one
symmetric space.

Corollary 5.2. Assume that M is a simply connected complete n-dimensional
manifold without boundary and with nonpositive sectional curvature (i.e., a
Cartan—Hadamard manifold). Set

A, f(x) :m*"/o /S f(’y%u(t))t”*ldtdgmu.

Then, for any p € [1,00], the inequalities
VIeCE (M), |If = Arlly <7UVElps [Arfllo < (20r™) 2 flp.

are satisfied (§2,, is the volume of the n-dimensional Euclidean unit ball).

Proof. Apply the theorem with v, ,,(t) = t”_ll[o,r(x,u))(t). This gives D(r) <
r? on any manifold (i.e., we have not use nonpositive curvature yet). Now,
since M has nonpositive sectional curvature and is simply connected, we
have 7(x,u) = oo, and the classical comparison theorem gives w, 1"~ ! <
J(x,u,t) (wyp—1 the volume of the unit sphere in R™). Hence

1

(Wn—1/n)r"

1
o™ ], e

The proof is complete. a

A, f(2)] < / /S 1 o ()1 (2 0, ) it

N

This and Theorem 3.1 yield the following classical result (case (2) of The-
orem 1.1).

Corollary 5.3. Assume that M is a simply connected complete n-dimensional
manifold without boundary and with nonpositive sectional curvature (i.e., a
Cartan—Hadamard manifold). Then the Sobolev inequality (1.1) holds on M

with ¢ =np/(n — p) for any p € [1,n).

This argument allow us to obtain a generalized version of this important
result. Namely, for any x € M, let

Ry ={ueS;:r(z,u) =oc0}.

In words, R, is the set of unit tangent vectors u € T, M associated with rays
starting at x (a ray is a semiinfinite distance minimizing geodesic starting at

x). Let
Ra| = / ds,u
R-’D
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be the normalized volume of R, as a subset of S,.. Now, set

n T
i@ = e [ [ ()t o
|Rx|7’n Ra J0
Obviously, Theorem 5.1 yields

If = A fllp < PIVlp

Further, if M has nonpositive sectional curvature along all rays,

n
A;", x gi/ dv.
A < G [ 1]

Hence we obtain the following statement.

Theorem 5.2. Assume that M is a complete Riemannian n-manifold with-
out boundary and with nonpositive curvature and such that p = ming{|R.|} >
0. Then M satisfies (1.1) with g = np/(n — p).

The simplest example of application of this result is to the surface of rev-
olution known as the catenoid (it looks essentially like two planes connected
through a compact cylinder) which is a celebrated example of minimal sur-
face in R3. The theorem applies for p € [1,2) and yields, for instance, the
Sobolev inequality || f|l2 < S|V f]l1-

6 Homogeneous Spaces

In this section, we revisit the pseudo-Poincaré inequality on unimodular Lie
groups to extend it to a class of homogeneous spaces. The argument we will
use contains similarities as well as serious differences with the argument based
on the invariance of the Liouville measure that was described in Section 5. We
present it in the context of sub-Riemannian geometry. For an introduction
to sub-Riemannian geometry (cf. [16]).

Let G be a unimodular Lie group, and let K be a compact subgroup.
Let M = G/K be the associated homogeneous space equipped with its G
invariant measure du. Let 7, : M — M be the action of G on M, and let
(@) = f(rga), [ € C.(M).

Assume that M is equipped with a (constant rank) sub-Riemannian struc-
ture, i.e., a vector subbundle H C T'M equipped with a fiber inner product
(-,-)m such that any local frame (Xq,...,X}) for H is bracket generating
(i.e., satisfies the Hormander condition). For any function f € C°(M), let
Vi f(x) be the vector in H, such that df|, (u) = (Vg f,u)g, forany v € H,.

Assume further that (H, (-,-)y) is G invariant, i.e., for all g € G, x € M,
X,Y € H, we have dr,(X) € H; , and
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(dry(X), drg(Y)) 11, = (X, Y ), -

TgT

The space H is called the horizontal space. Under the Hormander condi-
tion, any two points can be joined by absolutely continuous curves in M that
stay tangent to [ almost surely. For any such c : [0,T] — M with ¢(t) € Heg
we set

T
o) = [ (o

This is the horizontal length of ¢. By definition, for any two points =,y € M,
dy(x,y) is the infimum of the horizontal length of horizontal curves joining
x to y. It is not hard to check that dp(z,y) is also equal to the infimum
of all T such that there exists an absolutely continuous horizontal curve
¢:[0,T] — M with (¢, ¢)y < 1 joining « to y. Since the action of G preserves
horizontal length, it also preserves the distance di. We let By (x,r) = {y €
M :dy(z,y) < r} and Vg(r) = u(Bg(x,r)) which is, indeed, independent
of . Our aim is to prove the following result.

Theorem 6.1. Let M = G/K with G unimodular and K compact be an
homogeneous manifold. Assume that M is equipped with a sub-Riemannian
structure (H, (-, -y i) satisfying the Hérmander condition and preserved by the
action of G. Then, for any 1 < p < oo,

VfeCM), [If =fellp <rlVaflp

Proof. We can choose the Haar measure on GG and the G invariant measure
won M so that for any F € C.(G)

| P@is= [ [ FloRaraua),

where dk is the normalized Haar measure on K. Here, g, stands for any
element of G such that x = gK. Note that

T — / F(g.k)dk € C.(M)
K

is indeed independent of the choice g,, x € M. We need to observe that there
is such an integration formula for any choice of an origin in M. Namely, for
any z € M there is a compact subgroup K, in G that fixes z and we can
write

/GF(g)dg=/M /K F(g:k)dx . kdpu(x) (6.1)

for some choice of Haar measure on K. Because p is invariant under the
action of G and G is unimodular, the Haar measure on K, must be taken to
be the normalized Haar measure (cf., for example, [20]).

Now, for any y € g,K € M we pick an horizontal path ¢ : [0,7] — M of
horizontal length | with (¢,¢)y < 1 and joining 0 = eK to y. For any g € G
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and f € Co(M)

T
1F(730) — F(ran)l? < TP / IV 1 f (ryet)) Pt

Hence

/ |F(ry0) — f(rgy)|Pdg < TP~ / / Vi f (rye(t)|Pdgdt.

We now use (6.1) with z = ¢(t) and F(g) = |V f(14¢(t))? to compute

Jvnstae@npis= [ [ 9o i b

- / Vi f(@)Pdp(a).
M

Hence
[ 1y0) = 1l < TV 11

Optimizing over the value of T yields
[ 1#0) = 1oy < dlo.s) Va1
Next, for any g € G
Vo [ ) = Vi) [ i)

H(rgo,r)

Hence, if we set

fo(w) = Vi (r) / fdu,

By (z,r)
we have

dp()

Iy — mp—/‘ fdu

BH(I T)
-,
-,

p
dg

F(7y0) = Vir(r)! /B g

p

dg

F(r0) — Via(r) ™! /B L i)
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<Vu) [ [ 1ptr0) = F(oulPdgduty)
Bpu(or) JG

<rPIVED.

This finishes the proof of Theorem 6.1. a

Corollary 6.1. In the context of Theorem 6.1, if Vi (r) = cr™ for allrT > 0,
then the Sobolev inequality

VieC(M), |fllq <SM,H,p,q)|Vuflly

holds on M for all p € [1,m) with ¢ = mp/(m — p) and a finite constant
S(M,H,c,p,q).

This covers the case of unimodular Lie groups (M = G, K = {e}) equipped
with a family of left-invariant vector fields {X7,..., Xy} that generates the
Lie algebra (in this case, |Vgf|?> = E’f |X;f|?). Tt also covers the case of
noncompact symmetric spaces M = G/K, G = NAK semisimple, equipped
with their canonical Riemannian structure. Note that when M is a noncom-
pact symmetric space, the inequality || f||, < C(M,p)||V f||, holds as well for
different reasons.

7 Ricci Curvature Bounded Below

This section offers variations on results from [19]. Let (M, g) be a Riemannian
manifold of dimension n (without boundary) with Ricci curvature tensor Ric.
Fix KR > 0, an open set 2 C M. We assume throughout that 2z =
{y € M : d(x,y) < R} is compact and that the Ricci tensor is bounded by
Ric > —Kg over 2. It follows that for any x € 2 and r € (0, R) almost
every point y in B(z,r) can be joined to z by a unique minimizing geodesic
Ve © [0,d(x,y)] — £2r. Note that we use somewhat conflicting notation
by letting 7, . denote the unit speed geodesic starting at x in the direction
u € S, and letting v, , denote the minimizing unit speed geodesic from x to
y (when it exists). Note also that for any « € 2 and v € S, and r € (0, R),
the unit speed geodesic 7, ,, (not necessarily minimizing) is defined at least
on the interval [0, 7] because 2 is compact in M.

In this context, the Bishop—Gromov comparison theorem yields the fol-
lowing properties:

e Forallz e N and0<s<r< R

Viz,r) < V(x,s)(r/s)"eV (=K
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e Forany x € 2, u € S;, and 0 < s < r < R such that v, is minimizing
on [0,7]

J(z,u,r) < J(z7u,5)(r/5)nfle\/mr.
We will use these properties to prove the following result.

Theorem 7.1. Referring to the above setup concerning (M, g) and 2, K, R,
we have

Vre(0,R), VfeCX(), |If—fb<8medVrDEme|grp,

Proof. For simplicity, we write dz for the Riemannian measure v(dz). It suf-
fices to show that, for any f € C°(£2) and r € (0, R)

1 x,r
[ 156 - s 222 gy < e TR g,
Viz,r)
By the Bishop—Gromov volume inequality, for z,y € (2
1 1
B(z,r) (y) < oM (n—D)Kr B(z,r) (y) (71)
V(z,r) V(z,r)V(y,r)

and it suffices to bound

= ) — p_ LB@n) "
= [, ] 15— e daay

Let W be the (symmetric) subset of 2 x §2 of all (x,y) with d(z,y) < r such
that there exists a unique minimizing geodesic v, , : [0, d(z,y)] — M joining
x to y. As was noted above, for any x € {2, almost all y € B(z,r) have this
property and the image of v, , is contained in {2z. Hence

. ) — p 1B(9:,7‘)(y) "
1= [ V@~ SP e

/ / (@) m y p 1|vf(7w,y( ))|plB(z,r)(y)
Vi(z,r)V(y,r)

The following step is essential to the proof. By symmetry between x and y
and since vg () = 7y,2(d(z,y) — s), we have

dsdzxdy.

[ [ e e D )

V(z, )V (y,r)

/ /dmw d(@, )PV f (Yary () P15 () (9)
d(z,y)/2 Vi@, mV(y.r)

dsdxdy.
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Hence

Adz.9) |V (v, Pl
1< 2rP™ 1/ / V0w (9)] B(I’T)(y)dsdxdy.
d(.y)/2 Vi, r)V(y,r)

By the Bishop—Gromov comparison theorem, we have

1 x,r — 1 z.r v
Ve,ye M, 0 <s <, B(’—)(y)ggne\/(n & - 1B@n () y(s))
V(J,‘,’I")V(y, T) V(’Y:v,y(s),r)

Moreover, again by the Bishop—Gromov comparison theorem, for all (z,y) €
W and d(z,y)/2 < s < d(z,y) < r, the Jacobian J(v,4(s)) of the map

y — 2 = ¢(y) = Yay(s) is bounded below by 2= "*1le~V(=DET Note that
we use here the fact that the image of the whole v, , lies in {2, where the
Ricci lower bound is satisfied.

For each s € [0, 7] we set

Ws={(z,y) e W:s<d(z,y)}.

Using the two observations above in the previous upper bound for I and
setting C(r) = 4"rP~1e2V (" =DET e obtain

)V (a (5)PI (V2. () L) (v
<ot [ [ L0l Mt
d(z,y)/ V(%E,y(s)ﬂ r)
\Y T PJ T 1 s),r
o [ [ IO res M ts000) 1,
V(Yay(s),7)
Vi(z)|P1
// | f | B(ZT()dZ‘dZdS
MxM Vizr)
0 [ VP,
M
Taking (7.1) into account, we obtain the desired result. O

As corollaries of Theorems 3.1 and 7.1, we obtain the following three well-
known results.

Theorem 7.2. For any relatively compact set 2 in a Riemannian manifold
M (without boundary) of dimension n, the Sobolev inequality

Vfeck(9), [Iflleg <SW2.p,a)(IVFflp+1£lp)
holds for any p € [1,n) and ¢ = pn/(n — p).

For the proof of the next result, in addition to Theorems 3.1 and 7.1, one
uses the Bishop—Gromov comparison theorem in the form of the volume lower
bound
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Vee M, Vse(0,r), V(iz,s) = c(x,r)s"

with ¢(z,7) = eV DETY (2 1) which is valid as long as the closed ball
B(x,2r) is compact and K > 0 is such that the Ricci curvature tensor is
bounded below by Ric > —Kg on B(x,2r).

Theorem 7.3. On any Riemannian manifold M of dimension n (without
boundary), the Sobolev inequality

VfeC®Blar), [Ifll, < CRmETr

Ve UVl

holds for any p € [1,n) and ¢ = pn/(n—p) as long as the closed ball B(x,2r)
is compact and K > 0 is such that the Ricci curvature tensor is bounded
below by Ric > —Kg on B(x,2r).

If one follows the constants in the proof of Theorem 7.3, one finds that
C(p,n, K1%) < Cy(n, p)eC2(mpIVEr®

for some finite constants Cy(n,p) and Ca(n,p).
The next result can be obtained from the previous theorem by letting r
tend to infinity (which is possible when K = 0 since K72 = 0 for all r > 0).

Theorem 7.4. For any complete Riemannian manifold M of dimension n
with nonnegative Ricci curvature and maximum volume growth (i.e., there
exists ¢ > 0 such that V(x,r) = cr™ for all x € M, r > 0) the Sobolev
inequality

VfelEM), [[fllg <S(e,n,p)lVIlp
holds for any p € [1,n) and ¢ = pn/(n — p).

8 Domains with the Interior Cone Property

In this final section, we illustrate yet a slightly different use of the pseudo-
Poincaré inequality. Let (M, g) be a complete Riemannian manifold without
boundary.

Fix § € (0,1] and r > 0. A (4, 7)-cone at = is a set of the form

C(z,we,m) ={y = Yo u(s) tu Ew,, 0 < s <1}y

where w, is an open subset of S, with the property that r(z,u) > r for all
u € wy and |w,| > 0. Here, |w,| denotes the measure of w, with respect to
the normalized measure on the sphere S,. We always assume further that for
any continuous function f the function
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T f(y)dv(y)
C(z,wg,r)

is measurable. In particular, x +— v(€(z,w,,r)) is measurable.

Note that the existence of a (J,7) cone at = is a non trivial assumption. A
domain (2 which contains an (d,r) cone at x for any « € {2 is said to satisfy
the (6, 7) interior cone condition.

In the Euclidean space context, the interior cone condition is perhaps the
most classical condition for the validity of various Sobolev embedding theo-
rems (cf. [1, 13]). In the geometric context of complete Riemannian manifolds,
we offer two results based on the interior cone conditions. The Sobolev in-
equalities stated in the following two theorems are of a different nature than
those discussed earlier in this paper because the functions involved need not
vanish at the boundary of (2. To obtain these inequalities, we use Theo-
rem 3.3.

Theorem 8.1. Let {2 be a domain in an n-dimensional complete Riemannian
manifold (M, g) (without boundary). Fiz K,R > 0 and assume that

e The Ricci curvature is bounded by Ric > —Kg on (2.

e There exists § € (0,1) such that for any x € (2, there is a (J, R)-
cone €(x,w,, R) at x contained in (2 with the additional property that
v(&(x,wy, 1)) = cr™ for any r € (0, R).

For any f € C=(2) N W1P(2) we set

1
erf(x) = m ./Q(m,wmﬁ') fdv.

Then for all f € C*°(2) N WLP(2) the inequality

V7€ (0,R), [If =% fllep < (Wi /en)e?V " DET [V f g,
holds. Further, for p € [1,n) and ¢ = np/(n — p) the Sobolev inequality
Ve (@) nW(2), |fleq <Slep,n Kr?) (IVFllep+ B flem)
1s satisfied.

Proof. Let f € C>(2)NWLP(Q). For any = € 2 we write

o€ lfe) =A@ < [ [ [ 9w, s)dsds,
wge JO 0
By the Bishop—Gromov comparison theorem, for all 0 < 7 < s < r < r(z,u)

J(x,u,7)(s)T)" eV TDES > g5 0, s).
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Hence
v(&(z,r))|f(x) — A f(2)]
X \/mr r ps 17nv - J d nfldd
<e /w,/o /O TV (Ve (7)) (2, u, T)dTS sds, u

~

n (z,z)n1

S V)
2NB(x,r) d

Using the hypothesis v(&(x,r)) > cr™, we obtain

(@) — A f ()7

—1
_ P/ (DK / d P / IVf(2)|P .
(cn)P 2NB(z,r) d(l‘, Z)n_l 2NB(x,r) d(.’E, z)n—l

The Bishop comparison theorem yields

/ d—x_l < wn_le\/(nfl)KrT.
N2NB(z,r) d(Z,.’L‘)"

The inequality
If =2 fllap < (a1/en)e?V O DE LG f| g,

follows, and Theorem 3.3 gives the desired Sobolev inequality. ad

Theorem 8.2. Fiz R > 0 and 6 € (0,1). Let 2 be a domain in an n-
dimensional complete simply connected Riemannian manifold (M, g) without
boundary and with nonpositive sectional curvature (i.e., a Cartan—Hadamard
manifold). Assume that £2 as the (J, R) interior cone property. Namely, for
any x € §2 there is a (6,R)-cone {y = vzu(s) : 4 € wy,0 < s < R, } at
contained in §2. For any f € C*(2) we set

n r
A, = eu(s)s" 7t .
f(d?) \wm|r” /wz 0 f(’y ) (3)5 deS:vu

Then for all f € C®(2) N WLP(£) the inequality
Vre(0,R), |If=Arflop <6 Pr|Vila,
holds. Further, for p € [1,n) and ¢ = np/(n — p), the Sobolev inequality

Viec(@nW(9), [fleq<S0p.n) (IVFlep+B 1 len)
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1s satisfied.

Proof. Let f € C(2) N WLP(£2). For any x € {2 we write

@) = As@N < g [ 9 s st

Hence, using (5.1) for the last step,

n T T
1 = Acfllyy < e / / / / IV (Yo (7)) [P, us™ P2 dsdrda
r 0 R Jwy JT
p—1
nf"p_ld/// IV f (Vo (7))|Pds, udadr

A B S e e T

rr! /OT /M /S IV (Yaru (TP L2 (Ve (7)) ds, udzdr

rP »
= SV I,

N

This yields the desired pseudo-Poincaré inequality. To obtain the stated
Sobolev inequality, we simply observe that

n " ne1 n
< < —
4@ < g [ [ 1ol s [ s

because, on any Cartan-Hadamard manifold, J(z,u,s) = s"~! for all u. It
then suffices to apply Theorem 3.3. a

Ezxample 8.1. Let M be an n-dimensional Cartan-Hadamard manifold. Let
C be a closed geodesically convex set, and let 2 = M \ C. We claim that {2
has the (1/2, 00) interior cone property. Indeed, for any x € (2, let w, be the
subset of those unit tangent vectors v at = such that C N {y = v, .(s) : s >
0} = @. Because C is geodesically convex and x € (2, for any u € S,, either
u or —u belongs to w,. This implies that |w,| > 1/2. Applying Theorem 8.2
with R = oo, we obtain the Sobolev inequality

Ve (@ nW(RQ), |fleq<SEn)lVilep a=np/(n—p).

Note that the functions f € C>(2)NW1P(£2) do not necessarily vanish along
the boundary of 2. Balls and sublevel sets of Busemann functions provide
examples of geodesically convex sets in Cartan—-Hadamard manifolds.
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Ezample 8.2. Consider a geodesic ball of radius p > 1 in the hyperbolic plane.
It is not hard to see that it has the (¢, 1) interior cone property. One may ask
if, uniformly in p > 1, these balls have the (J,ap) interior cone property for
some 0,a € (0,1). The answer is no. If one wants to fit cones of length ap in
a ball of radius p, then the aperture a(a, p) has to tend to 0 with p.
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The p-Faber-Krahn Inequality Noted

Jie Xiao

Abstract When revisiting the Faber-Krahn inequality for the principal p-
Laplacian eigenvalue of a bounded open set in R™ with smooth boundary, we
simply rename it as the p-Faber-Krahn inequality and interestingly find that
this inequality may be improved but also characterized through Maz’ya’s
capacity method, the Euclidean volume, the Sobolev type inequality and
Moser-Trudinger’s inequality.

1 The p-Faber-Krahn Inequality Introduced

Throughout this article, we always assume that {2 is a bounded open set with
smooth boundary 02 in the 2 < n-dimensional Euclidean space R™ equipped
with the scalar product (-,-), but also dV and dA stand respectively for the
n and n — 1 dimensional Hausdorff measure elements on R™. For 1 < p < oo,
the p-Laplacian of a function f on {2 is defined by

Apf = —div([VfIP2V ).

As usual, V and div (|[V[?~2V) mean the gradient and p-harmonic operators
respectively (cf. [8]). If Wy (£2) denotes the p-Sobolev space on 2 — the
closure of all smooth functions f with compact support in {2 (written as
f € C§°(£2)) under the norm

(/Q|fpdV)1/p+ (/Q|Vf|pdv)1/p7
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then the principal p-Laplacian eigenvalue of (2 is defined by

[ 1wsrav
e 04 feW;(2)
/Q v

This definition is justified by the well-known fact that Ay(f2) is the principal
eigenvalue of the positive Laplace operator Ay, on {2 but also two kinds of
observation that are made below. One is the normal setting: If p € (1, 00),
then according to [26] there exists a nonnegative function u € W, *(£2) such
that the Euler-Lagrange equation

Apu — Np(2)|uP2u =0 in 2

holds in the weak sense of

Ap(£2) ;= inf

/ (|VulP=2Vu, Ve)dV = )\p(Q)/ |ulP~2updV ¥ ¢ € C5°(12).
2 2

The other is the endpoint setting: If p = 1, then since A;({2) may be also
evaluated by

f tAJVfWV4iéQLﬂdA

[ riav

where BV (£2), containing W' (£2), stands for the space of functions with
bounded variation on 2 (cf. [9, Chapter 5]), according to [7, Theorem 4] (cf.
[16]) there is a nonnegative function u € BV (§2) such that

A — M (2)|ul"fu=0 in 2

n

L04feBV(Q) S,

in the sense that there exists a vector-valued function o : 2 — R" with
o)Ly = inf{c: |o| <c ae. in 2} <oo
and

div (o) = M(£2), (o,Vu)=|Vu| in 2, (o,n)u=—|ul on 92,

where n represents the unit outer normal vector along 0f2. Moreover, it is
worth pointing out that

AL(2) = lim A (92), (1.1)

and so that Aju = A1 (£2)|u|~1u has no classical nonnegative solution in §2: In
fact, if not, referring to [18, Remark 7] we have that for p > 1 and |Vu(x)| > 0
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Apu(z) = (1= p)|Vu(z) [P~ (D*u(x) Vu(x), Vu(z))
+ (n — 1) H (z)|Vu(z)[Pt, (1.2)

where D?u(x) and H(x) are the Hessian matrix of u and the mean curvature
of the level surface of u respectively, whence getting by letting p — 1 in (1.2)
that (n — 1)H(xz) = A\1(£2) — namely all level surfaces of u have the same
mean curvature A (£2)(n — 1)~ — but this is impossible since the level sets
{z € 2 :u(x) >t} are strictly nested downward with respect to ¢ > 0.

Interestingly, Maz'ya’s [23, Theorem 8.5] tells us that A,({2) has an equiv-
alent description below:

i ; 3. -1 1—
M) (@)= | inf | capy (T QV(E) <= 1) PA(2). (13)
Here and henceforth, for an open set O C R", AC(O) stands for the admis-
sible class of all open sets X' with smooth boundary 9% and compact closure
) C {2, and moreover

cap,(K;0) ::inf{/ Vf(@)|Pde: feCPO) & f>1 i K}
O

represents the p-capacity of a compact set K C O relative to O — this defini-
tion is extendable to any subset E of O via

cap,(E; O) := sup{cap,(K;O) : compact K C E'}

— of particular interest is that a combination of Maz’ya’s [22, p. 107, Lemma)]
and the Holder inequality yields

cap,(E;0) = ZI;Lm1 cap,,(E;O). (1.4)

The constant 7,(2) is called the p-Maz’ya constant of £2. Of course, if p = 1,
then (p—1)P~! is taken as 1 and hence the equalities in (1.3) are valid — this
situation actually has another description (cf. [25]):

M (2) =71(02) = h(2) = Eeiqncg(m A(OX)V(Z)~h (1.5)

The right-hand-side constant in (1.5) is regarded as the Cheeger constant of
2 which has a root in [4]. As an extension of Cheeger’s theorem in [4], Lefton
and Wei [20] (cf. [18] and [14]) obtained the following inequality:

A (2) = pPh()P. (1.6)

Generally speaking, the reversed inequality of (1.6) is not true at all for p > 1.
In fact, referring to Maz’ya’s first example in [25], we choose @ to be the open
n-dimensional unit cube centered at the origin of R™. If K is a compact subset
of Q with A(K) = 0 and cap,(K;R") > 0, and if 2 = R"\U.ezn (K +2), i.e.,
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the complement of the union of all integer shifts of K, then h(£2) = v1(2) =0
and A, (£2) > 0 thanks to Maz’ya’s [22, p.425, Theorem], and hence there is
no constant ¢;(p,n) > 0 only depending on 1 < p < n such that A\,(£2) <
c1(p,n)h(£2)P. Moreover, Maz’ya’s second example in [25] shows that if (2 is
a subdomain of the unit open ball By(0) of R™, star-shaped with respect to
an open ball B,(0o) C R™ centered at the origin o with radius p € (0,1), then
there is no constant ca(p,n) > 0 depending only on 1 < p < n — 1 such that
M(92) < ca(p, m)h(2)P.

Determining the principal p-Laplacian eigenvalue of (2 is, in general, a
really hard task that relies on the value of p and the geometry of (2. However,
the Faber-Krahn inequality for this eigenvalue of 2, simply called the p-
Faber-Krahn inequality, provides a good way to carry out the task. To be
more precise, let us recall the content of the p-Faber-Krahn inequality: If 2% is
the Euclidean ball with the same volume as 2’s, i.e., V(2*) = V(£2) = r"w,
(where wy, is the volume of the unit ball in R™), then

Ap(2) = A7) (L.7)

for which equality holds if and only if 2 is a ball. A proof of (1.7) can be
directly obtained by Schwarz’s symmetrization — see for example [18, Theo-
rem 1], but the equality treatment is not trivial — see [1] for an argument. Of
course, the case p = 2 of this result goes back to the well-known Faber-Krahn
inequality (see also [3, Theorem III.3.1] for an account) with Ay(£2*) being
(j(n,g)/g/r)z, where j(,_2)/2 is the first positive root of the Bessel function
Jn—2)/2 and r is the radius of £2*. Very recently, in [25] Maz’ya used his
capacitary techniques to improve the foregoing special inequality. This pa-
per of Maz’ya and his other two [23]-[24], together with some Sobolev type
inequalities for Ao(£2) > A2(£2*) described in [3, Chapter VI|, motivate our
consideration of not only a possible extension of Maz’'ya’s result — for de-
tails see Section 2 of this article, but also some interesting geometric-analytic
properties of (1.7) — for details see Section 3 of this article.

2 The p-Faber-Krahn Inequality Improved

In order to establish a version stronger than (1.7), let us recall that if from
now on B,(z) represents the Euclidean ball centered at x € R™ of radius
r > 0, then (cf. [22, p. 106])

nwn(%)p_lrn_p when O =R" & p € [1,n),
cap,(B;(z);0)=41 0 when O = B,(z) & p =n,
nwn(%)pflr”*p when O = B,.(z) & p € (n, ).

(2.1)
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Proposition 2.1. For t € (0,00) and f € C(2), let 2, = {x € 2 :
|f ()] = t}.
(i) If p=1, then

nw" n-1 /\Vf|dV
A (2°) <

/ min{cap, (_Q R”) ,capy (Qt, )ﬁ}dt

(ii) If p € (1,n), then

) n—op n(p—1)
n,,P\n=p noP P
)= (2=2) " [ vsrav

p
/ (cap, (2% R") ™7 + cap, (25 2) 7F) 57w
0

Ap($27) <

(iii) If p = n, then

V(Q*)*l/ |V f|"dV
A (£29) <

/ exp(—nn Twn ' cap, (.Qt,(l)ﬁ)dt"
0

(iv) If p € (n,00), then

‘"(P 1)

v

1 /p—
(n"wk)»=> (p —
1 n(1,

/ (capp (Q*;Q*)ﬁ — cap, (Qt;Q)I*”) p—n dt”
0

Ap(827) <

(v) The inequalities in (1)—(ii)—(iii) —(iv) imply the inequality (1.7).

Proof. For simplicity, suppose that r = (V(2)w;, 1)% is the radius of the
Euclidean ball 2%, £2f is the Euclidean ball with V(£2f) = V({%), and f*

equals lg:dt, where 1 stands for the characteristic function of a set

0
E C R". Then

/QIVf*lpdVS/QIVfIPdV & /Qlf*|pdV=/Q|f|PdV.

Consequently, from the definitions of A, (£2*) and f* as well as [6, p.38, Ex-
ercise 1.4.1] it follows that

)\p(Q*)/Ora(t)|pt"_1dt< /0 la'(t)|Pt"tdt (2.2)
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holds for any absolutely continuous function a on (0,r] with a(r) = 0.
Case 1. Under p € (1,n), set

—n p—n

bp—n
tr—1 —pp-1 L(n—p>

s=———— where a= (nw,)r?
o

This yields

p—n p—1 dt Ol(p — 1) ( u) p—n
n

t=(re1 +as)r—» and — =
s

If b(s) = a(t), then

p(n—1)

[ et = (S20) [Tl (S o) e

n

/OT ! (£) [Pttt = (0‘;”—_;))1_’7 /OOO IV (s)[Pds.

Consequently, (2.2) amounts to

and

e ()

p [ p—n p(n=1) o0
) / B +as) 7 ds < / ¥ (s)[Pds. (2.3)
0 0

Case 2. Under p = n, set

T
lnt

s = 7 where ﬂ:(nwn)ﬁ.

This gives
t =rexp(—fs) and % = —0rexp(—ps).
If b(s) = a(t), then
/ Cla()[ 1t = o /  b(s)|" exp(—nfs)ds
0 0

and
T (o)
/ o (&)t = 51-"/ ¥ (s)|"ds.
0 0
As a result, (2.2) is equivalent to

A (02)3 /0  b(s)|" exp(—nfs)ds < /O (). (2.4)

Case 3. Under p € (n, ), set
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T T’:1 — tP:I 1 /p—n
= — h = )P T .
s 5 ,  where v = (nwy,) (p71>
This produces
—n 1 dt —1 p—n n—
= (’I“P*l —’ys) r—n  and % = (’ysfp))(rpl _f)/s> p*’i
If b(s) = a(t), then
p:’f
" -1 =5 pn p(n—1)
aoretan = (B2Z0) [T o (5 = 5) 5
0 p—n 0
and .
rp—1
T _ 1 1_p
/ o ()Pt dt = (M) / T (s)PPds.
0 p—n 0
Thus, (2.2) can be reformulated as
* 7(p B 1) P Tp';l p—n P(nifl) Tp,;l ,
(2 (=) b(s)|P (r 5=t — ys) 77 ds < b (s)|Pds.
p—n 0 0

(2.5)
In the three inequalities (2.3)—(2.4)—(2.5), choosing

s:/ (/ Vitaa) " dr
0 {z€R:f(x)=t}

and letting 7(s) be the inverse of the last function, we have two equalities:

ds 1 <, B
e ¢ /0 |s"(7)] pdT—/ﬂ\Vf\”dV (2.6)

and Maz’ya’s inequality for the p-capacity (cf. [22, p. 102]):

1

s<cap, (£2,5:02)7. 2.7
P (s)

The above estimates (2.1) and (2.3)-(2.4)-(2.5)—(2.6)—(2.7) give the inequal-
ities in (ii)—(iii)—(iv).

Next, we verify (i). In fact, this assertion follows from formulas (1.1) and
(1.4), taking the limit p — 1 in the inequality established in (ii), and using
the elementary limit evaluation

1 1

lirri(cf_1 + e )P = max{ey, ca} for ¢y, = 0.
p—?
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Finally, we show (v). To do so, recall Maz’ya’s lower bound inequality for
cap,(-,-) (cf. [22, p. 105]):

V() p 1-p
cap,,(§2¢; §2) > (/V(Q : u(v) =7 dv) for 0<t,p—1<oo, (2.8)
t

where p(v) is defined as the infimum of A(0X) over all open subsets X €
AC(£2) with V() > v
From the classical isoperimetric inequality with sharp constant

V(D)5 < (i )TADE) Y X € AC(RY) (2.9)
it follows that pu(v) > nwnl v™ " and consequently

V(Qt)nm Sy _V(Q)n<p =y

for 1 <p#n,
v n(p-1)
/vm)u<v>wdv< (Fmetirr=s) (2.10)
t Q)
(nw,’™) ( (Qt)) or p=n

Using (2.10) and (ii)-(iii) we derive the following estimates.
Case 1. If 1 < p < n, then

= np—1)
Il<p<n . / (Capp (Q*;Rn)ilp + cap, (.Qt; Q)ﬁ) R 3
0

n(p—1)

p—n D —1
oo 2,) wWomD — V(Q)we-n \ F"
> (Cappm* R ) "
0 n(p—1) )

(n—p)(nwl/n)p/(p=1)

(
n( 71 n(p 1) o) ,
_ <(n p)’znw ) /0 V(£2,) dt
— ((n —T;()Zz;wi )W i / |f|PaV.

Case 2. If p = n, then

Tp=n = /0 €xXp ( —n- lwn ! cap,, (-Qt, )ﬁ) dt"™
> V(Q)‘l/ V($2,)dt" = V((z)—l/ |fav.
0 2

Case 3. If n < p < oo, then
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>~ np-1)
Incp<oo ::/ (Ca‘pp (Q*;Q*)ﬁ — cap, (Qt; Q)ﬁ> PTT P
0

(p—1)n
p—n

V(Q)7r D — V(0,)7D

(
n(p—1) !
(p— n)(nwn/”)ll/(? 1)
(p—1)n

_ n(P*l) ) o V(Qt)dtp
((p i)7T /0

—n)(nwy)?

dt?

> [ o, (2527 -
0

(p—1)n

n(p _1 ) p—n
= | f[PaV.
((p— /

n)(nw

Now the last three cases, along with (ii)-(iii)-(iv), yield (v) for 1 < p < 0.
In order to handle the setting p = 1, letting p — 1 in (2.8) we employ (1.4)

and )
lim(l —c™=7)""? =1 for c¢>1

p—1
to achieve the following relative isocapacitary inequality with sharp constant:
capy (245 2) > nw "V(Qt) o (2.11)

As a consequence of (2.11), we find

Ip—1 :—/ min{cap, (Q* ) e ,cap; (.Qt;!?)ﬁ}dt

> ( / min{V(£2),V(§2;)} dt
= (o) [ Vi a
= nwn / |f1dV,
thereby getting the validity of (v) for p = 1 thanks to (i). O

Remark 2.1. Perhaps it is appropriate to mention that (ii)-(iii)-(iv) in Propo-
sition 2.1 can be also obtained through choosing ¢ = p € (1,00) and letting
M(6)-function in Maz’ya’s [25, Theorem 2] be respectively
n(p=1)
() pon
A7) (") 77 (222)
for p € (1,n),

n(1—p)

(cap, (24R") ™7 +6) 7
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M (2 (02" exp ( — (n"wn)ﬁﬂ) for p =n,
L pn)
A (@) nwp) 77 (222

n(l1—p)

(cap, (271 R7) ™7 — ) 7

1
for 6 < cap, (Q*;R”) =2 & p € (n,00),

1
and 0 for 6 > cap, (Q*;R") =7 & p € (n,0).

3 The p-Faber-Krahn Inequality Characterized

When looking over the p-Faber-Krahn inequality (1.7), we get immediately
its alternative (cf. [12, 13]) as follows:

v P
n

M(QV(2)F > A, (B (0))wis (3.1)

It is well known that (3.1) is sharp in the sense that if 2 is a Euclidean ball
in R™, then equality of (3.1) is valid. Although the explicit value of A, (B1(0))
is so far unknown except

)\1 (Bl(O)) =n & )\2 (Bl(O)) = j(2n—2)/27 (32)
Bhattacharya’s [1, Lemma 3.4] yields
Ap(Bi(0)) = n® PpP~H(p — 1)1 7P, (3.3)

whence giving Ay (31 (0)) > n. Meanwhile, from Proposition 2.1 we can get
an explicit upper bound of A, (B1 (0)) via selecting a typical test function in
Wol’p (Bi(0)), particularly finding A1 (Bi(0)) < n and hence the first formula
in (3.2).

Although it is not clear whether Colesanti-Cuoghi—Salani’s geometric
Brunn-Minkowski type inequality of A,(§2) for convex bodies 2 in [5] can
produce (3.1), a geometrical-analytic look at (3.1) leads to the forthcoming
investigation in accordance with four situations: p = 1; 1 < p < n; p = n;
n <p<oo.

The case p = 1 is so special that it produces sharp geometric and analytic
isoperimetric inequalities indicated below.

Proposition 3.1. The following statements are equivalent:
(i) The sharp 1-Faber-Krahn inequality
1
MV (2)7 = nwi V2 € AC(R™)
holds.
(ii) The sharp (1,1=2)-Maz’ya isocapacitary inequality

n
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1—n

cap, (T RV (2)'5 > nwi ¥ 2 € AC(R™)

holds.
(iii) The sharp (1, 25 )-Sobolev inequality

1—n

(/ |Vf|dV)(/Rn V)T st ¥ f e GRRY)

holds.
Proof. (i)=-(ii) Noticing
V(Q2)TAD02) = M (2) V2 € ACR™),
we get (1)=(2.9). By Maz’ya’s formula in [22, p. 107, Lemma| saying

cap,(2;R") = inf A(0XY) V £2¢€ ACR"),
RCEEAC(RM)
we further find (2.9)=(ii).
(ii)=-(iii) Under (ii), we use the end-point case of Maz’ya’s inequality in
(24, Proposition 1] (cf. [28, Theorems 1.1-1.2]) to obtain

/ |7 dV:/ V({z eR™: |f(z)| > t})dt7
R 0

n

< / ((nwﬁ)_lcapl ({z eR™: |f(z)| = t})) R =
0
< (nwﬁ)ﬁ(/ vrlav)©,
]Rn
whence getting (iii).
(iii)=(i) For 2 € AC(R") and f € W' (£2), define a Sobolev function g

on R™ via putting ¢ = f in 2 and g = 0 in R™\ 2. If (iii) holds, then the
inequality in (iii) is valid for g. Using Hélder’s inequality we have

/Q\fldVé (/Q\f = dv) T V()

and consequently,

JoIV 1AV Jon Vgl dV S i

Jolf1dV 7 glmav) T V) V)

This, along with the definition of A ({2), yields the inequality in (i). O

1
Remark 3.1. nw,; is the best constant for (i)-(ii)-(iii) whose equalities occur
when 2 = Bi(o) and f — 1p,(,). Moreover, the equivalence between the
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classical isoperimetric inequality (2.9) and the Sobolev inequality (iii) above
is well known and due to Federer-Fleming [10] and Maz’ya [21].

Nevertheless, the setting 1 < p < n below does not yield optimal constants.

Proposition 3.2. Forp € (1,n), the statement (i) follows from the mutually
equivalent ones (ii) and (iii) below:

(i) There is a constant s¢(p,n) > 0 depending only on p and n such that the
p-Faber-Krahn inequality

Ap(2)V(2)» = 5e1(p,n) V 2€ ACR")

holds.
(ii) There is a constant se(p,n) > 0 depending only on p and n such that the
(p, =) -Maz’ya isocapacitary inequality
cap, (T R"V ()7 > s(p,n) ¥ 2 € AC(R™)
holds.

(iii) There is a constant s(p,n) > 0 depending only on p and n such that

the (p, np—fp)—Sobolev mequalily

p_n

(L vsrav)( [ 1#av) ™ s v i ecr®?)

holds.

Proof. Note that (ii)<>(iii) is a special case of Maz’ya’s [23, Theorem 8.5]. So
it suffices to consider the following implications.

(ii)=>(i) This can be seen from [14]. In fact, for X' € AC({2) and 2 €
AC(R™) one has

cap,, (f; ) cap,, (f; R™) B
s ) s V(D)

P P
n

> sar(p )V (2)F

and thus by (1.3),
AV ()% = (p = 1P 'p Prea(p, ).

(iii)=-(i) Suppose now that (iii) is true. Since there exists a nonzero mini-
mizer u € W, P (£2) such that

/|Vu|p_2<Vu,V¢>dV:)\p(Q)/ |ulP~2u¢ dV
(7] 2

holds for any ¢ € C§°(f2). Letting ¢ approach u in the above equation,
extending u from {2 to R™ via defining u = 0 on R™ \ 2, and writing this
extension as f, we employ (iii) and the Holder inequality to get
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/|Vu|pdV /\va’dv
Rn

/ |u|PdV / |f|PdV
RTL

—-P

o) ([ 10av) ([ ggpav)”
:%3(p,n)(/n|u

whence reaching (i). O

Hav) " ( /Q uPav) > mp)V(@)

Remark 3.2. Tt is worth remarking that the best values of s (p,n), s2(p,n),
and »3(p,n) are

)\p(Bl( ))w:7 nwy (n_;f) ,

and
D

n reE)rmn+1-12)
”“’”( _]10) ( I'(n) )

1
respectively. These constants tend to nw; as p — 1. In addition, from Car-
ron’s paper [2] we see that (i) implies (ii) and (iii) under p = 2, and conse-
quently conjecture that this implication is also valid for p € (1,n) \ {2}.

Clearly, (ii) and (iii) in Proposition 3.2 cannot be naturally extended to
p = n. However, they have the forthcoming replacements.

Proposition 3.3. For 2 € AC(R"™), the statement (i) follows from the mu-
tually equivalent ones (ii) and (iii) below:
(i) The n-Faber-Krahn type inequality

n"w
> TS En ()71
MDV(2) > s E()
holds where
E,.(2):= sup V(Q)_l/ exp (L)d‘ﬂ
FECE(2), [o |V fIndV<L Q (n"wy, )7
(ii) The (n,0)-capacity-volume inequality
V()W ()< (e \TTY v se ac
eyt <en (- (xg) ) ()

holds.
(iii) The Moser-Trudinger inequality E, (§2) < oo holds.
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Proof. (ii)=-(iii) Suppose (ii) holds. For f € C§°(£2) and ¢ > 0 with
JoIVfImdV < 1let £, = {o € 2 : |f(z)] > t}. Then the layer-cake for-
mula gives

/QGXP <(|f|nn11>dV = /OOO V(£2;) dexp ((n”wn)ﬁt%)

nnwn) 1—n

<V(Q) /OO dexp ((n"wn) T177)
- 0 exp ((n"wn)ﬁ cap,, (2 Q)ﬁ)

where the last integral is finite by [24, Proposition 2]. As a result, we find

E,(£2) < / dexp ((nl wn)mtm) 1
0 exp ((n"w,) 7T cap, (2; 2)T7)

thereby reaching (iii). o
(iii)=>(ii) If (iii) holds, then f € C5°(2), f > 1 on ¥ and ¥ € AC(R2)

imply
/ ‘v(%) tav =1,
2 ([ lVIImav)”

and hence

V(Q)E,(2) >/exp ((n"wn)nll|f|n"1(/wa'ndv)lln)dv

2
1

>V (X)exp ((n"wn)%l (/Q |Vf|”dV> 1_n)7

whence giving (ii) through the definition of cap,, (X; 2).
Of course, if either (ii) or (iii) is valid, then the elementary inequality

t
expt > ——— VYt >0
n !

yields

VOB, (2) > < JolfI" dv

> ot (femar) e @

whence giving (i) by the characterization of A, ({2) in terms of C§°(£2) — see
also [19]. O

Remark 3.3. The equality of (ii) happens when {2 and X are concentric Eu-
clidean balls — see also [11, p.15]. Moreover, the supremum defining FE,, ({2)
becomes infinity when (n”wn)ﬁ is replaced by any larger constant — see
also [11, p.97-98].
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Next, let us handle the remaining case p € (n, c0).

Proposition 3.4. Forp € (n,00) and 2 € AC(R™), the statement (i) follows
from the mutually equivalent ones (ii) and (i) below:
(i) The p-Faber-Krahn inequality

yza
n

holds, where

E,p(02) =

inf
FECF ().l fllLoe (2y<1

(ii) The (p, &="2)-capacity-volume inequality holds:

p—n

cap,(T; V()5 > E,,(2) ¥V ¥ € AC(9).

(iii) The (p,o0)-Sobolev inequality holds:

p—n

(/Q|Vf|‘"dV)Hf||;i’o(mvm) -

2 Enp(92) V feC5(9).

Proof. (iii)=>(ii) Suppose (iii) is valid. If f € C§°(£2), X € AC(£2) and f > 1
on X, then || f||z=(o) = 1 and hence

B @Dy > Eap(9).

This, plus the definition of capp(f; £2), yields

D

V(£2) o Capp(f; ) > E, ,(92).

Namely, (ii) holds.
(ii)=-(iii) Suppose (ii) is valid. For ¢ > p and X' € AC({2) we have

30 p_p
Capp( qlp) >E”17P(‘Q)V(‘Q)Eig
V(X)) <

For f € C§°(2) and t > 0let 2, = {z € 2 :|f(x)| > t}. According to the
layer-cake formula and [24, Proposition 1], we have

/mwdv/ V(Q,) dtiS
2

< (Bun@V@F5)T [ can (@ )75 arts
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(I ;
< (E OV (2 %—%)”*q rp (/ prdv)p
L,P( ) ( ) F(%)F(p(r:l)) | |
r—p r—p
where r = 2L and I'(-) is the classical gamma function. Simplifying the

just-obtained estimates, we get

([israv) < ( r) )( Jo V11 dV )
I (M=) Enp(QV ()55

Letting ¢ — p in the last inequality, we find » — oo and thus

e < (Bnp @V (@)™ [ 05170

thereby establishing (iii).

(i1)/(iii)=(1) Due to (ii)<(iii), we may assume that (iii) is valid with
E, »(£2) > 0 (otherwise nothing is to prove). For f € C§°(§2) and ¢ > p we
employ the Hélder inequality to get

14V = | flPdV
/Q I /Q 1]

(i)

9—p

/lVf\pdV . -
(Enp(2) 7 V(2) "5 / Fleav,
/ FPav p

thereby reaching
[ 1vspav
2 > E,,(2)V(2) =,

/ frav
0

Furthermore, the formulation of A,(£2) in terms of C§°(£2) (cf. [19]) is used
to verify the validity of (i). O

Remark 3.4. The following sharp geometric limit inequality (cf. [18, Corollary
15] and [17]):

3=
33|~

Zwr,

lim A, (£2)7V(£2)

p—00

along with (1.3), induces a purely geometric quantity
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Aso(2) := lim 7,(2)7 = lim \,(2)7 = inf dist(z,02) .
xre

p—00 p—00
Obviously, (1.7) is used to derive the co-Faber-Krahn inequality below:
Ao (£2) = Ao (£27). (3.4)

Moreover, as the limit of Apu = A\, (£2)|u|P~2u on §2 as p — oo, the Euler—
Lagrange equation max{/A(2) — |Vulu™, A, u} = 0 holds in 2 in the
viscosity sense (cf. [17]), where

Acou() = Zn: (a“(x)) ( Pulz) ) (a“(‘””)) = (D?u(2)Vu(z), Vu(z))

= Ox; O0x 0y, oxy,

is the so-called oco-Laplacian.

Last but not least, we would like to say that since the geometry of R"
— the isoperimetric inequality plays a key role in the previous treatment,
the five propositions above may be generalized to a noncompact complete
Riemannian manifold (substituted for R™) with nonnegative Ricci curvature
and isoperimetric inequality of Euclidean type, using some methods and tech-
niques from [3, 14, 15] and [27].
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